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Hkkjr dk lafo/ku
mísf'kdk

Hkkx 4 d

1ge] Hkkjr ds yksx] Hkkjr dks ,d lEiw.kZ izHkqRo&laiUu lektoknh iaFkfujis{k yksdra=kkRed x.kjkT; cukus ds fy,] rFkk 

mlds leLr ukxfjdksa dks%

lkekftd] vkfFkZd vkSj jktuSfrd U;k;]

fopkj] vfHkO;fDr] fo'okl] /eZ

vkSj mikluk dh Lora=krk]

izfr"Bk vkSj volj dh lerk

izkIr djkus ds fy,

rFkk mu lc esa O;fDr dh xfjek
2vkSj jk"Vª dh ,drk vkSj v[kaMrk

lqfuf'pr djus okyh ca/qrk c<+kus ds fy,

ǹ<+ladYi gksdj vius bl lafo/ku esa vkt rkjh[k 26 uoEcj] 1949 bZñ dks ,rn~}kjk bl lafo/ku dks vaxhòQr] 

vf/fu;fer vkSj vkRekfiZr djrs gSaA
1- lafo/ku (c;kyhloka la'kks/u) vf/fu;e] 1976 dks /kjk 2 }kjk (3-1-1977) ls ¶izHkqRo&laiUu yksdra=kkrd x.kjkT;̧ ds LFkku ij izfrLFkkfirA

2- lafo/ku (c;kyhloka la'kks/u) vf/fu;e] 1976 dks /kjk 2 }kjk (3-1-1977) ls ¶jk"Vª dh ,drķ ds LFkku ij izfrLFkkfirA

51 d- ewy dÙkZO;µHkkjr ds izR;sd ukxfjd dk ;g dÙkZO; gksxk fd ogµ

(d)lafo/ku dk ikyu djs vkSj mlds vkn'kks±] laLFkkvksa] jk"Vª èot vkSj jk"Vªxku dk vknj djsa_

([k)Lora=krk ds fy, gekjs jk"Vªh; vkanksyu dks izsfjr djus okyk mPp vkn'kks± dks g̀n; esa latks, j[ks vkSj mudk ikyu djs%

(x) Hkkjr dh izHkqrk] ,drk vkSj v[kaMrk dh j{kk djs vkSj mls v{kq..k j[ks_

(?k) ns'k dh j{kk djs vkSj vkg~oku fd, tkus ij jk"Vª dh lsok djs_

(Ä) Hkkjr ds lHkh yksxksa esa lejlrk vkSj leku Hkzkr̀Ro dh Hkkouk dk fuekZ.k djs tks /eZ] Hkk"kk vkSj izns'k ;k oxZ ij vk/kfjr 

lHkh HksnHkko ls ijs gksa] ,slh izFkkvksa dk R;kx djs tks fL=k;ksa ds lEeku ds fo#¼ gSa_

(p) gekjh lkekftd laLòQfr dh xkSjo'kkyh ijaijk dk egÙo le>s vkSj mldk ifj{k.k djs_

(N)izkòQfrd i;kZoj.k dh ftlds varxZr ou] >hy] unh] vkSj oU; tho gSa] j{kk djs vkSj mldk lao/Zu djs rFkk izk.kh ek=k 

ds izfr n;kHkko j[ks_

(t) oSKkfud ǹf"Vdks.k] ekuookn vkSj KkuktZu rFkk lq/kj dh Hkkouk dk fodkl djs_

(>) lkoZtfud laifÙk dks lqjf{kr j[ks vkSj fgalk ls nwj jgs_

(×k)O;fDrxr vkSj lkewfgd xfrfof/;ksa ls LkHkh {ks=kksa esa mRd"kZ dh vksj c<+us dk lrr iz;kl djs ftlls jk"Vª fujarj c<+rs gq, 

iz;Ru vkSj miyfC/ dh ubZ mapkbZ;ksa dks Nw ys_
1(V) ;fn ekrk&firk ;k laj{kd gS] Ng o"kZ ls pkSng o"kZ rd dh vk;q okys vius] ;FkkfLFkfr] ckyd ;k izfrikY; ds fy, 

f'k{kk ds volj iznku djsA

ewy dÙkZO;

1-  lafo/ku (N;klhoka la'kks/u) vf/fu;e] 2002 dh /kjk 4 }kjk izfrLFkkfirk



THE CONSTITUTION OF INDIA

THE CONSTITUTION OF INDIA

PREAMBLE

Chapter IV A

1WE, THE PEOPLE OF INDIA, having  solemnly resolve to constitute India into a SOVEREIGN 

SOCIALIST SECULAR DEMOCRATIC REPUBLIC and to secure to all its citizens :

JUSTICE, social, economic and political;

LIBERTY of thought, expression, belief, faith and worship;

EQUALITY of status and of opportunity; and to promote among them all

FRATERNITY assuring the dignity of the individual and the unity and integrity of the Nation;

IN OUR CONSTITUENT ASSEMBLY this twenty-sixth day of November, 1949, do HEREBY 

ADOPT, ENACT AND GIVE TO OURSELVES THIS CONSTITUTION.

1.  Subs, by the Constitution (Forty-Second Amendent) Act. 1976, sec. 2 for "Sovereign Democratic Republic" (w.e.f. 3.1.1977)

2.  Subs, by the Constitution (Forty-Second Amendent) Act. 1976, sec. 2 for "unity of the Nation" (w.e.f. 3.1.1977)

 

ARTICLE 51 A

Fundamental Duties - It shall be the duty of every citizen of India-

(a) to abide by the Constitution and respect its ideals and institutions, the National Flag and the 

National Anthem;

(b) to cherish and follow the noble ideals which inspired our national struggle for freedom;

(c) to uphold and protect the sovereignty, unity and integrity of India;

(d) to defend the country and render national service when called upon to do so;

(e) to promote harmony and the spirit of common brotherhood amongst all the people of India 

transcending religious, linguistic and regional or sectional diversities; to renounce practices 

derogatory to the dignity of women;

(f) to value and preserve the rich heritage of our composite culture;

(g) to protect and improve the natural environment including forests, lakes, rivers, wild life and to 

have compassion for living creatures;

(h) to develop the scientific temper, humanism and the spirit of inquiry and reform;

(i) to safeguard public property and to abjure violence;

(j) to strive towards excellence in all spheres of individual and collective activity so that the 

national constantly rises to higher levels of endeavour and achievement;

(k) who is parent or guardian to provide opportunities for education to his/her child or, as the 

case may be, ward between age 6 and 14 years.

2 

1

FUNDAMENTAL DUTIES

1. Subs. By the Constitution Sec. 04 (Eighty-Six Amendment) Act, 2002 
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Mathematical ideas have become more relevant with advances in technology, economy and social 
structure. A mathematically skilled workforce is necessary to make informed decisions in their 
personal lives, keeping in mind the strong and ever-growing mathematical influence over our lives.

Mathematics skills are essential in all fields be it art, literature or social sciences. This necessitates 
the creation of a mathematics curriculum that maps the country's need and spirit by using the rich and 
diverse landscape of illuminated mathematical contexts in India.

The present application-centric and problem-driven course of Applied Mathematics has been 
developed around key mathematical ideas with potential applications in entrance exams and practical 
life. 

The course is divided into different units each focusing on numerical, algebraic or stoical 
applications. The scope of the course ranges from mathematical applications in the field of finance 
(including business and economics), pharmaceutical industry, hospitality and entertainment 
industry, advertisement and marketing sector, healthcare services including counselling service, 
agricultural sector, government-aided programs such as resources distribution, traffic management 
systems including air traffic management, infrastructure development, archaeological studies and 
studies on historiography, real-time data analysis and much more. Core mathematical ideas are 
presented keeping in mind these contexts.

The course aims to develop mathematical thinking skills by reasoning quantitative; constructing 
viable mathematical arguments; constructing new mathematical knowledge using problem-solving 
and learning to model with mathematics.

This student support material is divided into different units including a unit on the use of a 
spreadsheet for mathematical applications. Sequencing of units is done naturally starting from 
Quantification and Numerical applications, Algebraic Thinking, Calculus, Probability, Inferential 
statistics, Index Numbers Financial Mathematics and Linear Programming.

Each unit is divided into several sections having discrete exercises. Efforts are made to develop 
concepts around meaningful applications to foster inquisitiveness in learners. Teachers are 
encouraged to extend/adapt these examples to initiate investigations and stimulating discourse in the 
classrooms.

This support material should not be considered a textbook and teachers should avoid teaching the 
content as given in this material. It only gives certain directions to approach various topics. Teachers 
are advised to use multiple examples from sources such as newspapers, magazines and other online 
resources to help students reconcile different approaches to problem-solving and refining 
mathematical arguments.

We hope that this book will provide students with a real sense of the application of mathematics in 
different spheres of work and life. It is an invitation to reinvent mathematics and empower us to make 
more logical and informed decisions in our lives.

We look forward to suggestions from teachers, students and the whole learning community to 
make this book more adaptable for the Indian classroom. You may share your feedback to 
subhash_garg@cbseshiksha.in.  

Note to the Users
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1.1Numbers, Quantification and Numerical Applications

1.0 LEARNING OUTCOMES
After completion of this unit the students will be able to

 Apply arithmetic operations using modular arithmetic rules

 Apply the definition of congruence modulo in various problems

 Enlist Simple Arithmetic functions

 Apply the rule of alligation, to produce a mixture at a given price

 Determine the mean price of a mixture

 Express the problem of upstream and downstream in the form of an equation

 Differentiate between active partner and sleeping partner

 Determine the gain or loss to be divided among the partners in the ratio of
their investment with due consideration of time

 Determine the time taken by two or more pipes to fill or empty the tank

 Compare the performance of two players w.r.t. time, distance

 Differentiate between First Come First Serve (FCFS) & Shortest Job First(SJF)

 Describe the basic concepts of numerical inequalities

 Demonstrate understanding and ability to write numerical inequality

U
n i t
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CONCEPT MAP:

INTRODUCTION:

Recall how we classify a number as either odd or even, but not both. Consider a set of ten
consecutive positive integers, and classify them as even or odd integers. This is classification of the
integers into two “sets” as the numbers selected are either even or odd.

Above statement can also be understood as dividing the numbers into two classes on the basis
of their divisibility by 2, i.e. if the number leaves the remainder zero then it is classified as an even
number and if it is leaving the remainder as 1 then it is classified as an odd number.

Thus, we are only dealing with remainders as the basis to classify the numbers as even or odd.
Let us explore the concept of classification in the following  examples.

Illustration1:  If today is a Wednesday then what will be the day  after 68 days?

 A week is cyclic in nature and repeat itself after every 7 days.

                When we divide 68 by 7, the remainder is 5

68 days = 9 weeks and 5 days

Thus after 5 days from Wednesday it will be Monday.

Thus, the day after 68 days from today will be same as 5 days after Wednesday.

Hence, 68th day from today (Wednesday) will be Monday.

1.1 MODULAR ARITHMETIC:
A system of arithmetic for integers, which deals with remainders only, is known as Modular

Arithmetic.

We have learnt Euclid’s division algorithm in previous classes. It states that:

Dividend = Divisor x Quotient + Remainder

Given two positive integers X and Y such that  X > Y and Y  0 then

X = Y × Q + R

Where, X = Dividend

Y = Divisor

Q = Quotient

R = Remainder, 0R<Y
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MODULO OPERATOR:
Given two integers X and Y; X >Y and Y  0

X = Y × Q + R

where 0R<Y

Then there exist two unique integers Q and R such that

The same expression can be written as:

  X mod Y = R ...(i)

Where mod (modulo) gives the remainder after X is divided by Y

For example:29 mod 3 = 2 (when 29 is divided by 3 it leaves remainder 2)

Consider a 12-hour display wall clock. Here, 13 O’clock in the afternoon
is displayed as 1 O’clock as 13 = 12 × 1 + 1

Or we can say, 13 mod 12 = 1

Basically, in such cases, it does not matter how many times hour hand
goes around, but where it ends up!

Modulo operator is a mathematical operator which gives the value of
remainder when a positive integer X is divided by another positive integer Y.  It is written as
“modulo” or “mod” and is represented as equation (i)

Note that X, Y and Q can either be positive, negative or even 0 (if we exclude Y) whereas R can
only be non-negative.

Let’s understand the condition(s) with the help of examples:

Cases

If X > 0, Y> 0 68mod12 = 8 R = 8 > 0

If X < 0, Y> 0 –68mod12 = 4 R = 4 > 0

If X > 0, Y< 0 68mod (–12) = 8 R = 8 > 0

If X < 0, Y< 0: –68mod (–12) = 4 R = 4 > 0

 When X = Y, then

X mod Y = 0

For example:

3 mod 3 = 0

 When X < Y , then

X mod Y = X

For example:

7 mod 13 = 7

Example 1
Find (i) 21 mod 8 (ii)  –31 mod 7

(iii) 18 mod 18 (iv)  7 mod 12
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Solution: (i) 21 = 8 x 2 + 5; remainder = 5

21 mod 8 = 5

(ii) –31 = 7 × (–5) + 4

–31 mod 7 = 4

(iii) 18 mod18 = 0

(iv) 7 mod 12 = 7

PROPERTIES OF MODULO OPERATOR:

Property 1: If the value of X is increased by a multiple of Y
(say, kY, where k is any integer) then

X mod Y = ( X + kY ) mod Y; where k is any integer

Example 2
If X = 7 and Y = 3, then verify that X mod Y = (X +kY) mod Y for k = 6

Solution : For given X = 7 and Y = 3

X mod Y = 7 mod 3 = 1

Also, (X +kY) mod Y = (7 + 6 x 3) mod 3 = 25 mod 3 = 1

As 25 = 8 x3 + 1

Therefore, 7 mod 3 = 25 mod 3 = 1

Hence verified.

Illustration 2: Use information of table 1 to complete Table 2:

X Y X mod Y

18 5 3

Table 1

k k Y X + k Y (X + k Y) mod Y Observation

4 20

7 35 53 3 Compare the value of

8 40 X mod Y with (X+ k Y) mod Y

-2 -10 8 3

-4

12 60

Table 2

Property 2: Addition property of modulo arithmetic is if A, B and C
are positive integers then,

(A + B) mod C = (A mod C + B mod C) mod C
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Example 3
Verify that (14 + 8) mod 5 = (14 mod 5 + 8 mod 5) mod 5

Solution:      L.H.S. (14 + 8) mod 5 = 22 mod 5 = 2

R.H.S. (14 mod 5 + 8 mod 5) mod 5 = (4 + 3) mod 5 = 7 mod 5 = 2

L.H.S. = R.H.S.  Hence verified

Illustration 3: Complete the following table, where A, B and C are positive integers:

A B C (A+B) mod A mod C B mod C Z = A mod C Z mod C

C=Y + B mod C

17 25 4 42 mod 4 = 2 1 1 2 2

84 37 9

39 34 17

171 245 3

Table 3

Property 3: Subtraction property of modulo arithmetic is if A, B and C
are positive integers then,

(A- B) mod C = (A mod C -  B mod C) mod C

Illustration4: Complete the following table, If A, B and C are positive integers:

A B C (A - B) mod A  modC B mod C Z = A mod

C=Y C–B mod C Z mod C

37 25 4 12 mod 4 = 0 1 1 0 0

84 37 9 47 mod 9 = 2 3 1 2 2

39 34 17

245 171 3

Table 4

Property 4: Multiplication property of modulo arithmetic is if A, B and C
are positive integers then,

(A × B) mod C = (A mod C ×  B mod C) mod C

Illustration 5 : Complete the following table, If A, B and C are positive integers:

A B C (A x B) mod A mod C B mod C Z = A mod

C=Y C x B mod C Z mod C

17 25 4 425 mod 4 = 1 1 1 1 1

84 37 9

39 34 17

171 245 3

Table 5
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Example 4
Verify (14 x 8) mod 5 = (14 mod 5 x 8 mod 5) mod 5

Solution:      L.H.S. (14 x 8) mod 5 = 112 mod 5 = 2

R.H.S. (14 mod 5 × 8 mod 5) mod 5 = (4 × 3) mod 5 = 12 mod 5 = 2

L.H.S. = R.H.S.  Hence verified

Example 5
Find the remainder when (127 x137 x23 x50 x235x15) is divided by 7.

Solution: As we know that ((A × B) mod C = (A mod C × B mod C) mod C) ….. (i)

Therefore, for calculating (127 x137 x23 x50 x235 x 15) mod 7, let us find

127 mod 7 = 1

137 mod 7 = 4

23 mod 7 = 2

50 mod 7 = 1

235 mod 7 = 4

15 mod 7 = 1

using equation (i) repeatedly we have:

  (127 x137 x23 x50 x235 x 15) mod 7  = (1 x 4 x 2 x 1 x 4 x 1) mod 7

32 (mod 7) = 4

Hence remainder is 4

ADDITION MODULO m:
Given two positive integers a and b, the addition modulo m denoted as ‘+m’(where m is any

positive integer) is defined for set of integers as:

a +mb = 

Note:      a +mb is read as addition modulo m to (a+b)

Example 6

(i) Find addition modulo 8 if a and b are 3 and 11 respectively.

(ii) Find addition modulo 25 where a and b are 15 and 6 respectively.

(iii)Apply addition modulo to positive integers 17 and 13 for modulo 30.

Solution: (i) Given a = 3, b = 11, m = 8

Hence a +m  b = 3 +8  11 = 6    as a + b = 14 > 8

(ii) Here a = 15, b = 6, m = 25

Therefore a +m  b = 15 +256 = 21    (as a + b = 21 < 25)

Solution: Let a = 17, b = 13 and m = 30

  a +m  b = 17 +3013= 0  (as a + b = 17 +13 = 30; 30 mod 30 = 0)
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SUBTRACTION MODULO m:
Given two positive integers a and b, the subtraction modulo m denoted as ‘-m’(where m is any

positive integer) is defined for set of integers as:

a -mb  =  

Note:    a -m b is read as   subtraction modulo m  to (a-b)

Example 7
(i) Find subtraction modulo 8 if a and b are 11 and 3 respectively.

(ii) Apply subtraction modulo to positive integers 15 and 6 for modulo 25

(iii) Find  a -m  b  , if  a = 17 , b = 13 and m =  3

(iv) Find  a -m  b  , if  a = 11 , b = 43 and m =  7

Solution:

(i) Given   a = 11, b = 3, m = 8

a -m  b = 11-83 = 0 ( as a – b = 8 = m)

(ii) Here a = 15, b = 6, m = 25

then, a -m  b = 15 -256 = 9 (as a - b = 9 < 25)

(iii) As,  a = 17 , b = 13 and m =  3

then,  a -m  b = 17 -313 = 1       (as a - b = 17 -13 = 4 > 3)

(iv) As,  a = 11 , b = 43 and m =  7

then,  a -m  b = 11 -7 43 = (11-43) mod 7

-32 mod 7 =  3  (as -32 = 7 × (-5) + 3)

MULTIPLICATION MODULO m:
 Given two positive integers a and b, the multiplication modulo m denoted as ‘ m’(where m is

any positive integer) is defined for set of integers as:

a  m  b = 

Note:  a  m  b is read as  multiplication modulo m  to (a × b)

Example 8

(i) If a = 3, b = 11, m = 8, then find a m  b

  (ii) Apply multiplication modulo on positive integers 5 and 3 for modulo 25

Solution:

(i) Given  a = 3, b = 11, m = 8
a m  b = 3 8  11 = 1

(ii) Given a = 5, b =3 , m = 25
then   a m  b = 5 25  3 = 15(as  ab = 15 < 25)
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APPLICATION OF MODULO ARITHMETIC
There are many application of modulo, ranging from everyday life to Math and Science

A practical application of modulo arithmetic is to calculate checksums within serial number
identifiers. For example, International Standard Book Number (ISBN) uses modulo 11 (for 10 digit
ISBN) or modulo 10 (for 13 digit ISBN) arithmetic for error detection. Likewise, International Bank
Account Numbers (IBANs), for example, make use of modulo 97 arithmetic to spot user input errors
in bank account numbers.

In computer science, modular arithmetic is often applied in bitwise operations and other operations
.The modulo operation, as implemented in many programming languages and calculators, is an
application of modular arithmetic.

In music, arithmetic modulo 12 is used in the consideration of the system of twelve-tone equal
temperament.

On a calendar, arithmetic modulo 7 is used in algorithms that determine the day of the week for
a given date.

Modular arithmetic also has wide application in disciplines such as law (e.g., apportionment),
economics(e.g., game theory) and other areas of the social sciences. (source: Wikipedia)

On a wrist watch, when reckoning hours, we count up to 12 and
start again from one. Thus, five hours after 10 o’ clock is 3 o’ clock.

Let’s check how it can be done by using modulo arithmetic.

Five hours after 10 o’ clock means 5 + 10 = 15

 15 mod 12 = 3

So, it will be 3 o’ clock.

But the question arises here that why are we using modulo 12 here?

The answer lies in understanding of rotation and revolution of earth, and how this affects time
elapse to repeat after a fixed interval of time, meaning that time forms a particular type of periodicity.
Modular Arithmetic, also known as Clock Arithmetic acts as a powerful tool as it works on the
principle of cyclic repetitions of phenomenon related to numbers

When speaking in military time, 07:00 is  stated as “zero seven hundred”. Also, in the military,
these time stamps are often written without the colon, so 07:52 would rather be written 0752.

The terms "a.m." and
"p.m." are abbreviations
of the Latin ante
meridiem (before
midday) and post
meridiem (after midday).
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Example 9
What time will it be after 1250 hours, If the present time is 9:00 pm?

Solution: Number of hours in a day = 24 hours

1250 (mod 24) = 2 (as 1250 hours = 52 days + 2 hours)

 Therefore, it will be 11:00 pm after 1250 hours.

Illustration6 : Take two positive integers 262 and 137 and divide them by 5.

262 = 5 x 52 + 2   ...(i)

137 = 5 x 27 + 2   ...(ii)

Subtracting (ii) equation from (i), we get

262 - 137 = (5 x 52 + 2) - (5 x 27 + 2 )

125 = 5 (52 -27)

125 is a multiple of 5

 If we generalise the above result as:  a and b are two positive integers which leaves the same
remainder r when divided by positive integer m.

a = ms + r (a mod m = r) …… (iii)

b = mt + r (b mod m = r) …… (iv)

Subtracting (iv) equation from (iii), we get

a – b = m(s – t)

Here, m divides (a-b) which can be written mathematically as m | (a - b)

Thus, a mod m = b mod m

which can be represented as a  b (mod m) where a – b is a multiple of m

Also  symbol is used for expressing congruence as a  b (mod m) , which is read as “a
congruence b modulo m” or “a is congruent to b w. r.t.  modulo m”.

1.2 CONGRUENCE MODULO:
Two positive integers a and b are said to be congruence modulo m (m ) if a and b satisfy the

following conditions:

i) (a-b) is divisible by m

ii) a mod m = b mod m

Notation used for congruence modulo is:

Example 10
Verify a  b (mod m), if a = 41, b = 21 and m = 5

Solution: a - b = 41 - 21 = 20, which is divisible by 5

a mod m = 41 mod 5 = 1

b mod m = 21 mod 5 = 1

therefore, 41  21 (mod 5)
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Example 11
If a = 31, b = 21, m = 5, then check a a º b (mod m).

Solution:      a – b = 31 – 21 =10 which is divisible by 5

and   a mod m = b mod m

31 mod 5 = 21 mod 5 = 1

31  21 (mod 5)

Hence, a  b (mod m) is true

Property 5: If a  b (mod m) where a, b and m are positive integers
then ak  bk (mod m) for any positive integer k.

Illustration7 : Complete the following table:

a b m a  b (mod m) k akmod m bkmod m Observation for relation

ak  bkmod m

5 2 3  5  2 (mod3)=2 3 53 mod 3 =2 23 mod 3 =2 Holds true

5 2 3  5  2 (mod3)=2 5

18 32 7 2

18 32 7 4

17 32 5 3

Table 6

Example12

Find 56 (mod 4).

Solution:       5  1 (mod 4) = 1

56  16 (mod 4)   (Using property 5)

Hence, 56 (mod 4) = 1

ACTIVITY:
 Write first 50 positive integers.

 Find mod 6 for all the integers listed above.

 Our result will be as follows:

1 mod 6 = 1

2 mod 6 = 2

3 mod 6 = 3

4 mod 6 = 4

5 mod 6 = 5

6 mod 6 = 0

Similarly we can find modulo 6 for the remaining positive  integers.
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 Segregate the above results on the basis of their remainders for mod 6.

Here, the set of 50 integers is divided into 6 classes for modulo 6 and the elements i.e.
numbers lying in each subset (each sector) are congruent to each other.

The numbers belonging to the same subset leaving the same remainder, forms the equivalence
class.

Theorem : Let m  Z+ and consider the relation Rm defined by a Rm b if and only if

a  b (mod m) Then Rm is an equivalence relation

Proof

(i) Since m | (a – a) = 0, we have a  a (mod m)

therefore, Rm is reflexive: for all a  Z

(ii) If m | (a – b), then m | (–1)(a – b) = (b – a). Thus a  b (mod m) implies b  a (mod m)

therefore, Rm is symmetric: for all a “ Z

(iii) Suppose a  b (mod m) and b  c (mod m)

Then by the previous theorem we can write:

b = a + km for some k

and c = b + k’m for some k’.

But then c = b + k’m = a + km + k’m = a + (k + k’) m

thus a  c (mod m)

therefore, Rm is transitive: for all a  Z

 If a, m  Z then the equivalence class of a mod m (denoted by [a]m) is the set of all integers
that are congruent to a, mod m.

EQUIVALENCE CLASS:
For x  Z we define the equivalence class of X w.r.t. (mod m) by the following:

[X] = {a  Z | a  X (mod m)}

For example, if m=3, X = 0,
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Then, [0] = {a  Z | a  0 (mod 3)} = {0,± 3,±6,…}

Similarly for X = 1

[1] = {a  Z | a  1 (mod 3)} = {…, -5, -2, 1, 4, 7, …}

And for X = 2,

[2] = {a  Z | a  2 (mod 3)} = {…, -4, -1, 2, 5, 8, 11, …}

we can find all the integers in these sets and none of these sets overlap.

Fact: There are exactly m equivalence classes for mod m.

[0], [1], [2], [3], ………, [m -1]

Example 13

Find all the positive integers less than 30 forming the equivalence class of 5 for modulo 7.

Solution: The smallest positive integer divisible by 7 is 7.

Therefore, 5 mod 7 = 5

7 + 5 = 12

So, 12 mod 7 = 5

19 mod 7 = 5

26mod 7 = 5

Hence, positive integers less than 30 forming the equivalence class 5 for modulo 7 are 5, 12, 19,
and 26.
Therefore [5] = { 5, 12, 19, 26}

EXERCISE-1

1. Find the sum of 132 and 121 mod 23.

2. Find 76 (mod3).

3. Find the value of x, given that ; if 

4. Find the remainder when 226 x 369 x 122 x 461 x 1025 is divided by 8.

5. Evaluate (16 × 29)(mod 7)

6. If x (mod 9)=2, find all the possible values of x; where 0<x<47.

7. Find the positive integers less than 50 forming the equivalence class 4 for modulo 6

8. What time will it be after 200 hours, if the present time is 5:00 am?

9. There are 81 boxes with 21 articles in each. When we rearrange all of the articles so that each
box has 5 articles, how many articles will be left out without a box.

10. Find 3128 mod 7.

1.3 SIMPLE ARITHMETIC FUNCTIONS:

From previous classes, recall that a function is an expression, rule or law that defines a
relationship between two variables, i.e  how one variable is dependent on the other variable.
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For example, y = x 2 is a function where x is an element,
known as pre-image from the given domain of function and y is an
element, known as image of the range.

We can also understand function as a machine which follows
the instructed operation and converts the input( pre-image) to
required output (image).

A Simple Arithmetic function is a function whose domain is
positive integers and the range is real or complex numbers, also
known as Number theoretic function. Such functions describe arithmetic properties of numbers and
are widely useful in number theory.

For example, a function f defined as, f : Z+  R  where f(x) = x2 is an arithmetic function.

TYPES OF SIMPLE ARITHMETIC FUNCTION:
EULER’S TOTIENT FUNCTION OR EULER’S PHI FUNCTION:

Euler’s totient function counts the number of coprime integers to  n from domain of integers from
1 to n.

Euler’s totient function is also known as Euler’s phi function and denoted by (n).

Euler’s totient function (n) for  an input of n is the count of numbers in {1,2,3,...,n} that
are coprime (relatively prime) to n, i.e., the numbers whose gcd (greatest common divisor) with
n is 1.

 = 

Example 14
Find (n) for n= 3.

Solution: If n = 3,

as, gcd (1,3) = 1 and gcd (2,3) = 1 (gcd = greatest common divisor)

Therefore, numbers coprime to 3 are 1 and 2

Hence (3) = 2

JUGGLE YOUR BRAIN
Complete the following table:

n (n)

1 1

2 1

3 2

4

5

6

7 6

8

(n) is a function which
counts the number of positive

integers  n which are
coprime to n;    (n) < n
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9

10

12 4

15

19

Additive function: A Simple Arithmetic function f is said to be additive if

f(xy) = f(x) + f(y),   gcd (x, y) = 1 i.e x and y are coprime

For example:  log(xy) = log x + log y

Multiplicative function: A Simple Arithmetic function f is said to be multiplicative if

f(xy) = f(x) × f(y),   gcd (x, y) = 1 i.e x and y are coprime

For example : (6) = (2) × (3) = 1 × 2 = 2

PROPERTIES OF EULER’S TOTIENT FUNCTION:
1. If p is a prime number then (p) = p – 1.

2. If x and y are coprime numbers then (xy) = (x). (y).

Hence (p) is known as a multiplicative function where p = xy

3. If a number n can be expressed as the product of prime positive integers, i.e. n = xaybzc ; where
x, y, z are the primes and a, b, c are the powers of primes,

then 

Example15

Find (12)

12 = 22 X 3

Solution: 

= 12 ×
1
2

×
2
3

= 4

NUMBER OF DIVISOR FUNCTION (n)
As evident from the name itself, this function, denoted by (n) counts the number of divisors of

n from the domain of 1 to n.

The greek symbol  is read as ‘tau’

For example

(1) = 1 (1 has only 1 positive divisor i.e. 1 itself)

(3) = 2 (3 has two positive divisors i.e.1 and 3)

(4) = 3 (4 has three positive divisors i.e. 1, 2 and 4)
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We can define (n) as:

Given a positive integer n, the number of divisor function (n) on Z+ is defined as

(n) = the number of positive divisors of n

Example 16
Find (12)

Solution: The positive divisors of 12 are = 1, 2, 3, 4, 6, 12

(12) = 6

DIVISOR SUM FUNCTION (n)
The function (n) is the sum of the positive divisors of n has, including 1 and n itself.

The greek symbol  is read as ‘sigma’

For example,

(1) = 1  (1 has only 1 positive divisor)

(3) = 4  (3 has two positive divisors 1 and 3, and there sum = 1+3)

(4) = 7 (4 has three positive divisors 1, 2 and 4, and there sum = 1+2+4)

We can define (n) as:

Given a positive integer n, the divisor sum function (n) on Z+ is defined as

(n) = the sum of positive divisiors of n

Example 17
Find (12)

Solution: Positive divisors of 12 are = 1, 2, 3, 4, 6, 12

(12) = 1 + 2 + 3 + 4 + 6 + 12 = 28

Illustration 8 : (1) = 1 (positive divisors of 1 is 1)

(1) = 1 (sum of positive divisors of 1 is 1)

So, we get : (n) = (n) for n = 1

Illustration 9: Complete the following table:

n (prime number) (n) (n)

2 2 3

5 6

17 2

29

After analysing the above table, we deduce:

If n is a prime number, then

(n) = 2 (prime numbers have two positive divisors 1 and number itself)
and
(n) = n + 1  ( sum of positive divisors of n is n +1)
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THE MOBIUS FUNCTION (n)
Given a positive integer n, the mobius function is defined as

Here the Greek symbol  is pronounced as ‘mu’.

Example 18
Find (12) and (35)

Solution: As 12 = 22 X 3

                    thus (12) = 0

and 35 = 5 X 7

therefore (35) = (–1)2 = 1

EXERCISE-2

1. Find (35).

2. Find (75) + (85).

3. Calculate (90) + (42) + (72) + (70)

4. Verify that the relation (p) + (p) = (p) holds true for p = 24.

5. If p is a prime then (p) + (p) = (p), Using the information complete the following table:

P (p) (p) (p) (p) + (p) = (p)

2

3

5

7

11

6. If n = 2p and p is an odd prime number less than 14, then:

i) Evaluate (n), (n), (n) and represent the results in tabular form.

ii) Verify the relation n + (n) + (n) = (n).

7. Show that (n) and (n) are multiplicative function for n = 24.
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1.4 ALLIGATION AND MIXTURE

MIXTURE:
Mixing two or more ingredients together in certain ratio is known as a mixture.

ALLIGATION:
It is the rule that enables us to find the ratio in which two or more ingredients are mixed at the

given price to produce a mixture of desired price.

When different quantities of different costs are mixed together to produce a mixture,then cost of
mixture is known as mean price.

MEAN PRICE:
Mean price is the cost price of a unit quantity of the mixture.

RULE OF ALLIGATION:
When different quantities of different ingredients are mixed together to produce a mixture of

mean price, the ratio of their quantities is inversely proportional to the differences in their cost from
the mean price.

Dearer ingredient is the ingredient whose cost is more (greater)

Cheaper ingredient is the ingredient whose cost is less

Above formula can also be understood through the following diagram :

Let Mean Price of mixture be ‘m’

Cost Price of cheaper ingredient  be ‘c’

Cost Price of dearer ingredient be ‘d’

Ratio of cheaper and dearer =  (d - m): (m - c)

Suppose a container contains x unit of a liquid from which y unit are taken out and replaced
by water. If we repeat the same operation n times then the quantity of pure liquid is given by

 unit

Note: The cost price of water is considered to be zero.
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Example19
A retailer has  250 kg of rice, a part of which he sells at 10% profit. The remaining  quantity of rice
is of low quality and he sold it at 5% loss. Overall  he made a profit of  7%.  Find the quantity of
rice sold at 5% loss.

Solution : Total quantity of rice = 250 kg

Loss = 5 % = - 5

m = 7%

            c = –5 %

            d = 10%

Therefore, ratio of selling = 1 : 4

Quantity of rice sold at 5% loss =  = 50 kg

Example 20
A container contains 40 litre milk. From this container 4 litre milk was taken out and replaced with
water. This process was repeated further two more times. How much milk is there in the container
now?

Solution :  Total milk in container = 40 l

Milk taken out = 4 l

No. of times process repeated = 3

Milk contained by the container now = 1 – 
 
 

ny
x

x
unit

where x is total quantity, y is quantity removed, n is no. of times operation repeated.

= 
34

40 1 –
40

 
 
 

= 40 
9 9 9

10 10 10
   
 

= 40 × 
729

1000

= 29.16 l



1.19Numbers, Quantification and Numerical Applications

EXERCISE-3
1.  In what ratio must rice at �69 per kg be mixed with rice �100 per kg so that the mixture be worth

�80 per kg?
2. The average salary per head of the entire staff of a small factory including the supervisor and

labours is �5750. The average salary per head of the supervisor is �20,000 and that of the labours
is �5000. Find the number of labours in the factory if there are 4 supervisors.

3. A container contains 70 l of orange squash. The squash being too concentrated 7 l of squash was
taken out from this container and replaced by water. This process was repeated thrice to reduce the
concentration of squash. How much quantity of orange squash is left in the container?

4. Cost of two types of pulses is �55 per kg and �90 per kg. If both the pulses are mixed together
in the ratio 2:3, what should be the price of the mixed variety of pulses per kg?

5. A shopkeeper has 1 quintal of wheat, part of which she sells at 18% gain and the rest at 28% gain.
In total she gains 24 %. Find the quantity of wheat sold at 18% and 28%.

6. 600 gm of jaggery syrup has 40% jaggery in it. How much jaggery should be added to make it 50%
in the syrup?

7. In what ratio, water must be added to dilute honey costing �240 per litre so that the resulted syrup
would be worth  �200 per l?

8. A container has 50 l of juice in it. 5 l of juice is taken out and is replaced by 5 l of water. This process
is repeated 4 more times. What is the amount of juice in the container after final replacement?

1.5.1 BOATS AND STREAMS:
(Upstream and downstream):

If the speed of a boat in still water is x km/hr and the speed of stream be y km/hr then the
resultant speed of the boat along the stream (downstream) is (x+y) km/hr and the resultant speed
of the boat in the opposite direction to the stream (upstream) is (x-y) km/hr.

Furthermore, If the speed of the boat downstream is a km/hr and upstream is b km/hr then,

Speed of the boat = ½ (a+b) km/hr

Speed of the stream = ½ (a-b) km/hr



1.20 Applied Mathematics

Example 21
A man rows 15 km upstream and 25 km downstream in 5 hours each time. What is the speed of
the current?

Solution : Let the speed of the boat in still water be x km/hr and the speed of the current be y km/hr

then  (x+y) × 5 = 25 and (x-y) × 5 = 15       (Distance = Speed x Time)

x + y = 5

and x – y = 3

On solving we get, x = 4  and y = 1

Thus, speed of the current is 1 km/hr.

Example 22
A person can row a boat 5 km an hour in still water. It takes him thrice as long to row upstream
as to row downstream. Find the rate at which the stream is flowing.

Solution: Let the rate at which the stream is flowing be x km/hr and let the distance covered by
the boat be y km.

According to the question

3
5 5


 
y y
x x

 3 (5 – x) = 5+x

 15 – 3x = 5+x

 4x = 10

 x = 2.5

The stream is flowing at the rate of 2.5 km/hr.

EXERCISE-4
1. Find the speed of the boat, if a boat moves downstream at the rate of 16 km/hr and upstream at

the rate of 10 km/hr.

2. The speed of a boat in still water is 14 km per hour. While going downstream it moves at the rate
of 24 km per hour. Find the speed of the boat against the stream.

3. A boat goes 8 km upstream and then returns. Total time taken is 4 hours 16 minutes. If thespeed
of current is 1 km/hr, find the actual speed of the boat.

4. A man can row 7 km per hour in still water. If the stream is flowing at the rate of 5 km per hour, it
takes him 7 hours to row to a place and return, how far is the place?

5. A boat covers 32 km upstream and 36 km downstream in 7 hours. Also it covers 40 km upstream
and 48 km downstream in 9 hours. Find the speed of the boat in still water and that of the stream.

6. A man can row 7½ km/h in still water. If in a river running at 1.5 km an hour, it takes him 50 minutes
to row to a place and back ,how far off is the place?

7. The speed of a motor boat and that of the current of water is 36:5. The boat goes along with the
current in 5 hours 10 minutes. How much time will it take to come back?
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1.5.2 PIPES AND CISTERNS

A pipe connected to a tank or cistern which fills it is known as inlet pipe and the pipe connected
to the tank which drains or empties it is known as outlet pipe.

When a tank is connected to many pipes (inlets and outlets), then the difference between the sum
of the work done by inlets and the sum of the work done by outlets gives the filled part of the tank.

Let a pipe fill a tank in x number of hours, then it can fill (1/x) th portion of the tank in one hour.

If a pipe can empty a tank in y number of hours, then it can empty out (1/y)th portion of the
tank in one hour.

The portion of tank they can fill together in one hour = (1/x – 1/y)th

Example 23
Two pipes can fill a cistern in 8 and 12 hours respectively. The pipes are opened simultaneously and
it takes 12 minutes more to fill the cistern due to leakage. If the cistern is full, what will be the time
taken by the leakage to empty it?

Solution: Portion of cistern filled (work done) by both the pipes in 1 hour =  +  = 

Time taken by both the pipes to fill the tank =  hr = 4 hrs 48 minutes

Time taken to fill the tank due to leakage = 4 hrs 48 minutes + 12 minutes = 5 hrs

Net work done by the pipes and the leakage in 1 hr = 

Work done by leakage in 1 hr =  -  = 

Time taken by leakage to empty the tank = 120 hrs.

Example 24
A cistern can be filled by two pipes A and B in 12 minutes and 15 minutes respectively. Another
tap C can empty the full tank in 20 minutes. If the tap C is opened 5 minutes after the pipes A and
B are opened, find when the cistern becomes full?

Solution: Cistern filled by A and B in 5 minutes = 5  = 

Unfilled part of the tank = 
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Portion of cistern filled by A,B and C in 1 minute =  +  –  = 

So,  of the tank will be filled in =  × 10 = 2 mins 30 secs

Total time taken to fill the tank = 5 + 2 mins 30 secs = 7 mins 30 secs

EXERCISE-5
1. Pipe A can fill a tank in 30 hours and pipe B in 45 hours. If both the pipes are opened in an empty

tank, how much time will it take to fill the tank?
2. A pipe can fill a cistern in 6 hours. Due to a leakage in the tank the cistern is just full in 9 hours.

How much time the leakage will take to empty the tank?
3. A cistern can be filled by pipes A and B in 4 hours and 6 hours respectively. When full, the cistern

can be emptied by pipe C in 8 hours. If all the pipes were turned on at the same time, in how much
time will the cistern be filled?

4. A cistern can be filled in 8 hours but due to a leakage in its bottom, it takes 2 hours more to fill the
tank. If the cistern is full, how much time will the leakage take to empty it?

5. A cistern can be filled by an inlet pipe in 20 hours and can be emptied by an outlet pipe in 25 hours.
Both the pipes are opened. After 10 hours, the outlet pipe is closed, find the total time taken to fill
the tank.

6. Two pipes A and B can fill a tank in 24 minutes and 32 minutes respectively. If both the pipes are
opened simultaneously, after how much time B should be closed so that the tank is full in 18 minutes?

7. A tank is fitted with 3 taps A, B and C. All the three taps, if opened together, can drain the full tank
in 1½ minutes. Taps B and C together take 2 minutes to drain the tank while A and C together take

2  minutes to drain it. How long will taps A and B together take to drain the tank?

1.5.3 RACES AND GAMES

A race is a competition in which the competitors have to cover a certain distance in the minimum
possible time. A race includes activities like running, riding, driving, sailing, rowing etc. The path
followed by the competitor during the race is called a racecourse. The initial point from where a race
starts is called the starting point, and the final point or the finishing point is the point where a race
finishes.

Races and Games is sub-topic of Time, Speed and Distance; therefore the formulas of time, speed
and distance are applied to the questions of Races and Games.
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Terms related to races and games
‘A gives B a start of x metres’: This means that, while A starts the race from the starting point,

B starts x metres ahead of A. To cover a race of y metres in this case, A will have to cover y metres
while B will have to cover only (y - x)metres.

‘A beats B by x metres’: This implies that while A reached the finishing point, B is behind A by
x metres in the same time. To cover a race of y metres in this case, A has covered y metres while
B has covered only (y - x) metres.

‘A gives B a start of t minutes’: It implies that A will start t minutes after B starts from the
starting point but both A and B will reach the finishing point at the same time.

‘A beats B by x metres and t minutes’: This statement implies that A and B start from the
starting point at the same instant, but while A reaches the finishing point, B is behind by x metres,
and, B takes t minutes more compared to A to complete the race. So, B covers remaining x metres
in extra t minutes. This gives the speed of B as x/t.

Dead Heat:  When all the participants of the race finish the race at the same instant of time, such
a situation is known as dead heat situation.

Example 25 
In a 1000 metres race. A, B, and C get the gold, silver, and bronze medals, respectively. If A beats
B by 100 metres and B beats C by 100 metres, then by how many metres does A beat C?

Solution: A beats B by 100 metres, means A travels 1000 metres in the same time in which B travels
900 metres.

B beats C by 100 metres, means B travels 1000 metres in the same time in which C travels 900 metres.
A : B = 10 : 9
B : C = 10 : 9
 The ratio of  A : B : C = 100 : 90 : 81
A travels 100 metres and in the same time C travels 81 metres.
Therefore when A travels 1000 metres, in the same time C travels 810 metres.
Thus A beats C by 190 metres.

Example 26
Priya can run 1 km in 3 min 10 sec and Preeti can cover the same distance in 3 min 20 sec. By what
distance can Priya beat Preeti?

Solution: Priya beats Preeti by (200-190) sec = 10 sec

Distance covered by Preeti in 10 sec =  × 10 = 50 m

              Therefore, Priya beats Preeti by 50 meters.

Example 27
Two runners A and B complete a 100 metres race in 36seconds and 48 seconds respectively, by how
many metres will A defeat B?

Solution: The distance covered by B, after A has finished the race i.e. distance covered by B in
(48 – 36 = 12s).

Distance = (100/48) × 12 = 25 meters
A beats B by 25 metres.
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EXERCISE-6
1. In a 1000 metres race, A defeats B by 300 metres and B defeats C by 200meters. In the same race

by how many metres will A defeat C?
2. In a 1000 metres race, A can give a start of 100 metres to B and a start of 280 metres to C. In the

same race, how much start can B give to C?
3.  In a 500 metres race, A defeats B by 60 metres (or) 12 seconds. What is the time taken by A to

complete the race?
4. In a 900 metres race, A gives B a start of 150 metres and defeats him by 50 seconds. If the speed

of A is 4.5m/sec then find the speed of B.
5. A runs 3 times as fast as B. If A gives B a start of 40metres, how far must the goal on the race course

be so that A and B reach the goal at the same time?
6. A team played 40 games in a season and lost in 16 of them. What percent of games played did the

team win?
7. In a 200 metresrace , Prateek beats Samarth by 35 metres or 7 seconds. How much time did Prateek

take to  cover the race?

1.5.4 PARTNERSHIP
What is business partnership?

 A specific kind of legal relationship

 Business partnerships are formed by the agreement between two or more individuals
to carry on a business as co - owners

 Types of partnership and levels of involvement vary

When two or more persons run a business jointly, they are called partners and the deal is known
as partnership.

If all the partners invest their capitals for the same period of time, then it is called a simple
partnership and if they invest their capitals for different time period, it is called a compound
partnership.

 Profits earned or losses incurred in the business are divided among the partners in the ratio of
their investments with due consideration of time for which they invested in the business.

Ratio of investment × Time = Ratio of profit

(A’s investment × A’s time) : (B’s investment × B’s time) = A’s profit : B’s Profit

Example 28
P,Q and R jointly invested a total of �64000 in a business. P invested �6000 more than Q and Q
invested �5000 more than R. Find the ratio of their capitals?

Solution: Let the investment of R is �x, then the investment of Q and P is �(x+5000) and �(x+11000)
respectively.

According to the question,   x+x+5000+x+11000 = 64000

3x = 48000

X = 16000

The ratio of the capitals of P,Q and R is 27000:21000:16000 or 27:21:16
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Example 29
Divide a net profit of �21000 among three partners A,B,C in a business whose capital investments
were �36000, �42000 and �48000 respectively.

Solution:  Ratio of the capitals is 36000:42000:48000 or 6:7:8

The profit is divided in the ratio of capitals, therefore

A’s share �  = �6000

B’s share �  = �7000

C’s share �  = �8000

Example 30
Three friends A,B and C enter into a partnership to run a café business. A puts in �5000 per month
for the whole year, B contributes �3000 per month at first and increases his contribution to �4500
at the end of 4 months, while C puts in at first �4000 per month and withdraws �1000 at the end
of nine months. How should they divide a profit of �10200 at the end of the year?

Solution: A’s equivalent capital for 1 month = �(5000x12)= �60000

B’s equivalent capital for 1 month = �(3000x4 + 4500x8)= �48000

C’s equivalent capital for 1 month = �(4000x9+3000x3)= �45000

Ratio of the capitals is 60000:48000:45000 or 20:16:15

A’s share �  = �4000

B’s share �  = �3200

C’s share �  = �3000

EXERCISE-7

1. A,B and C enter into a partnership. B contributes 1/3 of the capital, while A contributes as
much as B and C together contribute. Find the ratio of their capitals.

2. Rahul got �5000 as his share out of the total profit of �9000. Ramesh had invested �3000
for 6 months, while Rahul invested for the whole year. Find the amount invested by Rahul.

3. Priya started a tiffin service business by investing �40000. After 4 months her friend Rekha
joined her business and invested �50000 in it. What will be the share of Rekha in the profit
if they earn �220000 as profit in the entire year?

4. What is the investment ratio of A,B and C if their profit ratio is 6:7:8 respectively and their
investment time period ratio is 2:3:4 respectively?

5. A and B start a trading business with a capital of �30000 and �60000 respectively. From the
profit of entire year which is �18000, A gets �8500 as his share of profit and salary for
managing the business. What is the amount that A receives as his salary?
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6. Prakash, Sachin and Anil started a business jointly investing �11 lakh, �16.5 lakh and �8.25
lakh respectively. The profit earned by them in the business at the end of 3 years was �19.5
lakh. What will be 50% of Anil’s share in the profit?

7.  Nikhil, Priyesh and Ritik took a house on rent for �13824. They remained together for 4
months and then Ritik left the house. After 5 more months, Priyesh also left the house. How
much rent should each pay?

8. Arun started a business investing �38000 . After 5 months Bakul joined  him with a capital
of �55000. At the end of the year the total profit was �22000. What is the approximate
difference between the shares of Arun and Bakul?

1.5.5 SCHEDULING:
Scheduling is an art of planning the activities to achieve goals and prioritise time. Activities in

the production unit are pre-planned and scheduled to minimise the production time and cost.

Scheduling problems arise in almost all areas of human activity. The Viking mission to Mars
required coordination of the activities of more than 20,000 people. Even preparation of a multicourse
dinner can present a scheduling problem.

A processor is the person or machine that works on the tasks in the schedule.

The process is basically an instance of the computer program that is being executed.

 Over the past few years several mathematical models of scheduling processes have been devised.
The basic scheduling model consists of a system of n identical processors P1,P2,P3……….Pn and a set
of tasks A,B,C………. to be performed by the processors. A scheduling algorithm is the set of rules
by which tasks are assigned to the individual processors.

A priority list is a list of tasks in order in which they should be completed.

Priority scheduling algorithm can be of two types:

1. Pre-emptive Priority Scheduling: If the new process arrived at the ready queue has a higher
priority than the currently running process, the CPU is pre-empted, which means the processing
of the current process is stopped and the incoming new process with higher priority gets the
CPU for its execution.

2. Non-Pre-emptive Priority Scheduling: In case of non-pre-emptive priority scheduling algorithm
if a new process arrives with a higher priority than the current running process, the incoming
process is put at the head of the ready queue, which means after the execution of the current
process it will be processed.

Finishing time is the amount of time it will take to complete all the tasks in the schedule.

An optimal schedule is a schedule with the shortest possible finishing time.

Idle time is time in which a processor has no tasks to work on.

CPU - Central Processing Unit

Burst time is the amount of time required by a process for executing on CPU.

Completion time is the time at which process completes its execution.

Turnaround time (TAT)= completion time(CT) - arrival time(AT)

Waiting time is the time difference between turnaround time and burst time

Waiting time(WT)= turnaround time(TAT)- burst time(BT)

For every scheduling algorithm, Average waiting time is a crucial parameter to judge its
performance. Average waiting time(AWT)  is the average of the waiting times of the processes in
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the queue, waiting for the scheduler to pick them for execution.Lower the Average Waiting Time,
better the scheduling algorithm.

Response time is the time at which a process gets the CPU first time. In case of non-pre-emptive,
response time is same as waiting time.

GANTT CHART :It is a type of bar chart that illustrates a project schedule, named after its
inventor Henry Gantt.

Note : In this chapter we are only going to study about two non-pre-emptive scheduling algorithms- First
come first serve (FCFS) and Shortest job first (SJF)

First Come First Serve (FCFS):
 It is a scheduling algorithm that automatically executes queued request and processes it in the

order of their arrival. The process that comes first will be executed first and the next process starts
only after the previous one gets fully executed.It is the easiest and simplest CPU scheduling algorithm,
also known as FIFO (First in first out). FCFS is a non-pre-emptive scheduling algorithm. FCFS can
cause long waiting times(Average Waiting Time is high), especially when the first job takes too much
CPU time. A real-life example of the FCFS method is buying a movie ticket at the ticket counter. Arrival
time is the criteria in FCFS. Short processes that are at the back of the queue have to wait for the
long process at the front to finish.

Example 31
The processes P1, P2, P3, P4 given in the table below, arrives for execution in the same order,
with Arrival Time 0, and given Burst Time. Find the average waiting time using the FCFS scheduling
algorithm.

Process Burst Time

P1 25

P2 4

P3 7

P4 3

Solution: The GANTT chart for given process is

P1   P2           P3  P4

0           25         29      36      39

The average waiting time will be= (0+25+29+36)/4 = 22.5 units

For the above given processes, first P1 will be executed hence, waiting time for P1 will
be 0.P1 requires 25 units for completion, hence waiting time for P2 will be 25 units. Similarly, the
waiting time for process P3 will be execution time of P1 + execution time for P2, which will
be (25+4)=29 units. For process P4 it will be the sum of execution times of P1, P2 and P3 i.e. (0+25+4+7)
= 36 units

The GANTT chart above perfectly represents the waiting time for each process.

In FCFS Average Waiting Time is not optimal. Resources utilization in parallel is not possible,
which leads to Convoy Effect.
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What is Convoy Effect?
Convoy Effect is a situation where many processes,

which need to use a resource for short time
are blocked by one process holding that

resource for a long time.

Example 32
Consider the available processes given below in the ready queue for execution and with given burst
time.

Process No Arrival Time Burst time

P1 0 2

P2 1 2

P3 5 3

P4 6 4

a) What is the time at which all the processes get executed?

b) Find the average waiting time and average turnaround time using thenon - pre-emptive FCFS
scheduling algorithm.

Solution: Mode: Non-Pre-emptive Criteria: Arrival time

Process Arrival Burst Completion Turnaround Waiting time
No Time(AT) time(BT) time (CT) time (TAT) = (WT)=TAT-BT

CT-AT

P1 0 2 2 2 0

P2 1 2 4 3 1

P3 5 3 8 3 0

P4 6 4 12 6 2

GANTT CHART

P1 P2 IDLE TIME P3 P4

0 2 4 5 8 12

Arrival time of P1 is 0 and it gets executed for 2 units of time. While P1 is being executed P2
has already arrived in ready queue after 1 unit of time. Completion time for P2 is 4 units. Since P3
arrives after 5 units of time, the processor remains idle for 1 unit of time. When time is 5 units P3
arrives and get executed for 3 units of time. After 6 units of time P4 is in ready queue. Thus, its
completion time is 12 units.

a) All the processes got executed at 12 units of time.

b) Average waiting time =  = 0.75 units

Average turnaround time =  = 3.5 units
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Shortest Job First (SJF): 
It is a scheduling algorithm that automatically first executes the process which have the shortest

burst time. If two processes have the same burst time then FCFS is used to break the tie. It is a non-
pre-emptive scheduling algorithm. In SJF scheduling, average waiting time is minimum.

Problem with Non-Pre-emptive SJF
If the arrival time for processes is different, which means all the processes are not available in

the ready queue at time 0, and some jobs arrive after some time, in such situation, sometimes the
process with short burst time have to wait for the current process’s execution to finish, because in
Non- Pre-emptive SJF, on arrival of a process with short duration, the existing job/process’s execution
is not halted/stopped to execute the short job first.

This leads to the problem of Starvation, where a shorter process has to wait for a long time until
the current longer process gets executed. This happens if shorter jobs keep coming.

Example 33
Consider the below processes available in the ready queue for execution, with arrival time as 0 for
all and given burst time. Find the average waiting time using the SJF scheduling algorithm.

Process Burst Time

P1 25

P2 4

P3 7

P4 3

Solution: In SJF, the shortest process is executed first, the GANTT chart for given process is:

P4 P2 P3 P1

0           3             7             14               39

Average waiting time = (0+3+7+14)/4 = 6 units

As you can see in the GANTT chart above, the process P4 will be executed first as it has the
shortest burst time, then P2, followed by P3 and finish at P1.

We scheduled the same set of processes using the First come first serve algorithm in the previous
question, and got average waiting time to be 22.5 units, whereas with SJF, the average waiting time
comes out 6 units.

Example 34
Consider the below processes available in the ready queue for execution and with given burst time.

Process No Arrival Time Burst time

P1 1 3

P2 2 4

P3 1 2

P4 4 4

a) What is the time at which all the processes get executed?
b) Find the average waiting time and average turnaround time using the non- pre-emptive SJF

scheduling algorithm.
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Solution: Mode: Non-Pre-emptive Criteria: Burst time

Process Arrival Burst Completion Turnaround Waiting time
No Time(AT) time(BT) time (CT) time (TAT) = (WT)=TAT-BT

CT-AT

P1 1 3 6 5 2

P2 2 4 10 8 4

P3 1 2 3 2 0

P4 4 4 14 10 6

GANTT CHART

IDLE TIME P3 P1 P2 P4

0              1 3 6 10 14

Arrival time of both P1 and P3 is 1 unit of time. Thus, the processor remains idle for 1 unit of
time. Since both P1 and P3 arrive at the same time, priority will be given to the one with lesser burst
time therefore P3 gets executed first for 2 units of time.P3 is over after 3 units of time and now P1
gets executed for 3 units of time. P2 has already arrived in ready queue after 2 units of time and
the completion time for P2 is 10 units. When time is 4 units P4 arrives and gets executed for 4 units
of time. Thus, its completion time is 14 units.

a) All the processes got executed at 14 units of time.

b) Average waiting time =  = 3 units

               Average turnaround time =  = 6.25 units

EXERCISE-8
1. Which of the following is false about SJF?

S1: It causes minimum average waiting time
S2: It can cause starvation
(A) Only S1
(B) Only S2
(C) Both S1 and S2
(D) Neither S1 nor S2

2. What is the relationship between arrival time, burst time, completion time and waiting time?
3. The processes P1, P2, P3, P4 given in the table below, arrives for execution in the same order,

with Arrival Time 0, and given Burst Time, find the average waiting time using the FCFS scheduling
algorithm.

Process Burst Time

P1 20
P2 5
P3 8
P4 44
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4. Consider the available processes given below in the ready queue for execution, with arrival time as 0 for
all and given burst time. Find the average waiting time using the SJF scheduling algorithm.

Process Burst Time

P1 20
P2 5
P3 9
P4 4

5. Consider the available processes given below in the ready queue for execution and with given burst
time.

Process No Arrival Time Burst time

P1 1 3

P2 2 4
P3 3 2

P4 4 4

a) What is the time at which all the processes get executed?
b) Find the average turnaround time using the non- pre-emptive FCFS scheduling algorithm.

6. Consider the available processes given below in the ready queue for execution and with given burst
time.

Process No Arrival Time Burst time

P1 0 2

P2 1 3

P3 5 3

P4 6 4

a) What is the time at which all the processes get executed?
b) Find the average waiting time and average turnaround time using the non- pre-emptive SJF

scheduling algorithm.

1.6 NUMERICAL INEQUALITIES

Inequalities are statements where two quantities are unequal but a relationship exists between
them. An inequality compares any two values and shows that one value is less than, greater than,
or equal to the value on the other side of the equation.

Any two real numbers associated by the symbol ‘>’, ‘<’, ‘’ or ‘’ form a numerical inequality.

For example, 9 <11, 18>17are examples of numerical inequalities.

Let’s Check:

Is it possible to construct the triangle whose sides measure 4cm, 11cm and 15 cm
respectively? Justify your answer and name the property used.

Relationship between AM and GM:

If a,b are positive numbers and A and G are their arithmetic mean and geometric mean respectively,
then
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A =
2

a + b
,  and

G = ab

A – G =
2


a + b

ab

=
2

a + b – 2 ab

=
2( )

0
2


a – b

A – G  0
A  G

RULES FOR OPERATIONS ON INEQUALITIES
To understand the rules of operations on inequalities let’s  complete the following table:

INEQUALITY 5  <  7 Change in 5 < 7 Change in
OPREATIONS Using (+3) direction or Using (-2) direction or

sign of sign of
inequality inequality

ADDITION 5+3 < 7+3
=>8  < 10 No change

SUBTRACTION 5–3 < 7 – 3
=>2  < 4 No change

MULTIPLICATION 5 x 3 < 7 x3 5 x -2 = –10
=> 15 < 21 No change 7 x -2 = –14

-10 > -14 Sign changes

DIVISION 5 ÷ 3 < 7 ÷ 3

=>
5
3

 <
7
3

No change

By using above table we can enlist the properties as under:

PROPERTIES:
For three real numbers a, b and c:

 If a > b, and b > c, then a > c

 If a > b, and c >0, then a + c > b + c

 If a > b, and c >0, then a -c > b - c

 If a > b, and c >0, then a x c > b x c

 If a > b, and c >0, then a c > b  c

 If a > b, and c < 0, then ac<bc

 If a > b, and c <0, then a c < b  c
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Example 35
If B > A, then which expression will have the highest value, given that A and B are positive integers:

a) A – B

b) A × B

c) A + B

d) can’t say

Solution: As, B > A

=> A < B

=> A – B < 0

        A + B > 0 and AB >0

If A = 1, B = 4 then, AB < A+B

            If A = 2, B = 4 then, AB > A+B

Thus, we can’t say which one of A+B and AB has higher value.

Hence, option d is the correct answer

Example 36

If 0 < x <1, which of the following is greatest?

a) x b) x2 c)
1
x

d) 2
1

x
Solution: 0 < x < 1

between 0 and 1, x2< x <1

2
1

x
 > 

1
x

 > 1, also 1 > x > 0 (given)

therefore, 2
1

x
 > 

1
x

 > 1 > x > 0

thus,  2
1

x
 is greatest.

Hence, option d is the correct answer

EXERCISE-9
1. Mr. X and Mr. Y have net worth of �1.93 crores INR and -0.22 crores INR. Represent the above

information in the form of inequality.
2. Two players: Player A and Player B are playing a game by rolling a dice. They decided that the player

who will get the higher total will be the winner. In total they rolled the dice three times and the
observations were recorded as follows:

PLAYER A 2 5 1

PLAYER B 1 4 6

Answer the following questions on the basis of the information given above:
a) Who is winner of the game.
b) Represent the above information as numerical inequality.
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3.  Solve:  4x - 2 < 8, when x  Z
4. Show that the numbers 16 and 4, satisfy the numerical inequality AM  GM.
5. Solve the following inequality:

(i) (-2 z -6) < 10
(ii) 2a < a - 4  3a + 8

(iii)
( -1) ( - 5)+ 4 < – 2

3 5
y y

6. Prove that the following inequality holds true:

5 + 3 > 6 + 2
7. Satyarth and Swarit are brothers, Satyarth owns a house which is worth �3 crores and Swarit owns

a farmhouse which is worth �2.75 crores. But Satyarth has a debt of �55 lakhs, if they both sell
their properties then which of the following statement(s) holds true to represent the above data
mathematically:
a) Satyarth’s net worth is more than Swarit’s net worth.
b) Swarit’s net worth is more than Satyarth’s net worth.
c) 2.55 < 2.75

8. Insert the appropriate sign of inequality:

3( 50 – 32) ________ 3 54 +2 24

9. If a and b are positive integers and  
a -b 8=
6.25 2.5

(i) b > a
(ii) b < a
(iii) b = a
(iv) b  a

10. If p > q and r < 0, then which of the following is true?
(i) pr < qr
(ii) p – r < q – r
(iii) p + r < q + r
(iv) None of these

ANSWERS:

Exercise – 1
1. 0 (zero)
2. 1
3. 30
4. 4
5. 2
6. 11, 20,29,38
7. 4, 10, 16, 22, 28, 34, 40, 46
8. 1:00 pm
9. 1
10. 2
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Exercise – 2
1. 24
2. 1
3. 226
5.

P (p) + (p) =

2 1 2 3 3 YES

3 2 2 4 4 YES

5 4 2 6 6 YES

7 6 2 8 8 YES

11 10 2 12 12 YES

6. P n n + (n) + (n) =

3 6 2 4 12 Yes

5 10 4 4 18 Yes

7 14 6 4 24 Yes

11 22 10 4 36 Yes

13 26 12 4 42 Yes

EXERCISE – 3
1. 20:11
2. 76
3. 51.03 litres
4. �76
5. 400 kg , 600 kg
6. 120 g
7. 1 : 5
8. 29.5 litres

EXERCISE – 4
1. 13 km/hr
2. 4 km/h
3. 4 km/hr
4. 12 km
5. 10km/hr, 2 km/hr
6. 3 km

7.  hours or 6  hours

EXERCISE – 5
1. 18 hrs
2. 18 hrs
3. 3 hrs 25 minutes
4. 40 hours
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5. 28 hours
6. 8 minutes

7.
5
2  minutes

EXERCISE – 6
1. 440 meters
2. 200meters
3. 88 seconds
4. 3 m/sec
5. 60meters
6. 60%
7. 33 seconds

EXERCISE – 7
1. 3:2:1
2. �1875
3. �1,00,000
4. 9:7:6
5. �2500
6. �2.25 lakh
7. Nikhil, Priyesh and Ritik should pay �7872, �4416 and �1536 respectively.
8. �1857

EXERCISE – 8
1. option (D)

S1 is true SJF will always give minimum average waiting time.
S2 is true SJF can cause starvation.

2. Waiting time = Completion time- Arrival time - Burst time
WT = CT - AT - BT

3. 19.5 units
4. 7.75 units
5. 14 units, 3.25 units, 6.5 units
6. 12 units,  0.75 units, 3.75 units

EXERCISE – 9
1. Income of Mr. X > Income of Mr. Y ; 1.93 > -0.22
2. a) Player B   b) 8 < 11
3. {..., -2, -1, 0, 1, 2}
4. 10 > 8 satisfied
5. i) z > -8

ii) –6  x < –4
iii) (–,–50)

7. b, c are true

8. 3( 50 – 32) ____<____ 3 54 +2 24
9. ii) b < a
10. i) pr <qr 
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2.0 LEARNING OUTCOMES
   After completion of the unit the students will be able to:

 Understand and use concept of a matrix and related terms

 Differentiate between types of matrices

 Perform mathematical operations:

(i) Addition and subtraction of matrices, properties of addition and subtraction
of matrices

(ii) Scalar multiplication and Multiplication of matrices, properties of
multiplication of matrices

 Understand and use concept of determinant of a matrix.

 Understand and use properties of determinant

 Use elementary operations (transformations) to evaluate determinant value

 Apply concept of determinant to solve problems based on simple applications such
as area of triangle and collinearity of the three points.

 Understand the conditions for inverse matrix to exist and find inverse of a matrix

 Solve the system of linear equation using:

(i) Cramer’s rule

(ii) Inverse of coefficient matrix method

(iii) Adjugate method

(iv) Row reduction method

 Apply concept of matrix and determinant to formulate and solve real- life situations

 Able to perform simple applications of matrices and determinants including Leontief
input output model for two variables

U
n i t

2
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2.1 Concept map

Adjoint Matrix

Singular/Non-singular
Matrix

Solving system of 
simultaneous linear equation 

in two (three) variables

Adjoint method Cramer's rule Using Elementary
raw transformation

Inverse coefficient
method



2.3Algebra

2.2 Introduction

The Republic day parade is a treat for the
eyes of every proud Indian. The order and
the synchronisation among the army
personnel, moving on the beat of drums is a
sight to marvel. You can also see the group
move together with each personnel holding
on to his position in the arrangement of rows
and columns.

Another example of elements in a
formation is the position and arrangement of
students in a class photograph and how easy

it is to spot a student standing in the first row and the second column
from the top left!

Have you ever had difficulty in finding your seat in a cinema hall?
Ever wondered why cinema halls and sports arena have seats arranged
in the rows and column formations?

Yes! Among many reasons, it is helpful to locate position of each
element in the arrangement of things.

2.3 Matrix

Definition: A rectangular array or table of numbers, symbols, expressions or functions, when
arranged in rows and columns, is known as a matrix (plural matrices). Each member of this
arrangement is called an element of the matrix.

If we want to write an arrangement of numbers, say 1, 3 and -4

Using matrix, we can write it as [1   3    –4]     or  
3
4

1

 
  
  

Let us now try to arrange x, y, z, w, r and u.

Using matrix, we can write it in so many ways as

x y z
w r u
 
 
 

 or 
x y
z w
r u

 
 
 
  

    and many more

A matrix is expressed by using capital English alphabet, say A = [aij] where aij is the element at

the i-th row and j-th column of the matrix and 1 ≤ 푖 ≤ 푚, 1 ≤ 푗 ≤ 푛,∀푖, 푗휖푁 . aij is also known as
general element of matrix A.

For example, In matrix A = 
2 + 푖 5
−1 2푘

4 − 2푖 0
 

The elements in matrix A are written as:
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a11 = 2 + i
a12 = 5
a21 = –1,
a22 = 2k,
a31 = 4 – 2i and a32 = 9

and

Definition: For a matrix A = 

푎11 푎12 푎13 … … 푎1푛 .
푎21 푎22 푎23 … … .푎2푛
푎31 푎32 푎푛3 … … 푎푚푛

    having ‘m’ number of rows and ‘n’

number of columns, the expression m x n is called the order of the given matrix A where

1≤ 푖 ≤ 푚, 1 ≤ 푗 ≤ 푛,∀푖, 푗휖푁 and is read as ‘m by n’.

The elements a11, a22, a33, ...  where 푎푖푗 ,∀푖 = 푗 are called elements of the diagonal a diagonal

elements of the matrix

And the elements where 푎푖푗 ,∀푖 ≠ 푗 are called elements of the non-diagonal a non-diagonal

elements of the matrix

The order of matrix A = 
2 5
−1 2
4 0

  is 3×2, having 6 elements in total

B = 
푥 푦 푧
푤 푟 푢    is a matrix of order 2×3, having 6 elements

Though the elements of a matrix can take any value, for the scope of this chapter we shall
consider only those matrices whose elements are real numbers or functions taking real values

Example 1
Shalabh has 3 books, 2 pens and 3 notebooks while Rashmi has 1 pen, 4 books and 5 notebooks in
their respective school bags.  Express the information as a matrix. What is the order of the matrix
obtained?

Solution:  The information can be represented in tabular form as

Books Pens Notebooks

Shalabh 3 2 3

Rashmi 4 1 5

We can represent the given information as A = 3 2 3
4 1 5  

Here first column shows the number of books, second column represents the number of pens and
third column shows the number of notebooks the students have in their respective bags.

The order of matrix A is 2×3, having 6 elements.

Is that the only way to express the given information?

No, another orientation of the same information can be written as matrix B = 
3 4
2 1
3 5
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where first row denotes the number of books, second row denotes the number of pens while the
third row denotes the number of notebooks each student has

The number of elements in matrix B is still 6 while the order is 3×2

Can you think of any other way to represent the information?

Example 2
Write the coordinates of triangle ABC with vertices A (4, -1), B (3, 2) and C (2, -4) in a matrix formation

Solution: Vertices of triangle ABC can be written in matrix form in two ways,

X = 
퐴
퐵
퐶

4 −1
3 2
2 −4

    of order 3×2 or Y = 
퐴 퐵 퐶
4 3 2
−1 2 −4

  of order 2×3

Example 3
If a matrix has 4 elements, what are the possible orders such a matrix can have?

Solution: In a matrix is of order m × n, we have mn number of elements.

therefore, to find all possible orders of a matrix with 4 elements, we will find all ordered pairs
of natural numbers, whose product is 4.

Hence, this matrix can have possible orders: 1 × 4, 4 ×1, 2 × 2

Example 4

Construct a 3 × 3 matrix whose elements are given by 푎푖푗 = (푖+2푗 )
5

  

Solution: In general a 3 × 3 matrix is given by A = 
푎11 푎12 푎13
푎21 푎22 푎23
푎31 푎32 푎33

 

For 푎11 , 푖 = 1 푎푛푑 푗 = 1 ⇒ 푎11 =
(1 + 2.1)

5 =  
3
5 

Similarly, For 푎12 , 푖 = 1 푎푛푑 푗 = 2 ⇒ 푎12 =
(1 + 2.2)

5
=  1 

Similarly, 푎13 =
(1 + 2.3)

5 =  
7
5 

푎21 =
(2 + 2.1)

5 =  
4
5 

푎22 =
(2 + 2.2)

5 =  
6
5 

푎23 =
(2 + 2.3)

5 =  
8
5 
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푎31 =
(3 + 2.1)

5 =  1 

푎32 =
(3 + 2.2)

5 =  
7
5 

푎33 =
(3 + 2.3)

5 =  
9
5 

Therefore A =  

⎣
⎢
⎢
⎢
⎡

3
5

1 7
5

4
5

6
5

8
5

1 7
5

9
5⎦
⎥
⎥
⎥
⎤
 

As observed in all matrices discussed till now, we have seen that there can be different orientations
of a matrix. Let us now discuss the different types of matrices.

2.3.1 TYPES OF MATRICES
1. Rectangular matrix: A matrix in which number of rows is not equal to number of columns

is called a Rectangular matrix.

For example, matrix A =  is a rectangular matrix of order 3 2

2. Square Matrix:  A matrix in which the number of rows and the number of columns are equal
is called a Square matrix.

For example matrices B =  is a square matrix of order 3 3 or B is a square

matrix of order 3.

3. Row Matrix: A matrix having exactly one row for a given number of columns is called a Row

matrix. For example, Matrix D = is a row matrix of order 1

4. Column Matrix: A matrix having exactly one column for a given number of rows is called
a Column matrix

For example, Matrix C =  is a column matrix of order 3

5. Diagonal Matrix: A square matrix in which all the non-diagonal entries are zero

i.e.,   is called a Diagonal matrix

For example, P =  and Q = are diagonal matrices of order 2 2 and 3 3

respectively
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6. Scalar Matrix: A diagonal matrix having same diagonal elements,

i.e.,   where  is called a Scalar matrix.

For example, matrices A =  and B =  are scalar matrices of order 2 2 and

3 × 3 respectively

7. Identity Matrix: A scalar matrix in which all the diagonal entries are equal to 1,

i.e.  is called an Identity matrix, denoted by English alphabet I

It is also known as Unit matrix. A unit matrix of order n is written as In.

Identity matrices   and  are identity matrices of

order 1 1, 2 and 3 3 respectively

8. Zero Matrix: A matrix with each of its elements as zero,

i.e.  is called as zero matrix

For example, matrix  and  are zero matrices of

different orders. A zero matrix is denoted by English alphabet O, sometimes also called a null
or void matrix as well.

9. Equal Matrices: Two matrices A = [ ] and B = [ ] having same order m n are called

Equal matrices when each element of A is equal to the corresponding element of B,

i.e. 

In such a case we denote equal matrices as A = B

Example 5

If A =  and B =  are equal matrices, find the values of a and b

Solution:

As A = B   ( A = B)

Therefore, 2a = -6 a = -3 and b + 1 = 13  b = 12

Example 6

Find the values of a, b, c, and d from the following equation:

Note that a
scalar matrix
with 1 as each
d i a g o n a l
element is an
identity matrix
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Solution: As the given matrices are equal,

therefore by equating the corresponding elements of both matrices we get:

2a + b = 4

a – 2b = -3

4c + 3d = 24

And 5c – d = 11

Solving these equations, we get a = 1, b = 2, c = 3 and d = 4

2.3.2 CHECK YOUR PROGRESS

EXERCISE - A
1. Identify the type of matrices given below and write the order of each matrix:

i) A = ii) B = 

iii) C = iv) D = 

v) E = vi) P = 

vii) Q = viii) R = 

ix) X = x) Z = 

2. i) A =  , write the element a12

ii) B = , find the sum of elements at b22 and b32

iii) C = ,  find c21+c32-c13

3. Construct matrix A = [aij] of order 2X3 where aij =

4. Construct matrix B = [bij] of order 2×2 where bij =

5. How many distinct 2X2 matrices can be formed by using numbers 5, 7 and -1? Justify your answer.
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6. A matrix has 14 elements. How many matrices of different orders are possible?
7. Find the values of a, b, c and d from the equation:

2.4 ALGEBRA OF MATRICES
Now we are going to learn how to apply basic mathematical operations such as

 Multiplication of a matrix by a scalar value

 Addition and subtraction of two or more matrices

Multiplication of two or more matrices

2.4.1 MULTIPLICATION OF A MATRIX BY A SCALAR VALUE
A baker bakes two types of breads using the proportions of ingredients as follows:

This information can be denoted by:

A = 

On a Sunday, the baker plans to make the breads thrice as much as he

does on a regular day. We know that he will have to take thrice the

quantity he uses for regular days.

Items Flour Butter Milk

Bread I 2kg 50g 20ml

Bread II 3kg 25g 10ml

In this case, 3A = 3 A

= 3 

Note that-
 New matrix is obtained by multiplying each element of matrix A by 3
 Scalar multiplication is irrespective of the order of the given matrix

= 

= 

Definition: For a matrix A = [ ] of order m × n and k is a scalar quantity, then kA is another

matrix obtained by multiplying each element of A by the scalar quantity k, i.e. kA = k [ ] = [ ],

. The order of the new matrix remains the same as that of the order of
the given matrix.
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Properties of scalar Multiplication
If A = [ ] and B = [ ] are two matrices of the same order, say m × n, and k and p are scalars,

then

(i) k (A +B) = k A + k B

(ii) (k + p) A = k A + p A

(iii) k (A – B) = kA – kB

Definition: For a non-zero matrix A, of order m×n, a matrix B of the same order is called
Negative matrix of matrix A. If A + B = O, where O is the zero matrix of the same order. We denote
negative matrix A as – A

For example, for A = ,

Negative A = - A = (-1) × 

  = 

  =

Note that A + (-A) = 

2.4.2 ADDITION OF MATRICES
Let us consider a scenario where students of three sections of class XII are to be divided for two

group activities in the math lab. The details of boys and girls for the activities are as given below:

Class Number of boys Number of girls

Group I Group II Group I Group II

XII – A 6 4 8 6

XII – B 5 5 9 4

XII - C 8 4 7 5

 Table 2.1(i)

Let matrix A represent group I students as  G1 = 

And matrix B, represent group II students as G2 = 
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Suppose the teacher in-charge needs a complied list of total number of boys and girls for both
the activities, then we can represent it as an addition of matrices A and B as shown below:

G1 + G2 = + 

     = 

Definition: For two matrices A = [ ] and B = [ ], of same order m × n, the sum of two

matrices A and B is defined as a matrix S = A+B = [ ] of order m n such that

  

Properties of addition of matrices
i) Addition of two or more matrices is possible only when the given matrices are of the same

order. The order of resultant matrix is also same on the order of the given matrices.

 Am×n + Bm×n = Cm×n

ii) Matrix addition is Commutative Am×n + Bm×n = Bm×n +  Am×n

iii) Matrix addition is Associative   Am×n + (Bm×n + Cm×n) =  (Am×n + Bm×n) + Cm×n

iv) Zero matrix is the additive identity Am×n + Om×n = Am×n  = Om×n + Am×n

v) Negative of a matrix is the additive inverse of the given matrix.

 Am×n + (- Am×n) = Om×n

2.4.3 SUBTRACTION OF MATRICES
From the table 2.1(i), if we need to know how many more boys and girls are there in group I

as compared to group II

Clearly that would need us to find G1 – G2 matrix

Definition: For two matrices A = [ ] and B = [ ], of same order m × n, the difference of the

two matrices A and B is defined as a matrix D = A - B = [ ] of order m n such that 

From table 2.1(i), G1 – G2 = - 

   =   

Note that-
 Both the matrices are of equal

order
 The sum of matrices is

obtained by adding
corresponding elements of the
matrices
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Example 7

For the matrices A =  , B =  and

 C = , calculate

i) 2A

ii) A + B – C

iii) 3B – A + 2C

Solution:

i) 2A = 2  = 

ii) A + B – C =  =

iii) 3B-A+2C = 3 

   = 

     = 

Example 8

If X =  and Y = then find the matrix Z, such that 2X + Y = 5Z

Solution: As 2X+Y = 5Z
Then order of the matrix on LHS and RHS must be same

Let matrix Z be of order 2 × 2 written as 

Then 

    
  

   
   

–7 7 5 5
15 6 5 5

a b
c d

    

7 7
5 5

6
3

5

 
   

   
  

  

a b
c d
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Example 9

Find X and Y if X+Y =  and X – Y = 

Solution: (X+Y) +(X-Y) = 

2X =    X =  

5
2

2
5

2
2

 
 
 
 
  

Also, (X+Y)-(X-Y) = 

2Y =    Y =  

2.4.4 MULTIPLICATION OF MATRICES
Here is another application of matrix algebra in a real-life situation, Neha private limited company

hired a public-relations firm to promote their business by distributing free sample of two products.
The cost of promotion per sample of each product (in rupees) is given by:

The number of products of each type promoted among men and women in a city is given by

matrix X = 

Using matrix algebra, find the total amount spent by the company for their promotion campaign

The total cost of promoting among men = 20000

  = 90000 + 50000 = 140000

And, total cost of promoting among women = 15000

= 67500 + 105000 = 172500

In this case of multiplication of two matrices X and C, the number of columns in X should be
equal to the number of rows in C.

Furthermore, for getting the elements of the product matrix, we take rows of A and columns of
B, multiply them element-wise and take the sum as shown below;

Using matrix algebra, we can find XC =
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= 

Definition: For two matrices A = [ ] of order m n and B = [ ] of order n × p, the multiplication

of the matrices AB is defined as a matrix P = AB = [ ] of order m p such that for finding the

element ,we multiple th row of first matrix A with the th column of second matrix B and

calculate the sum of these products

i.e.   

Example 10

 Let  A =  and B = ,  find AB  and BA.

Solution: Before finding the product of two matrices, it is important to check if the order of
multiplication is well defined.

Since the number of columns in matrix A is equal to the number of rows in matrix B,

also the number of columns in matrix B is equal to the number of rows in matrix A,

 products AB and BA are defined and each will be of order 2×2.

Hence AB =  

    =   = 

BA =

=

=

Observe that in this case AB  BA

This observation does not mean that defined multiplication of matrices is not commutative

For example, let A =  and B = 

Clearly, AB and BA are defined and AB =  = BA

Recall that for two real numbers ‘x’ and ‘y’ when xy = o then either x = 0 or y = 0.

Let us see if is true in the case of multiplication of matrices as well

If A, B are matrices of
orders respectively
m × n, k × l , then both
AB and BA are
defined if and only if
n = k and l = m.

 Multiplication of
diagonal matrices
is commutative
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Consider two non-zero matrices A =  and B = 

Here AB =    = 

Whereas neither of the two matrices A or B are zero matrices. Thus, if the product of two
matrices is a zero matrix, then it is not necessary that one of the matrices is a zero matrix

Example 11

Find 

Solution: =

                                                  =

Properties of multiplication of matrices
i) The multiplication of matrices is associative i.e. for any three matrices A, B and C,

(AB) C = A (BC), whenever order of multiplication is defined on both sides.

ii) Distributive property of multiplication holds true for multiplication of matrices. i.e. For three
matrices A, B and C

A (B+C) = AB + AC

and, A (B - C) = AB - AC, whenever order of multiplication is defined on both sides.

iii) For a given square matrix A of order m m, there exists a multiplicative identity matrix of

the same order such that IA = AI = A.

Example 12

For A =  , prove that A2 - 4A + I = O, where O is a zero matrix·

Solution: For matrix A of order 2× 2, we will take  identity matrix of the same order

Now A2 = A.A = 







21
32

                      = 

A2 - 4A + I = - 4 + 

             = 

             =  = O
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Example 13
Given that X 2 × n, Y 3 × k, Z 2 × p, W n × 3   and P p × k are matrices of specified order. What are the
conditions

i. for n, k and p so that 3PY + 2WY is defined

ii. for the order of the matrix 2X – 3Z

Solution:

i.  For defined multiplication of matrices P and Y, number of columns of matrix P must be equal
to number of rows of matrix Y  k = 3

Then Order of PY = p × k

Also order of WY =  n× k

Then for 3PY + 2WY to be defined the order of PY and WY must be same

 p × k =  n× k  p =  n

ii. 2X – 3Z is defined if order X is equal to order of Z   2×n = 2×p  p =  n

2.5 SPECIAL MATRICES

2.5.1 TRANSPOSE OF A MATRIX
Definition:  For a matrix A = [ ] of order m n, the matrix obtained by interchanging the rows

and columns of the matrix A is called the transpose of matrix A.

If  A =  then =

B =  then  =

P =  then  =

Example 14

If A =  and B =  then find the matrix -2B

Solution: - 2B =  - 2 

= 

= 

Transpose of a
matrix A is
denoted by A’ or
AT.

For a matrix A of
order mn, the
order of
transpose matrix
A’ is      n m.
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Properties of Transpose of a matrix
For given matrices A and B:

i. (A’)’ = A

ii. (kA)’ = kA’ (where k is any constant)

iii. (A + B)’ = A’ + B’

iv. (A B)’ = B’ A’

2.5.2 SYMMETRIC AND SKEW SYMMETRIC MATRICES
Definition: For a given square matrix A = [ ], if A’ = A, , then the

matrix A is called a symmetric matrix.

For example, P = is a symmetric matrix as P’ = P?

 A = is a symmetric matrix as A’ = A?

Definition: For a given square matrix A = [ ],

if A’ = - A, , then the matrix A is called a skew-

symmetric matrix·

For example, B = and B’ = B

  is a skew-symmetric matrix.

For Q = Q’ =  = -Q

Q is a skew-symmetric matrix

For a square matrix A having real values as elements,

 A + A’ is a symmetric matrix

 A – A’ is a skew symmetric matrix.

Example 15

If P = , then verify that P’P = I, where I is an identity matrix

Solution:   P = P’ = 

 P’P = 

All diagonal
elements of a

skew-symmetric
matrix are zero
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Example 16

If A, B are symmetric matrices of same order, then what can be said for matrix AB – BA ?

Solution: As A, B are symmetric matrices

A’ = A and B’ = B —————(i)

Now (AB – BA)’ = (AB)’ – (BA)’

= (B’A’) – (A’B’)

= BA – AB   [from (i)]

= –(AB – BA)

 AB – BA is a skew-symmetric matrix

Example 17

Express the matrix A = as the sum of a symmetric and a skew-symmetric matrix.

Solution: A =  

A’ = 

Let P =  (A + A’) =  

  

Also P’ = = P

Let Q =  (A–A’) =  
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             Also Q’ = = – Q

                 .

Also P + Q =  = A

A is represented as the sum of a symmetric and a skew- symmetric matrix.

2.5.3 CHECK YOUR PROGRESS

EXERCISE–B
1. Complete the following table.

              Order of the matrix

A B A B AB

2 × 2 2 × 2

2 × 3 3 × 2

3 × 4 4 × 1

3 × 3 3 × 3

2 × 3 2 × 3

3 × 2 1 × 2

2 × 3 2 × 3

1 × 3 3 × 2

2. For A= , B = and C= , show that

i. Commutative property does not hold true for multiplication of matrices A and B i.e. AB BA

ii. Associative property holds true for multiplication of three matrices, i.e.  A(BC)=(AB)C

3. Consider A=  verify the A.I = I.A=A, where I is the identity matrix of order 3×3

4. If A=  and B = then show that

i. =

ii.
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5. Do as directed

i) For A = , find AA2 - 6A

ii) Evaluate 



















110
011
101

iii) Find a matrix A such that A

iv) If the matrix X = is equal to the matrix Y = then find value of p, q,

r and s.

v) Let P =  and Q=  then calculate 3P-2Q.

6. If A =  and B = , then find a matrix C, such that 3A – 2B + 4C = 0

7. Given A= , B= , find:

i. 2A – 3B
ii. AB
iii. BA
iv. AB - BA

8. For A = show that AA3 – 23A – 40 I = O, where I is an identity matrix of order 3, and

O is zero matrix
9. Two booksellers A and B sell the textbook of Mathematics and Applied Mathematics. In the month of

march, bookseller A sold 250 books of Mathematics and 400 books of Applied Mathematics whereas
bookseller B sold 230 books of Mathematics and 425 books of Applied Mathematics. In the month
of April, bookseller A sold 550 books of Mathematics and 300 books of Applied Mathematics and
bookseller B sold 270 books of Mathematics and 450 books of Applied Mathematics.
Represent the given information into matrix form and find the total sale for both the booksellers in
the month of March and April, using matrix algebra.

10. Cost of a pen and a notebook are Rs.12 and Rs. 27 respectively. On a given day, shopkeeper P
sells 5 pens and 7 notebooks, whereas shopkeeper Q sells 6 pens and 4 notebooks on a particular
day. Find the income of both the shopkeepers, using matrix algebra
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2.6 DETERMINANT

Recall that for a given system of linear equations

    i.e. a1 x + b1 y = c 1

and,   a2 x + b2 y = c 2

the system of equations has a unique solution if  a1 b2  a2 b1

a1 b2 - a2 b1 = 0

In this chapter we have learnt that. a1 x + b1 y = c 1

and, a2 x + b2 y = c 2   can be represented in matrix form as:

The expression a1 b2 - a2 b1 is associated with the square matrix  and is called determinant

of the matrix and denoted as detA or |A| and  sometimes by Greek symbol .

Every square matrix is associated with a number C real or complex, known as Determinant of the
matrix A and is denoted by detA or |A|, or A determinant is also expressed using greek symbol .

Definition: For a given square matrix A = [ ], of order m, a number

(real or complex) is known as determinant of the matrix A

Let X be a set of square matrices and R be the set of numbers (real or
complex) such that a function f is defined as f : M  K by f (A) = k, where

A  X and k  R, then f(A) is called the determinant of A.

For example, For A = [2], a matrix of order 1×1

det A = |A| = 2

2.6.1 MINOR OF AN ELEMENT
Definition: In a given determinant, minor of an element  is the determinant obtained by

deleting its ith row and jth column in which element  lies, and denoted by .

Example 18:

Find the minor of element -11 in A = 

Solution: As -11 is (1, 2)th element of the matrix

We will eliminate first row and second column and  = -1

For a matrix A =  of order 2×2,

For matrix A = [a]
of order 1 × 1

detA = a

Only a square matrix
has a determinant
value associated to it

Minor of an element of a
determinant of order
m(m ? 2) is a determinant
of order n – 1
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determinant of A = det A = |A| is represented as

And calculated as |A| =    

     = [6×4] – [(–5)×(–7)]

     = 24 – 35

     = –11.

Example 19

Given   A =  and B = , find the following

i) |A|          ii)  |B|        iii) 2|A|       iv) |2A|       v) |A| |B|   vi) |AB|

Solution:

i) |A|= = (3)(6)-(-4)(5)= 18+20=38

ii) |B|= =(-9)(-7)-(1)(2)=63-2=61

iii) 2|A|=2 = 2 (38)= 76

iv) A  ,  2A = 2 = 

|2A|= = (6) (12)-(-8) (10) =72+80=152

v) |A| |B|= 64
53

 =38. 61 =2318

vi) AB= ,

|AB|= = (-22) (-50) - (42) (-29) = 1100+1218 = 2318

Example 20

Find x if = 

Solution: As  = 

 0 + 24 = -3 - 
 = -27
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Example 21

Find the minor of element 7 in the determinant B = 

Solution: As 7 is (2,3)th element of the determinant 

We shall eliminate second row and the third column and  =  = 2×(-2) - 3×1 = - 4 – 3 = -7

2.6.2 COFACTOR OF AN ELEMENT OF A DETERMINANT

Definition: In a square matrix, cofactor of an element  , denoted by  or Cij is defined by

 = , where  is the minor of 

In example 17,  = (-1) (-4) = 1

In example 21,  = ( -1)5(-7) = 7

To evaluate a determinant, elements of a row or a column are multiplied with their  corresponding
cofactors.

For a determinant of order 3X3, the value of the determinant can be evaluated by

expanding along the first row as a11 A11 + a12 A12 + a13 A13..

Now let us consider another square matrix B = [ ], of order 3×3

let B = 

For a matrix B of order 3×3, det B is calculated in terms of determinants of order 2×2. We can
expand and calculate det B in six ways by expanding with respect to any one of the three rows
(R1 , R2 and R3 ) or any one of the three columns (C1 , C2 and C3 ) giving the same determinant value

Here, we shall multiply the elements of any one row or column by their respective cofactors.
For example, if we use R1 to find det B, it will be as follows:

det B =  = a11 A11 + a12 A12 + a13 A13

= 2 +1 -3

= 2[ 0 - (-5) ] + 1[ 6 - 5 ] - 3[ 3 - 0 ]

= 10 + 1 – 9 = 0

If the determinant of any matrix is zero then that matrix is called Singular Matrix.
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Example 22

Evaluate 

Solution: Expanding along R1

= 0 – cos x (0 – sin x cos y) – sin x (cos x cos y – 0) = sin x cos x cos y – sinx  cosx cos y = 0

Example 23

Find minors and cofactors of the elements of the determinant

A = and check whether a11 A31 + a12 A32 + a13 A33= 0

Solution:  and  =  -20

 = -42-4 = -46 and  = 46

 and  = 

 and  = 

= -14 – 5 = -19 and  = 

 and  = 

 and  = 

 and  = 

 and  = 

Now a11 A31 + a12 A32 + a13 A33 = 2 (-12)– 3×22 + 5×18 = 0

2.6.3 ADJOINT OF A MATRIX
Definition: The transpose of cofactors of a matrix of a square matrix A = [  is called Adjoint

matrix of matrix A and is denoted by adj A.

Using the cofactor values of corresponding elements of given matrix A in example above, we can

write adj A = = 

When elements of a row
or a column of a
determinant are multiplied
with cofactors of any
other row or column, then
their sum is always zero
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Properties of adjoint of a matrix
For a given square matrix A, of order n,

i. A(adj A) = (adj A) A = |A|  , where  is the identity matrix of order n

ii. |adj(A)| = |A|n-1

Example 24

Find k, if A=  is a singular matrix

Solution: As A is a singular matrix |A| = 0

-8 - 3k = 0

  k = 

2.6.4 AREA OF TRIANGLE
Let A(x1, y1), B(x2, y2) and C(x3, y3) be the vertices of the triangle ABC, then

Area ABC =  

i. Since area is a positive quantity, we always take the absolute value of the determinant

ii. If area is given, use both positive and negative values of the determinant for calculation.

iii. For given vertices with coordinates A(x1,y1),  B(x2,y2) and C(x3,y3); if the area of a
triangle is zero the points A, B and C are collinear

Example 25

Find the area of the triangle with vertices A (5, 4), B (2, -6) and C (-2, 4).

Solution: Area ABC = 

                         = 

                         = (-70) = - 35

Hence area of the triangle = |-35| = 35 sq. units
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Example 26

For what value of k, points P (3,-2), Q (8, 8) and R (k, 2) are collinear.

Solution: As the points P, Q and R are collinear

 Area of triangle PQR = = 0

  = 0

Solving above determinant, we get, | 3(8-2) +2(8-k) +1(16-8k)| = 0

|18 + 16 – 2k +16 -8k | = 0

-10k + 50 | = 0

-10k + 50) = 0 k = 5

2.6.5 PROPERTIES OF A DETERMINANT
(i) For any two square matrices A and B, multiplication of their determinant values is same as

determinant of their product

For example, let us consider two matrices A =  and B = 

|A| |B|= =38×61 =2318

And, AB = 

|AB|= = (-22) ×(-50) - (42)×(-29) = 1100+1218 = 2318

Therefore, we can say that for square matrices A and B, |A|×|B| = |AB|

(ii) If two square matrices A and B of order n are such that A = kB, then

| A| = kn | B |, where n = 1, 2, 3,…

Let us consider two matrices A =  and B =  of order 2×2

Clearly A = 4B

And, |A| = 0 – 240 = -240

|B| = 0 – 15 = -15

 |A| = 16|B| = 42 |B|, where k = 4 and n = 2

iii) The value of the determinant remains unchanged if its rows and columns are interchanged

Consider  = 4
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And  = 4

Therefore, we can say that for a square matrix A; det A = det A  where A  is the transpose of

matrix A

iv) If any two rows (or columns) of a determinant are interchanged, then sign of determinant
changes

Consider |A| 

If we interchange R1 with R3, then  |A|

The interchange of two rows, say  and is denoted as Ri  Rj and similarly interchange

of  and columns is denoted as Ci  Cj

v) If two rows  and  and of a determinant are identical, then the value of

determinant is zero.

For example 

Here R2 = R3  

vi) If corresponding elements of any two rows  and  and   of a

determinant are in the same ratio, then the determinant value is zero.

For example,  = 0 as 

vii) If all the elements in any one row  (or a column of the determinant are zero, then the

determinant value is zero.

For example    = 0 and   = 0

viii) If some or all elements of a row or column of a determinant are expressed as sum of two (or
more) terms, then the determinant can be expressed as sum of two or more determinants

For example, to evaluate  
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We will split as follows:

Let 

As  in  and  in 

Therefore,       Hence 

ix) If each element of a row (or a column) of a determinant is multiplied by a non-zero constant
k, then the determinant value gets multiplied by k

For example, For A = 

|A| = 18 +20 = 38

If we multiple R1 by 2, we get

= 36 +40 = 76 = 2|A|

Therefore, we can say when we apply    (or   to a determinant we get 

What would happen if we multiply all rows (or columns) of |A| by 4, we get

|4A| =  = 288 + 320 = 608 = 42. 38 = 42 |A|

For any non-zero scalar ,  |A|=  n |A|, where n is the order of the determinant

x) If a row  (or a column ) is added to equimultiples of corresponding elements of another

row  (or a column ), then the value of determinant remains the same.

For example, If  =  = 2(1-8) -7(1-10) +1(8-10) =-14+63-2=47

Then applying operation    gives

 =  = 4(1-8)-9(1-10) +3(8-10) =-28 + 81 -6 = 47

Or applying operation    gives

 =  = 2(0-7) – 6(1-10) + 1(7-0) = -14 +54 + 7 = 47
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Therefore, the value of the determinant remains same if we apply the operation   

(or   ) for a nonzero scalar k

If more than one operation like Ri + kRj (or Ci  Ci + kCj) is applied in one step, it
should be seen that the row (or column)  that is affected in one operation should not
be used in another operation

Example 27

Evaluate 

Solution: Applying 

Then 

as  

Example 28

Evaluate  

Solution: Applying 

Then 

as 

Example 29

Given that a, b and c are in A.P., evaluate

Solution: As a, b and c are in A.P. —————— (i)

Now Applying 

 =  ———— from (i)

= 0
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Example 30

Without expanding prove that

Solution: Taking x common from C1 and y common from C2 and z common from C3 , we get

Applying  and  we get

Taking (x-y) common from C1 and (y-z) common from C2, we get

Applying , we get

Taking (z-x) common from C2, we get

Expanding C2, we get

Example 31

Without expanding, evaluate
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Solution: Applying  and  we get

Taking a + b + c common from , we get

Applying 

Taking 2 common from  , we get

Expanding C1, we get

  = 

Example 32

Evaluate without expanding

Solution: Apply , and , we get

Applying , we get
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Taking common from C1, we get

Applying , we get

Expanding R1, we get

   =

2.6.6 CHECK YOUR PROGRESS

EXERCISE–C
1. Evaluate the following

i) iv)

ii) v)

iii)

2. Find the area of the triangle with vertices (-2,-3), (-1,-8) and (3, 2).
3. For what value of “k” the points (k, 7), (-4, 5) and (1, -5) are collinear.
4. Represent the given matrices as the sum of a symmetric and skew symmetric matrices

i. ii.

iii.



2.33Algebra

5. Evaluate using properties of determinants:

i. ii.

iii. iv.

v.

6. Prove the following using properties of determinants:

i. = 4a2b2c2 ii.

iii.

iv.

v.

7. Find adjoint A if

i. A = ii. A = 

iii. A = 

2.7 INVERSE OF A MATRIX

Consider A =   and B = 

Here, AB = 
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Definition: For a given square matrix A of order n, if there exists another square matrix B of the

same order n, such that AB = BA = , then A is said to be invertible and B is called the inverse matrix
of A and denoted by A-1

In the example above, B = A-1 = 

Properties of inverse of a matrix:
i. Inverse of a matrix, if it exists, is unique

ii. For two invertible matrices of same order, say A and B, then (AB)-1 = B-1 A-1

iii. For an invertible matrix A, (A-1)-1 = A

iv. For an invertible matrix A, (AT) -1 = (A-1) T

There are many methods by which we can find inverse of a given square matrix.

i. Elementary operation (transformation) method

ii. Matrix method/ Adjugate or Adjoint method

iii. Row reduction method

2.7.1 FINDING INVERSE MATRIX BY ELEMENTARY OPERATIONS (TRANSFORMATION)
We can apply certain operations (transformations) on a matrix on rows or columns, which are

known as elementary operations or transformations of a matrix

i) Any two rows (or columns) can be interchanged and denoted by Ri  Rj for an interchange

between and  rows ( or Ci  Cj for interchange of and columns)

ii) A row (or column) can be multiplied by a non-zero scalar  and denoted by    (or

  

iii) A row (or column) can be added to the equi-multiples of corresponding elements of any other

row or column and denoted by    (or   ) for a non-zero scalar k.

For an invertible square matrix A (i.e., A–1 exists)

i) Write A = A to apply a sequence of row operations till we get,  = BA, where  is identity

matrix of same order.

ii) Similarly, we write A = A  and apply a sequence of column operations till we get,  = AB,

where is identity matrix of same order.

In both the cases, the matrix B is the inverse of A.

iii) In case, after applying one or more elementary row (column) operations on A = A ( or A

= A ), if we obtain all zeros in one or more rows of the matrix A on L.H.S. of the equation,
then A–1 does not exist, or A is not invertible
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Example 33

By using elementary row transformations, find inverse of matrix A = 

Solution: To apply row transformations, we will consider:

A = A

A

applying   t

A

Applying   

A

As  = BA, where B =  A–1= 

Alternatively, we can also apply column transformations:

A = A

applying   

Applying   

As  = AB, where B =  A–1 = 

Example 34

Find the inverse of matrix A using elementary row operations where A = 

Solution: Using row transformations: A = A

A
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Applying    and   , we get

A

Applying    and   , we get

A

Applying   , we get

A

Applying    , we get

A

Applying    and     , we get

A

As  = AB, where B =  A–1 = 

Example 35

Find A-1, if A = 

Solution: Using column transformations:

A = A
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Applying  , we get

On LHS, the elements of second column are all zeroes, therefore, A-1 does not exist

2.7.2 FINDING INVERSE MATRIX BY INVERSE OF COEFFICIENT MATRIX METHOD
Recall that for a given square matrix A of order n, we have

A (adj A) = (adj A) A = |A| I , where  is the identity matrix of order n

 A-1 = (adj A),

Clearly |A|  0  only a non-singular square matrix is invertible

Now let us learn how to use matrix method to find inverse of a non-singular matrix

i.e., we can find inverse of a matrix A only when |A|  0

Example 36

Find the inverse of matrix A using inverse of the coefficient matrix method when

A = 

Solution: A = 

Expanding a row or a column, we will first find |A| =   = 1200  0

 exists

adj A = transpose of cofactor matrix = 

 inverse of A= A-1 = A) = 

= 

recall that the
d e t e r m i n a n t
value of a
singular matrix
is always zero
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 2.8 SOLVING SYSTEM OF SIMULTANEOUS LINEAR EQUATIONS

2.8.1 INVERSE OF COEFFICIENT MATRIX
This method is used to solve a system of equations in two or three variables.

Let us understand how to find inverse of a given square matrix A =  of order 2×2

Then A-1 = 

Example 37

Solve the following system of equation finding the inverse of coefficient matrix:

x – y = 5; 2x + 3y = -1

Solution: Let us convert given equation in matrix form AX=B.

                                                 =

Here A =  is called coefficient matrix

And B =  is called the constant matrix

Let us find inverse of coefficient matrix = A-1 =   =  

Now AX = B X = A-1B

 X =  

Therefore x = and y = 

Recall representing a system of linear equation in matrix formation:

Example 38

Solve for x, y and z:

2x – 3y = 5;   5x + 3y = 2

Solution: Let us write the given system of equations in matrix form

=
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Let A = X =  and B =  so that AX = B

In this representation, matrix A is called coefficient matrix and B is called constant matrix.

Now pre-multiplying both sides by A-1, we get

A-1(AX) = A-1 B

X = A-1 B

X = A-1 B

For A = 

As |A| = 6 +15 = 21  0  A-1 exists and A-1 = A)

Here adj A = 

Therefore A-1 = 

As  =

  =  = 

  

  

Hence x = 1 and y = -1

Example 39

Solve the following system of equation using matrix method

x + y + z = 10, 2x + y = 13, x + y - 4z = 0

Solution: The given equation in matrix form can be written as

 =

where A = 

As |A| = 5  0 A-1 exists

AdjA = 
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Therefore A-1 =

Hence the matrix equation AX=B implies

X = A-1B

=

    = 

  = 

Therefore x = 5, y = 3 and z = 2

2.8.2 CRAMER’S RULE
Steps to Explain Cramer’s rule. Cramer’s rule is another method to find the solution of system

of linear equations.

Example 40
Solve the following system of equation using Cramer’s rule

2x – 3y = 5; 5x + 3y = 2

Solution: Let us convert given equation in matrix form AX=B.

                                                 =

Here matrix A =  is called coefficient matrix

and B = is called constant matrix.

Firstly, we find the determinant of coefficient matrix called as delta ().

Here  = |A| =  = 6-(-15) = 21  0

Now create a new determinant x by replacing “x” column by
the elements of the constant matrix B

 x =  = 15+6 = 21

Similarly, create another determinant y by replacing “y” column

 y=   =  4 – 25 = –21

For a system of equations

a1 x + b1 y = 0

and,  a2 x + b2 y = 0

as the elements of constant
matrix are zero, i.e. B =

Such system of equations
are called homogenous
equations
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Finally x is obtained by dividing x by , and y by 

x =  =  = 1

And y =  =   = -1

Therefore x = 1 and y = -1

Example 41

Solve the following system of equations using Cramer’s rule

x + y + z = 10 , 2x + y = 13 , x + y - 4z = 0

Solution: Convert the given equations in matrix form

                        = 

Where A = , X =  and B = 

Here  =  = 1 [-4-0] - 1 [-8-0] + 1 [2-1] = 5  0

Now x =  = 10 [-4] -1 [-52] + 1[13] = 25

y =   =  15

And, z =  = 10

x =  =   = 5,

y =  =   = 3

and z =   =   = 2

Therefore, x = 5, y =3 and z = 2

Example 42
Solve the following system of equations using Cramer’s rule,

2x – 3y = 5; -4x + 6y = -10

In Cramer’s rule, when
  0, then the given
system of equations

 is consistent

 has a unique solution.
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Solution: Let us convert given equations in matrix form AX=B.

=

Here  =  = 0

x =  = 0

y =   =  0

The given system of equation has infinitely many solutions.

Example 43

Solve the following system of equations using Cramer’s rule

x - 2y + 3z = 1, 2x + y - z = 3  and  3x - y + 2z = -2

Solution: Convert given equations in matrix form

 =

 =  = 1 [2-1] +2 [4+3] + 3 [-2-3] = 0

x =  = 1[2-1] + 2 [6-2] + 3 [-3+2] = 6  0

y =   = 1(6-2)-1(4+3) +3(-4-9) = 4 – 7 -39 = - 42  0

z =  = 1(-2+3) +2(-4-9) +1(-2-3) = 1 – 26 – 5 = - 30  0

Here  = 0 and the other deltas x, y and z are non-zero
values. In such a case the given system of equations is inconsistent
angel has no solution.

2.8.3 ROW REDUCTION METHOD

Example 44

Solve using row reduction method: x – 3y = 9, 2x +y + 3 = 0

Solution: Write all the given equations in the form ax + by = c

 x – 3y = 9

2x +y = -3

In Cramer’s rule, when
 = 0 and all other delta
values x, y and z are
zero; then the system of
equations

 Is dependable consistent.

 has infinitely many
solutions.

In Cramer’s rule, when  = 0
and any one or more of the
deltas x, y or z are non-
zero then the given system of
equations

 is inconsistent

 has no solution.
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Now we shall write the given system of equations in the augmented matrix as shown below:

In this method, we will reduce Row1 by making a11 = 1 and the rest of the elements in Column1
as 0 by using the elementary row transformations

R2  R2 – 2R1  
1 −3 9
0 7 −21  

Then we shall rewrite the system of equations, using the above row reduced matrix:

R1   x -3y = 9 …..(i)

And R2   0x + 7y = - 21  y = –3

Substituting value of y in equation (i), we get:

x -3(-3) = 9  x = 0

Example 45

Use row reduction method to solve the given system of equations:

3x +2y – z = 1

X + 2y – 2z = 0

And 2x +y -3z = -1

Solution: Let 3x +2y – z = 1 …… (i)

x + 2y - 2z = 0 …...(ii)

And 2x +y -3z = -1 ….. (iii)

Write the given system of equation in the augmented matrix as

We will begin by converting a11 = 1 and the rest of the elements in Column1 as 0 by using the
elementary row transformations

R1  R2  
1 2 −2
3 2 −1
2 1 −3

   
0
1
−1

 

R2  R2 – 3R1 
1 2 −2
0 −4 5
2 1 −3

   
0
1
−1

 

R3  R3 – 2R1   
1 2 −2
0 −4 5
0 −3 1

   
0
1
−1

 

     R2  
푅2

−4
    

1 2 −2

0 1
−5
4

0 −3 1

   

0
−1
4
−1
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     R2  R3 + 3R2 

⎣
⎢
⎢
⎢
⎡
1 2 −2

0 1
−5
4

0 0
−11

4

   

0
−1
4
−7
4 ⎦
⎥
⎥
⎥
⎤

 

R3  
−4푅3

11
   

⎣
⎢
⎢
⎢
⎡1 2 −2

0 1
−5
4

0 0 1

   

0
−1
4
7

11⎦
⎥
⎥
⎥
⎤
 

Now we shall write the above matrix into a system of equations one more time:
x + 2y – 2z = 0

y −
5
4

 z = 
−1
4

 

and z = 
7

11
 

 y −
5
4

  × 
7

11
  = 

−1
4

   y = 
6

11
 

Also x + 2×
6

11
  – 2×

7
11

  = 0 x =
2

11
 Therefore x =

2
11

 , y = 
6

11
  and z = 

7
11

 

Example 46
Three shopkeepers A, B and C are using polythene bags, handmade bags and newspaper bags. A
uses 20, 30 and 40 number of bags of respective type. B uses 30, 40 and 20 of each respective kind
while C uses 40, 20 and 30 of each type. Each shopkeeper spent Rs 250, Rs 220 and Rs 200 on the
bags. Find the cost of each carry bag using matrix method.

Solution:

Shopkeeper Polythene Handmade Newspaper Total cost Cost per
bags bags bags (in �) bag

A 20 30 40 250 x

B 30 40 20 220 y

C 40 20 30 200 z

As per the question,

20x +30y + 40z = 250  2x +3y + 4z = 25

30x + 40y + 20z = 220  3x + 4y + 2z = 22

and, 40x + 20y + 30z = 200  4x + 2y + 3z = 20

Writing in matrix form:  =

Where A = 

As |A| = 2 (12 – 4) – 3(9-8) + 4(6 – 16) = 16 – 3 – 40 = -27  0  A-1 exists

Adj A = 
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A-1 = A) = 

As AX = B then X = A-1 B  = 

= = 

Therefore cost of a polythene bag = �

cost of a handmade bag = �

cost of a newspaper bag = �

Example 47
A school plans to award �6000 in total to its students to reward for certain values - honesty,
regularity and hard work. When three times the award money for hard work is added to the award
money given for honesty amounts to �11000. The award money for honesty and hard work together
is double the award money for regularity. Use matrix method to find the prize money for each
category of award.

Solution: Let the prize money for honesty = �x

Prize money for regularity = �y

And prize money for hard work = �z

As per the question. x + y + z = 6000

x + 3z = 11000

and x + z = 2y x – 2y +z = 0

Writing in matrix form:    =

Where A = 

As |A| =1 (0 +6) – 1(1-3) + 1(-2+0) = 6 + 2 – 2 = 6  0  A-1 exists

adj A = 



2.46 Applied Mathematics

A-1 = A) = 

As AX = B then X = A-1 B  = 

 = = 

Therefore, prize money for each prize for honesty = �

Prize money for each prize for regularity = �2000

Prize money for each prize for hard work = �

2.8.4 CHECK YOUR PROGRESS

EXERCISE – D
1. Find the inverse of the given matrices, by using elementary transformations:

i) ii)

iii) iv)  

2. Find inverse of the given matrices, by using Adjugate (matrix) method:

i. ii.

3. Solve the following system of equations by i) Matrix method ii) Row reduction method:
a) 2x – 3y  = –4,  3x + 5y =13
b) x + y = 1,  5x – 7y = 29
c) 5x – 4y = 9 , 3x + 7y = -4
d) x – y + 2z = 1,  2y – 3z =1, 3x – 2y + 4z = 2
e) 2x – 3y + 5z = 1, 3x + 2y - 4z = – 5, x + y – 2z = –3

4. Solve the following system of equation using Cramer’s rule.
i) 2x – 3y  = –4,  3x + 5y = 13
ii) x + y = 1,  5x – 7y = 29
iii) 5x – 4y = 9, 3x + 7y = –4
iv) x – 3y = 4, 3x – 9y = 12
v) –2x + y = 3, 4x – 2y = 5
vi) x – y + 2z = 1, 2y – 3z = 1, 3x – 2y + 4z = 2
vii) 2x – 3y + 5z = 1, 3x + 2y – 4z = –5, x + y – 2z = –3
viii) x + y + z = 0, –3x + y – 4z = 0,  -2x + 2y - 3z = 0
ix) 2x - y - 3z = 1, 3x + 2y - 5z = 0, 5x + y –8z = 3
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2.9 APPLICATION OF MATRICES AND DETERMINANTS
Matrices and determinants are powerful tools in modern mathematics, which have a wide range

of application. Sociologists use matrices to study the dominance within a social group or society.
Demographers make use of matrices to study survival of mankind, marriage and decent structure.
Business mathematics, economist, artificial intelligence coding and networking models are a few
examples that function on the concept of matrix and determinant. The study of communication
theory and electrical engineering as the network analysis is also aided by the use of matrix
representation.

2.7.1 Leontief input-output model for two variables
   The economy of any country is dependent on many sectors which are interlinked with each

other. In this section we try to learn whether the interlinks are viable or not. If the system is viable
then try to find the interlink inputs based on the demand in the market. Many sectors are sharing
their resources and try to become self-sufficient and independent.

 To understand the technique, let’s consider two sectors, Automobile Sector (AS) and Electrical
Sector (ES). Both are dependent on each other. As part of the resources are used by one industry
and remaining resources are shared with other sectors.

Consider the situation based on the given information, that automobile sector uses 20 units of
resources for themselves and share 15 units to electrical sector. The electrical sector is using 30 units
of resources for themselves and share 12 units with the automobile sector.

As many sectors share their respective resources with each other, In the given situation let the
total resources produced by AS be 60 and ES as 45

Let us represent this situation in the following manner:

AS ES — —— —— Total

Resources produced by AS 20 15 — — — 60

Resources produced by ES 12 30 — — ——    45

But make sure that no column additions are possible as the units are different.

AS ES — —— —— Total

Resources produced by AS 20/60 15/45 — — — 60

Resources produced by ES 12/60 30/45 — — —— 45

Now we try to find per unit worth of output

This representation is called input-output coefficient unit matrix.

I/0 Coefficient unit Matrix = =

Now let us introduce one more additional information that every sector is in demand at a
particular time, which may change with respect to time.

So the demand matrix is always changing accordingly there is impact on coefficient matrix.

Let us consider the demand as follows

AS ES - - — Total Demand

Resources produced by AS 20 15 - - - 60 70

Resources produced by ES 12 30 -  - — 45 50
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Now we shall convert problem into matrix form

AX + D = X  ……….(1)

where A is an input-output unit matrix(technology matrix).

           D is the total demand

           X is the new requirement output.

From equation (1) D = I.X – A.X

D = (I – A) X

Therefore, the requirement output X = (I-A)-1D

Hawkins-Simon Conditions to check for viability of an economy are defined as:

i) | I – A | must be positive

ii) Diagonal element of I - A must be positive.

Let us take an example to test the above stated conditions

Here, A = 

then I – A  =  –   =  

|I-A|=  > 0 which verifies the first Hawkins-Simon condition

Also main diagonal of I-A is positive.

both of the Hawkins-Simon conditions are satisfied.

Hence required input to fulfil the demand and is viable

The requirement output X = (I-A)-1D

 X = .D

In the above example,

X = 

X = 

Example 48
Prepare an input-output table for Transport industry (TI) and Food industry (FI). Food industry
produces 50 units. Out of these 20 units consumed by FI and 25 units by TI.  Whereas Transport
industry produces 40 units and out of these 10 units used by FI and 25 units by TI.

Hawkins-Simon Condition

 |I-A| must be positive

 Diagonal element of I-A
must be positive.
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Construct input- output matrix. Check the condition of Hawkins-Simon condition and decide
whether system is viable. If so find the input to fulfil the demand 100 of FI and 80 of TI.

Solution:

FI TI Total

Food Industry 20 25 50

Transport Industry 10 25 40

Input-output coefficient matrix (A) = 

Firstly we will test the viability using Hawkins-Simon condition

Get I- A = 

Now |I-A|=

Clearly diagonal positions of I-A are positive. System is viable.

Here demand matrix is given as = D = 

So X = (I-A)-1D

X = .D

X = 

            X =

Hence, to fulfil the demand FI must share 70/8 units and TI must share 34/5 units.

2.9.2 CHECK YOUR PROGRESS

EXERCISE – E
1. Solve the following problems using Leontief input-output model.

Sector 1 Sector 2 Total
Sector 1 2 5 10

Sector 2 3 4 20

If the system is viable then discuss the situation for new demand 8 and 12 from sector 1 and sector
2 respectively.

2. Solve the following problems using Leontief input-output model.

FI AI Total

Food industry 20 10 40

Agricultural industry 30 20 60
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If the system is viable then discuss the situation for new demand 80 and 120 from FI and AI
respectively.

3. Solve the following problems using Leontief input-output model.

Sector 1 Sector 2 Total
Sector 1 12 20 40

Sector 2 15 20 30

If the system is viable then discuss the situation for new demand 8 and 8 from sector 1 and sector
2 respectively.

4. Solve the following problems using Leontief input-output model.

Sector 1 Sector 2 Total

Sector 1 5 7 30

Sector 2 6 14 21

If the system is viable then discuss the situation for new demand 8 and 12 from sector 1 and sector
2 respectively.

2.10 UNIT SUMMARY

1. A rectangular array or table of numbers, symbols, expressions or functions, when arranged
in rows and columns, is known as a matrix (plural matrices). Each member of this arrangement
is called an element of the matrix.

2. A matrix is expressed by using capital English alphabet, say A = [ ] where  is the element

at the th row and th column of the matrix and 1

3. For a matrix A =     having ‘m’ number of rows and ‘n’ number

of columns, the expression m x n is called the order of the given matrix A where

1

The elements  where  are called elements of the diagonal of the

matrix

And the elements where  are called elements of the non-diagonal of the matrix

4. A matrix in which number of rows is not equal to number of columns is called a Rectangular
matrix

5. A matrix in which the number of rows and columns are equal is called a Square matrix

6. A matrix having exactly one row is called a Row matrix.

7. A matrix having exactly one column is called a Column matrix.

8. A square matrix in which all the non-diagonal entries are zero, i.e.  is called

a Diagonal matrix

9. A diagonal matrix having same diagonal elements, i.e.  where  is called

a Scalar matrix.
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10. A scalar matrix in which all the diagonal entries are equal to 1,

i.e.  is called an Identity matrix (Unit matrix), denoted by English alphabet I

11. A matrix with each of its elements as zero,

i.e.  is called a zero matrix

12. Two matrices A = [ ] and B = [ ] having same order m n are called Equal matrices when

each element of A is equal to the corresponding element of B,

i.e. 

13. For a matrix A = [ ] of order m × n and k is a scalar quantity, then kA is another matrix

obtained by multiplying each element of A by the scalar quantity k,

i.e. kA = k [ ] = [ ], 

14. If A = [ ] and B = [ ] are two matrices of the same order, say m × n, and k and p are

scalars, then

(i) k (A +B) = k A + k B

(ii) (k + p) A = k A + p A

(iii) k (A + B) = kA + kB

15. For a non-zero matrix A, of order m×n, a matrix B of same order is called Negative matrix
of matrix A such that A + B = O, where O is the zero matrix of the same order. We denote
negative matrix A as – A

16. For two matrices A = [ ] and B = [ ], of same order m × n, the sum of two matrices A

and B is defined as a matrix S = A+B = [ ] of order m  n such that

 

17. Addition of two or more matrices is possible only when the given matrices are of same order.
The order of resultant matrix is also same

 Am×n + Bm×n = Cm×n

Matrix addition is commutative Am×n + Bm×n = Bm×n +  Am×n

Matrix addition is associative   Am×n + (Bm×n + Cm×n) =  (Am×n + Bm×n) + Cm×n

Zero matrix is the additive identity Am×n + Om×n = Am×n  = Om×n + Am×n

Negative of a matrix is the additive inverse in matrix addition Am×n + (-Am×n) = Om×n

18. For two matrices A = [ ] and B = [ ], of same order m × n, the difference of two matrices

A and B is defined as a matrix D = A - B = [ ] of order m n such that 

19. For two matrices A = [ ] of order m n and B = [ ] of order n × p, the multiplication of

the matrices AB is defined as a matrix P = AB = [ ] of order m p such that for finding

the  we multiple th row of frist matrix A with the th column of second matrix B and

calculate the sum of these products
i.e.   
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20. i. The multiplication of matrices is associative i.e.  for any three matrices A, B and C, (AB)
C = A (BC), whenever order of multiplication is defined on both sides

ii. Distributive property of multiplication holds true for multiplication of matrices. i.e. for three
matrices A, B and C, A (B+C) = AB + AC

iii. A (B - C) = AB - AC, whenever order of multiplication is defined on both sides.

21. For a given square matrix A of order m m, there exists a multiplicative identity matrix of

same order such that IA = AI = A.

22. For a matrix A = [ ] of order m n, the matrix obtained by interchanging the rows and

columns of the matrix is called the transpose of matrix A

23. For a matrix A of order m n, the order of transpose matrix A is n m

24. For given matrices A and B:

i. (A’)’ = A

ii. (kA)’ = kA’ (where k is any constant)

iii. (A + B)’ = A’ + B’

iv. (AB)’ = B’A’

24. For a given square matrix A = [ ], if A’ = A, , then the matrix

A is called a symmetric matrix

25. For a given square matrix A = [ ], if A’ = - A, , then the matrix

A is called a skew-symmetric matrix

26. For a square matrix A having real values as elements,

i. A + A’ is a symmetric matrix

ii. A – A’ is a skew symmetric matrix

27. Let X be a set of square matrices and R be the set of numbers (real or complex) such that a
function f is defined as f : M  K by f (A) = k, where A  X and k  R, then f(A) is called
the determinant of A

28. In a given determinant, minor of an element  is the determinant obtained by deleting its

th row and th column in which element  lies, and is denoted by .

29. In a square matrix, cofactor of an element  , denoted by  or Cij is defined by

 = , where  is the minor of 

30. The transpose of cofactors matrix of a square matrix A = [  is called Adjoint matrix and

is denoted by adj A.

31. For a given square matrix A, of order n,

i. A(adj A) = (adj A) A = |A|  , where  is the identity matrix of order n

ii. |adj(A)| = |A|n-1

32. If the determinant of any matrix is zero then that matrix is called Singular Matrix and if
|A|  0 then A is called Non-singular matrix.

33. Let A(x1,y1),  B(x2,y2) and C(x3,y3) be the vertices of the triangle ABC, then
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Area ABC =  

34. For a given square matrix A of order n, if there exists another square matrix B of the same
order n, such that AB = BA = , then A is said to be invertible and B is called the inverse

matrix of A and denoted by A-1

i. Inverse of a matrix, if it exists, is unique

ii. For two invertible matrices of same order, say A and B, then (AB)-1 = B-1 A-1

iii. For an invertible matrix A, (A-1)-1 = A

iv. For an invertible matrix A, (AT) -1 = (A-1) T

35. A system of equations can be solved by using any of the following methods:

i. inverse of coefficient method

ii. Cramer’s method

iii. Row reduction method

36. Hawkins-Simon Conditions to check for viability of an economy are defined as:

i. | I – A | must be positive

ii. Diagonal elements of (I – A) must be positive

2.11. ANSWERS TO THE EXERCISES

EXERCISE – A
1. i) Row, 1×2 ii) Column, 3×1

iii) Rectangle, 3×2 iv) Row 1×3
v) Square 2×2 vi) Square 3×3

vii) Zero 2×2 viii) Zero 2×3
ix) Identity 3×3 x) Scalar 3×3
i) Scalar 3×3

2. i) – 4
ii) 0 + 2
iii) 4

3.

4.

5. 81
6. 4
7. a = 14, b = -7, c = 7, d = 1
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EXERCISE – B
1. Order of the matrix

A B A B AB

2 2 2 2 2 2 2 2

2 3 3 2 Not possible 2 2

3 4 4 1 Not possible

3 3 3 3 3 3 3 3

2 3 2 3 2 3 Not possible

3 3 2 Not possible 1 2

5. i) ii)

iii) iv) p=1, q = 2, r = 3, s = 4

v)

6.

7. i.

iii. iv.

v.

9. In the month of March           P = 

In the month of April            Q = 

Total Sell P+Q =  + 

                      = 
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10. Sell matrix
                    pen    notebooks

S = 

            Cost Matrix

                 C = 

Amount Matrix        A = S C

                 A = 

                   = 

                               = 

Bookseller P generates the amount Rs 249/- and Q generates the amount Rs 180/-

EXERCISE – C
1. i) 0, ii) -53, iii)25, iv) 0, v) 18
2. 15 sq. units
3. -5

7. i.

ii.

iii.

EXERCISE – D

1. i) ii)

iii) iv) : 

2. i) ii)

3. a) x =1, y =2 b) x = 3, y = -2
c) x = 1, y = -1 d) x = 0, y = 5, z = 3
e) x = 1, y = 2, z = 3
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4. i) x = 1, y = 2 ii) x = 3, y = -2
iii) x = 1, y = -1) iv) Infinite many solution
v) No solution vi) x = 0, y = 5, z = 3

vii) x = 1 , y = 2, z = 3 viii) Infinite many solution
ix) No solution

EXERCISE – E

1.  Coefficient unit matrix =  

Get   I-A = ,

      Check conditions    det (I-A) = 16/25 – 3/40 = 109/200 > 0, main diagonal entries positive

So X = (I-A)-1D = 

2. Coefficient unit matrix  =  

Get   I-A = ,

Check conditions    det (I-A) = 1/6 – 5/12 = - 3/12 < 0,
First condition of Hawkins-Simon is not true. So condition is not viable

3. Coefficient unit matrix =  

Get   I-A = ,

      Check conditions    det (I-A) = 7/30 – 1/4 = (14-15)/60 < 0,
      And main diagonal entries positive.
      First condition of Hawkins-Simon is not true. So condition is not viable.

4. Coefficient unit matrix  =  

Get   I-A = ,

Check conditions    det (I-A) = 5/18  - 1/15  =   (25-6)/90 = 19/90 > 0, main  diagonal entries positive

So X = (I-A)-1D = 
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3.0 LEARNING OUTCOMES

After completion of this unit the students will be able to

 Find derivative of implicit functions, parametric functions

 Apply logarithmic differentiation in the functions of the type [f(x)]g(x)

 Find second order derivative

 Define Cost function and Revenue function

 Understand derivatives as the rate of change of various quantities

 Define marginal cost and marginal revenue

 Understand the gradient of a tangent and normal to a curve at a given point

 Write the equation of tangent and normal to a curve at a given point

 Recognize whether a function is increasing or decreasing or none

 Determine the condition for an increasing or a decreasing function

 Find the maximum and minimum values of a function at a given point

 Determine turning points (critical points) of the graph of a function

 Find the values of local maxima and Local minima at a point

 Find the absolute maximum and Absolute  minimum value of a function on a
closed interval

 Apply the derivatives in real life problems

U
n i t

3a
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3.1 CONCEPT MAP

3.2 RECALL SOME STANDARD RESULTS OF DIFFERENTIATION

   1. Derivatives of standard functions

i.
  n

n 1
d x

nx
dx

 ii.
  x xd

a a log a
dx

 

iii.
  x xd

e e
dx

 iv.
  d 1

log x
dx x



v.
  d

constant 0
dx



   2. Basic rules of differentiation

i.      d d
k f x k f x

dx dx
     , where ‘k’ is some real number..

ii.           d d d
f x g x f x g x

dx dx dx
   .

iii.               d d d
f x g x f x g x f x g x

dx dx dx
     , also called as product rule.

iv.
 
 

         
  2

d d
f x g x f x g xf xd dx dx

dx g x g x

   
 

 
 , also called as quotient rule.

Equation of tangent
and Normal
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3.3 DIFFERENTIATION OF IMPLICIT FUNCTIONS

The equation 3x2 + xy + y = 0 can be written as 
 23x
y

1 x





 i.e. ‘y’ can be expilictly  expressed in

terms of ’x’ only i.e. in terms of independnent variable ‘x’ . We have been finding derivatives in such
cases. As, in above example

  
   

 
 

2 2

2 2 2

6x 1 x 3x 3x x 2dy 3x 6x
or

dx 1 x 1 x 1 x

     
  

  

Let us consider the equation  . The graph of this equation is the union of the
graphs of the functions y = f1(x), y = f2(x), y = f3(x), as shown below, which are differentiable except
at O and A. How do we get the derivative when we can not conveniently find the functions? Here,
in this example, ‘y’ can not be explicitly expressed as a function of ‘x’. Such functions are called
implicit functions. We treat y as a differentiable function of x and differentiate both sides of the
equation with respect to x using the differentiation rules.

The process by which we find derivative is called implicit differentiation. The equation above
defines three functions  and we find their derivatives implicitly without knowing explicit formula to
work with.

The process by which we find  is called implicit differentiation. The equation above defines

three functions f1, f2, f3 and we find their derivatives implicitly without knowing explicit formula to
work with.

FIG. 1

The process by which we find 
dy
dx

 is called implicit differentiation. The equation above

defines three functions f1, f2, f3 and we find their derivatives implicitly without knowing
explicit formula to work with.

Example 1
If y = f(x) is a real function, then find derivative of the following with respect to ‘x’.

i. y2 ii. 3 5x y iii. log (xy2) iv. 
 2

xy
x

1 e
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Solution:

i. In order to differentiate y2 with respect to ‘x’, we shall have to use chain rule, as y2 depends
on ‘y’ and ‘y’ depends on ‘x’.

 
 

2
2 dy dy dyd

y 2y
dx dy dx dx

    

ii.  We shall use product rule to find the derivative of x3y5 with respect to ‘x’

    
53

3 5 5 3 2 5 3 4 2 5 3 4dy dy dyd dx
x y y x 3x y x 5y 3x y 5x y

dx dx dx dx dx
       

iii. Both chain rule and  the product rule will be used to diffrentiate log (xy2)

    2 2 2
2 2

dy dyd 1 d 1 1 2
log xy xy y 2xy

dx dx dx x y dxxy xy
       
 

But, one can also first simplify log(xy2) = log x + 2log y and then find the derivative. (Try
youself !)

iv. We shall use quotient rule, chain rule  and  product rule to find the derivative as follows

  
   

xy 2 xy xy 2 3
2

xy 2 2xy xy

dy dy
2x 1 e x e y x 2x e 2x x y x

d x dx dx
dx 1 e 1 e 1 e

                    
   

Example 2

Find 
 dy
dx

, when x3 + y3 = xy.

Solution. Differentiating with respect to ‘x’,
      3 3d d d

x y xy
dx dx dx

 

 2 2 dy dy
3x 3y y x

dx dx
   

  2 2dy
3y x y 3x

dx
   

 2

2
dy y 3x
dx 3y x


 



Example 3

If   m nm nx y x y    , then show that 
 dy y
dx x



Solution. We first take log of both sides of the equation

    m nm nlog x y log x y   

   mlog x nlog y m n log x y    
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Differentiatiing both sides with respect to ‘x’.

 dy dym n m n
1

x y dx x y dx
        

 dy n m n m n m
dx y x y x y x

  
      

    
 

   
 

n x y m n y m n x m x ydy
dx y x y x y x

      
     

 

   
dy nx my nx my
dx y x y x y x

  
     

 
 dy y

dx x
 

3.4 DIFFERENTIATION OF PARAMETRIC FUNCTIONS

It is sometimes convenient to represent the relation between the variables x and y by two
equations x = g(t), y = f(t). For example, the equations x = at2, y = 2at, where t  R, a is a constant
>0, are the parametric equations for the curve (rightward parabola) y2 = 4ax, a > 0. The variable t
is a parameter for the curve.

We can verify that the parametric equations  represent the parabola as 2 2 2y 2at y 4a t   

 2 2 2y 4a at y 4ax   , i.e., the points (at2, 2at) satisfy the equation  y2 = 4ax, a > 0,  where t  R.

The equations x = at2, y = 2at define y as a composite function of x and are said to represent
the function in parametric form.

If  represent a function in parametric form, then  where 

is an inverse function with respect to the function . Using chain rule and applying ,

the derivative of ‘y’ with respect to ‘x’ can be obtained as

 dy
dy dt

dxdx
dt



Example 4.

Find 
dy
dx

if x = at2, y = 2at

Solution. Differntiating, with repect to ‘t’, 
 2 dx
x at 2at

dt
   , and 

 dy
y 2at 2a

dt
  

 dy
dy 2a 1dt

dxdx 2at t
dt
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Example 5

Find 
 

t 1

dy
dx 




 if  1 t
x

1 t





,   xy = 2t3.

Solution. Differntiating with respect to ‘t’, we get

     
   2 2

1 1 t 1 t1 t dx 2
x

1 t dt 1 t 1 t

    
   

    and 
 3 2dy
y 2t 6t

dt
  

 
   

2
22 2

dy
1 tdy dt 6t 3t 1 tdxdx 2

dt


     


 

 2
t 1

dy
3 2 12

dx 

   

3.5 LOGARITHMIC DIFFERENTIATION

We know that 
  n n 1d

x nx
dx

  where ‘n’ is any real number and 
  x xd

a a loga
dx

 , where ‘a’ is

any positive real number, other than 1. Both of these formulae can not be used in the  differentiation

of the functions of  the type      g xf x  like xx, 
 2x1 x

1 x
 

  
etc

    
    x x

x 1 x
d x d x

x x  or x log x
dx dx

   

In the functions of the type      g xf x we use logarithm to find the derivative of the function as

shown the following examples.

Example 6

Differentiate the following with respect to ‘x’
i. y = xx ii. y = xy

Solution:
i. y = xx, Taking log of both sides, we get  log y x log x 

Differentiating both sides with respect to ‘x’, we get
dy1 1

=1.logx + x (. )
y dx x

 
    xdy

y log x 1 x log x 1
dx

    

ii. y = xy, Taking log of both sides, we get  log y y log x 

Differentiating both sides with respect to ‘x’, we get

 dy dy y1
log x

y dx dx x
 

 dy y1
log x

dx y x
 

   
 

 

   
2dy y y y

dx x 1 ylog x x 1 ylog x
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Example 7.

If xy + yx = ab, then find 
 dy
dx

.

Solution. Let u = xy, v = yx    y x b bx y a u v a      , where u = xy ; v = yx  Differntiating both

sides of the equation u + v = ab with respect to ‘x’, we get

 du dv
0

dx dx
   — (i)

 y dy y1 du
u x log u y log x log x

u dx dx x
       y dy ydu

x log x
dx dx x

    
 

 —(ii)

 x dy1 dv x
v y logv x logy 1 logy

v dx y dx
      

 
x dydv x

y log y
dx y dx

 
   

 
 —(iii)

Substituting  
du
dx

 and 
dv
dx

 from (ii) and (iii) in (i), we get

 

   

y x

y x 1 y 1 x

y 1 x

y x 1

dy y dyx
x log x y log y 0

dx x y dx

dy
x log x xy x y y log y

dx
dy x y y log y
dx x log x xy

 





        
   

    


  



3.6 SECOND AND HIGHER ORDER DERIVATIVES

Let y = f (x) be a differentiable function of ‘x’, then

i. Derivative of f’(x) with respect to ‘x’ = 
 

 
2

2
dy d yd

y f x
dx dx dx

      
 

 , is the second order

derivative of ‘y’ or f(x).

ii. Derivative of f”(x) with respect to ‘x’ = 
 

 
2 3

2 3
d y d yd

y f x
dx dx dx

 
     

 
, is the third order

derivative of ‘y’ or f(x).

Similarly, we can find the other higher order derivatives of  y f x .

Note: For derivatives higher than three we do not use primes, instead we write the, n th
 order

derivatives as
 

 
n

n
nn

d y
y f x

dx
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Example 8

Find 
 2

2
d y
dx

 for the following functions

i. y = x ii. y = log x iii.  2y x 1 

Solution:

i. y = x, differentiate with respect to ‘x’, 
 dy

1
dx

 ,

Differentiating again with respect to ‘x’, we get 
 dyd

0
dx dx

   
 

 i.e. 
 2

2
d y

0
dx



ii. y = log x 
 dy 1

dx x
   , Differentiating again with respect to ‘x’, we get

 2

2 2
d y 1
dx x

 

iii.  2y x 1   
      

1 1
2 2 22 2

2 2

dy d 1 d 2x x
x 1 x 1 x 1

dx dx 2 dx 2 x 1 x 1


        

 

                    

 

   

2
2 2 22

2 2 32 2 2 2

x
1 x 1 x

d y x 1 x 1x 1
dx x 1 x 1 x 1 x 1

   
    

   

Example 9

If 
 2t
x

1 t



 and 

 t
y

1 t



, find 2y .

Solution.
  

   

22 2

2 2

2t 1 t tt dx 2t t
x

1 t dt 1 t 1 t

  
   

  

  
   2 2

1 1 t t 1dyt 1
y

1 t dt 1 t 1 t

   
   

  

 

 
 2

1 2 2 2

dy
1 t1 1dty dx 2t t 2t t1 t

dt


   

 

 
 

 
   

 

2 3

2 1 2 2 2 2 332

1 t 2 1 td d 1 d 1 dt 2 2t
y y

dx dx dt dx2t t 2t t 2t t t t 22t t
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Exercise 3.1

1. Find 
dy
dx from the following

i. 3 3x y 3axy  ii. xye axy a 

iii. 3 2 2 33x 5x y 2xy 4y 0    iv. 1 1 2
3 3 3x y a    v.  x ylog xy

2. Find 
dy
dx  from the following parametric equations

i. x at  , 
ay
t

 ii. x t log t   , 
logty

t


iii.
 2

2

a 1 t
x

1 t





 , 2

2bty
1 t




3. Find 
dy
dx  from the following equations

i. y xx y ii. y x yx e 

iii.    
x

x yx y e 7  iv. logxy x

4.  Find 
2

2

d y
dx

 from the following

(i) y x log x (ii) 2 xy x e

(iii)  y log logx (iv) 2x 3xy 3e 2e 

5. If x 1 y y 1 x 0    , show that  2 dy1 x 1 0
dx

   .

6. If 1 1
m my y 2x
  then prove that 2 2 2 2

1(x – 1)y m y .

7. If  2 2y log x a x   , show  that  2 2
2 1a x y xy 0   .

8. If  p2y x x 1    , prove that  2 2
2 1x 1 y xy p y 0    .

3.7 COST AND REVENUE FUNCTION
Any manufacturing company has to deal with two types of costs, the one which varies with the

cost of raw material, direct labour cost, packaging etc. is the variable cost. The variable cost is
dependent on production output. As the production output increases (decreases) the variable cost
will also increase (decrease). The other one is the fixed cost, fixed costs are the expenses that remain
the same irrespective of production output. Whether a firm makes sales or not, it must pay its fixed
costs.
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Cost Function: If V(x) is the variable cost of producing ‘x’ units and ‘k’ the fixed cost  then, the
total cost C(x) is given by

C(x) = V(x) + k

Revenue Function: if R is the total revenue a company receives by selling ‘x’ units at price ‘p’ per
unit produced by it then the revenue function is given by

R(x) = p.x

Note: Generally, it is assumed that a company sells the number of units it produces.

Example 10
A company produces ‘x’ units in a year and the variable cost is V(x) = x2 – 2x. Also, the company
spends a fixed cost of Rs15,000 on commissions and rent, then

(i) Find the total cost function C(x)

(ii) If ‘p’ the price per unit is given by p = 5–x then find its revenue function.

Solution:

(i) The variable cost, V(x) = x2 – 2x

 The total cost function is C(x) = V(x) + 15000 = x2 – 2x + 15000

(ii) The revenue function is given by

R = px

                                              2R 5 x x 5x x     

3.8 DERIVATIVE AS RATE OF CHANGE OF QUANTITIES
In science, business and economics there are variables one depending on the other such as

distance and time, cost and production, revenue and production, price and demand etc. In all these
examples we are interested in the rate at which one variable changes with respect to other to know
the micro details of relation between these variables.

In class XI we have discussed that if y = f(x) is a real function then,

 dy
Rate (or instantaneous rate) of change  of 'y' with respect to 'x'

dx


Example 11
A boy is blowing air into a spherical balloon and thus the radius r of the balloon is changing, then
find the rate of change of surface area of the balloon with respect to the radius r. Also find the rate
of change of surface area when r = 2cm.

Solution. Let Area of balloon be A at the radius r then, A = 4r2

Rate of change of surface area of balloon with respect to the radius is

   2
r 2

r 2

dA dA
8 r and 8 r 8 2 16 cm /cm.

dr dr 
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3.8.1 RELATED RATES
In related rate problems the quantities change with respect to time, you may be given rate of

change of one variable with respect to time and rate of change of other variable has to be found with
respect to time.

      Recall: If  y f x , then using chain rule, 

 

 

dy
dy dy dy dx dxdt f xdxdx dt dx dt dt

dt

     

Example 12

Find the rate of change of volume of a sphere with respect to its surface area when the radius is
5 m.

Solution: For the radius r, the volume V and the surface area S of the sphere is given by 
 34
V r

3
  and

S = 4r2.

As V and S both are functions of radius r, we will use chain rule to find derivative of V with
respect to S

Since,  2 2dv 4 dS
3 r 4 r , 8 r

dr 3 dr
     

2
3 2

r 5

dV
dV 4 r r dV 5dr m /m

dSdS 8 r 2 dS 2
dr



       

Example 13

A cylindrical vessel of radius 0.5 m is filled with oil at the rate of 30.25πm / min . Find the rate at
which the surface of the oil is rising.

Solution: The rate at which the surface area rises is the rate of change of height of oil in the vessel
with respect to time. Let r be the radius, h be the height and V the volume of the oil at time t.

Then
 2V r h h

4


    as 
 1
r 0.5

2
 

As we are given rate of change in volume with respect to time t, therefore
differentiating V with respect to t, we get

 dV dh dh
0.25 ,

dt 4 dt 4 dt
 

   

      as we are given   3dV
0.25 m

dt
 

 dh
1m/min ute

dt
 

FIG. 2
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Example 14
A boy of height 1m is walking towards a lamp post of height 5 meters at the rate of 0.5 m/sec. Then
find the rate at which the length of the shadow of the boy is decreasing.

Solution: Let RT = y, be the length of the shadow of the
boy when he is x m away from the lamp post at time t.

 dx
0.5m/sec

dt
   , as the boy is moving towards

lamp post the distance between the boy and the lamp
post is decreasing and hence the rate of change of the
distance will be negative.

 x y5
4 y x

1 y


    , differentiating with respect to t

 dy dydx 0.5 1
4 m/sec

dt dt dt 4 8
 

     , hence the shadow of the boy is decreasing at the rate of

 1 m/sec.
8

3.8.2 MARGINAL COST AND MARGINAL REVENUE
Marginal cost and marginal revenue are the instantaneous rate of change of cost and revenue

with respect to output i.e. rate of change of C(x) (or C), the cost function and R(x) (or R), the revenue
function, with respect to production output ‘x’.

Therefore, the Marginal cost (MC) and the Marginal revenue (MR) are given by

   dC
MC (Marginal cost) C x

dx
 

   dR
MR (Marginal revenue) R x

dx
 

Note: Marginal cost is an important factor in economics theory because a company that needs to maximize
its profits will produce up to the point where marginal cost (MC) equals marginal revenue (MR). Beyond that
point, the cost of producing an additional unit will exceed the revenue generated

Example 15
A toy manufacturing firm assesses its variable cost to be ‘x’ times the sum of 30 and ‘x’, where ‘x’
is the number of toys produced, also the cost incurred on storage is �1500. Find the total cost
function and the marginal cost when 20 toys are produced.

Solution: The total cost function C(x) is given by,

C(x) = x (x + 30) + 1500 = x2 + 30x + 1500

The marginal cost MC is given by,

FIG. 3
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 dC
MC 2x 30

dx
  

Marginal cost of producing 20 toys is 
 

   
x 20

dC
MC 20 2 20 30 70

dx 

   

  The marginal cost of producing 20 toys is �70.

Example 16
The price per unit of a commodity produced by a company is given by

p 30 2x  and ‘x’ is the quantity demanded. Find the revenue
function R, the marginal revenue when 5 commodities are in
demand (or produced).
Solution. The revenue function R (or R(x))  is given by,

R = px = (30 – 2x) x = 30x – 2x2

  The marginal revenue  dR
MR 30 4x

dx
   

The marginal revenue of producing 5 commodities is,

 
 

x 5

dR
30 4 5 10

dx 

   

  The marginal revenue when 5 commodities are in demand is �10.

Exercise 3.2
1. Find the rate of change of circumference of a circle with respect to the radius r.
2. Find the rate of change of lateral surface area of a cube with respect to side x, when x = 4cm.
3. If the rate of change of volume of a sphere is equal to the rate of change of its radius, then find

its radius. Also find its surface area.
4. The volume of a cone changes at the rate 40 cm3/sec. If height of the cone is always equal to its

diameter, then find the rate of change of radius when its circular base area is 1m2.
5. For what values of x is the rate of increase of total cost function C(x) = x3 – 5x + 5x + 8 is twice the

rate of increase of x?
6. The radius of the base of a cone is increasing at the rate of 3cm/minute and the altitude is

decreasing at the rate of 4cm/minute. Find the rate of change of lateral surface area when the radius
is 7cm and the altitude 24 cm.

7.  A ladder 10 meters long rests with one end against a vertical wall, the other on the floor. The lower
end moves away from the wall at the rate of 2 meters / minute. Find the rate at which the upper end
falls when its base is 6 meters away from the wall.

8. A spherical iron ball 10 cm in radius is coated with a layer of ice of uniform thickness that melts at
a rate of 50 cm3 /min. When the thickness of ice is 5 cm, find the rate at which the thickness of ice
decreases.

9. A stationery company manufactures ‘x’ units of pen in a given time, if the cost of raw material is
square of the pens produced, cost of transportation is twice the number of pens produced and the
property tax costs �5000. Then,

(i) Find the cost function C(x).
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FIG. 4

FIG. 5

(ii) Find the cost of producing 21st pen.
(iii) The marginal cost of producing 50 pens.

10. A firm knows that the price per unit ‘p’ for one of its product is linear. It also knows that it can sell
1400 units when the price is �4 per unit, and it can sell 1800 units at a price of �2 per unit. Find
the price per unit if ‘x’ units are sold (or demanded). Also find the revenue function and the marginal
revenue function.

3.9   SLOPE (OR GRADIENT) OF TANGENT AND NORMAL

Consider the graph of a curve y = f(x) as shown in
the Fig 4. Let A (x, f(x)) be a point on the graph and
B(x +x, f(x +x)) be a neighbouring point on the curve.
Then,

The slope of the line (secant) AB =    f x x f x
tan

x
  

 


,

where  is the angle of inclination of the line AB.

The limiting position of the secant AB, when the point
B moves along the curve and tends to coincide with the
point A (i.e., when x  0), if the limiting position exists,
is the tangent to the curve at the point A. Hence,

The slope of the tangent (non-vertical) to the curve at

the point A is given by    , where  is the angle of inclination

of the tangent line at the point A.

Please note that in the figure x chosen is positive, whereas x could be negative and x has to
approach 0 from both sides.

Therefore, we conclude that,

Slope (or gradient) of a non-vertical tangent at a point A(x0,y0) = 
 

 0 0A x ,y

dy
dx




Normal to a curve at a point:

If y = f(x) is a real function then normal to the curve at a
point A(x0,y0), i.e., at ((x0, f(x0)) on it is a line perpendicular to
the tangent at the given point on the curve. As shown in the
adjoining figure 5.
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Slope of a normal line to the curve at a point  0 0A x ,y  =  
 

 0 0A x ,y

1
dy
dx





, provided the

normal is not perpendicular to the x-axis.

Example 17

Find slope of the tangent and normal at a point (2,6) to the curve y = x3 – x

Solution: 
 3 2dy
y x x 3x 1

dx
    

 Slope of the tangent at (2,6) is given by

 

 
 

 
 22

2,62,6

dy
3x 1 3 2 1 11

dx
      

And, slope of normal to the curve = 
 

 2,6

1 1
dy 11
dx

 





3.9.1 EQUATION OF TANGENT AND NORMAL TO A CURVE
Recall that equation of a line passing through (x1,y1) and having slope m is given by

(y–y1) = m(x–x1). Using this we can find equation of tangent and normal to a curve at a given point
on it.

Let y = f(x) be a real function and A(x0,y0) be a point on it then,

Equation of tangent to the curve at the point A(x0,y0): 
 
 

 
 

0 0

0 0
x ,y

dy
y y x x

dx
  

Equation of normal to the curve at the point A(x0,y0) : 
  

 

 

0 0

0 0

x ,y

1
y y x x

dy
dx


  




Example 18

Find the equation of the tangent and normal to the curve  2 2
3 3x y 2   at (1,1).

Solution. Differentiating with respect to ‘x’, we get

 1
31 1

3 3
1

3

dy dy2 2 x
x y 0

3 3 dx dx y
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Equation of the tangent is

 
 

 
     

1,1

dy
y 1 x 1 y 1 1 x 1 x y 2 0

dx
           

Equation of normal is

  

 

     

1,1

1
y 1 x 1 y 1 1 x 1 y x 0

dy
dx


         




Example 19
Find the equation of the tangent and normal to the curve f(x) = ex + x2 + 1 at the point (0,2) on it.

Solution. f’(x) = ex + 2x then slope of tangent at the point (0,2) is f’(0) = 1 and slope of normal is

 
 
1

1
f 0


  


Therefore, equation of tangent is (y – 2) = 1(x – 0)  x – y + 2 = 0

And equation of normal is (y – 2) = –1(x – 0)  x + y – 2 = 0

Example 20
Find the equation of the tangent to the curve x2 + 3y – 3 = 0, which is parallel to the line y = 4x – 5.

Solution. Differentiating the given equation we get,

 dy dy 2x
2x 3 0

dx dx 3


   

Slope of the tangent to the curve = slope of the line y = 4x – 5

 
 2dy 2x 33

4 4 x 6 6 3y 3 0 y 11
dx 3 3

 
              

Therefore, the point on the curve is (–6, –11) and equation of tangent is

(y + 11) = 4(x + 6)  4x – y + 13 = 0

Example 21
Find the equation of the tangent to the curve y = (x3 – 1) (x – 2) at the points where the curve cuts
the x-axis.

Solution. Putting y = 0 in the equation of the curve to get the points where it cuts the x-axis.

(x3 – 1) (x – 2) = 0  = 1, 2

Thus, the points of intersection of curve with x-axis are (1,0) and (2,0)

Differentiating the equation with respect to ‘x’,

  The equations of the tangents are

The tangents help

to geometrically measure

price elastic
ity of

demand curve
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1,0

dy
y 0 x 1 3x y 3 0

dx
        
 

 

 
 

2,0

dy
y 0 x 2 7x y 14 0

dx
        
 

Example 22

Find the equation of the tangents to the curve 3x2 – y2 = 8, which passes through the point   4 ,03 .

Solution. Note: The given point does not lie on the curve

Let us assume the tangent touches the curve at the point (h,k)

 2 23h k 8   —————— (i)

Differentiating the equation of the curve with respect to ‘x’, we get

 

 h,k

dy dy dy3x 3h
6x 2y 0

dx dx y dx k
     

   Equation of the tangent is:
  4 3h

y x
3 k

   
 

, also it passes through (h, k)

 2 24 3h
k h 9h 3k 4k 0

3 k
         
 

—————— (ii)

Replacing h2 from (i) in (ii), we get,

 2
2k 8 44

9 3k 4k 0 k 6 h
3 3

 
         

 

  The equation of the tangents is 
 4 3 44

y x 33x 3y 4 0
3 6 3

        
 

Example 23

Prove that 
 nn yx

2
a b

          
touches the straight line 

 yx
2

a b
  for all n  N, at the point (a,b).

Solution. 
 nn yx

2
a b

          
 n n n n n nb x a y 2a b   Differentiating with respect to ‘x’, we get

 
n n 1 n n 1 dy dy

nb x na y
dx dx a

      = 0 
   

n n 1

n n 1
a,b a,b

dy dy b x b
dx dx aa y





      

  Equation of the tangent at (a,b) is 
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Example 24

Find the points on the curve y = 4x3 – 2x5, at which the tangent passes through the origin.

Solution. Let (h,k) be any such point on the curve

 3 5k 4h 2h                          - (i)

Differentiating the given equation with respect to ‘x’, we get

 

   
2 4 2 4 2 4

h,kh,k

dy dy
12x 10x 12x 10x 12h 10h

dx dx
        

The equation of the tangent through origin is,

          2 4 2 4y 0 12h 10h x 0 k 0 12h 10h h 0        

As (h,k) lies on the tangent,

 3 5k 12h 10h   (ii)

Solving (i) and (ii),

  3 5 3 5 5 3 3 24h 2h 12h 10h 8h 8h 0 8h h 1 0 h 0, h 1            

  The points on the curve are (0,0), (1,2) and (–1, –2).

Exercise 3.3
1. Find the slopes of the tangents and normal to the curves at the indicated points.

i. 3y x x    at  x = 1. ii. y = 3x2 – 6x at x = 2.

iii.
 
 


x 1y ,x 2
x 2

 at x = 10. iv.   
2 2

3 3x y 2  at (1,1).

2. Find the equations of the tangent and normal to the curves at the indicated points.
i. y = x3 – 3x + 5 at the point (2,7).
ii. x = at2, y = 2at  at t = 2

3. Find the equations of the tangents to the curve at points where the tangents to the curve
y = 2x3 – 15x2 + 36x – 21 are parallel to x-axis.

4. Find the equation of the tangents to the curve y = x3 + 2x – 4, which is perpendicular to the line
x + 14y + 3 = 0.

5. Find the equation of the tangent and the normal to the curve 
 


 2

x 7y
x 5x 6

 at the point, where it

cuts x-axis.
6. Find the equation of the normal to the curve x2 = 4y which passes through the point (1,2).
7. For the curve y = x2 + 3x + 4, find all points at which the tangent passes through the origin.

8. Show that the line 
 
 

x y 1
a b

 touches the curve   x ay b e  at the point where it crosses the y-axis.

9. Show that the curves xy = a2 and x2 + y2 = 2a2 touch each other.
10. Prove that the curves xy = 4 and x2 + y2 = 8 touch each other.
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Fig. 6

Fig., 7

3.10 INCREASING AND DECREASING FUNCTIONS (MONOTONIC FUNCTIONS)

Increasing function: A real function y = f (x) is said
to be an increasing function (abbreviated as) on an
open interval (a,b) if the value of ‘f’ increases as ‘x’
increases or vice – versa. i.e., the graph of f(x) rises from
left to right see Figure 6.

Here, the open interval (a, b) includes (i) (a, b), where
a, b are fixed real numbers such that a < b, (ii) (a, ),
where a is a fixed real number, (iii) (-, b), where b is
a fixed real number, (iv) (-, ) = R

Following is an analytical condition for a function to
be increasing on (a, b)

    1 2 1 2x x f x f x      1 2x ,x a, b 

Or

    1 2 1 2x x f x f x      1 2x ,x a, b 

Decreasing function: A real function y = f(x) is said to
be a decreasing function (abbreviated as) on an open
interval (a,b) if the value of ‘f’ decreases as ‘x’ increases or
vice – versa, i.e. the graph of f(x) falls from left to right see
Figure 7

Following is an analytical condition for a function to
be decreasing on (a, b)

    1 2 1 2x x f x f x      1 2x ,x a, b 

    Or

    1 2 1 2x x f x f x      1 2x ,x a, b 

Note: 1) A function which is either increasing or decreasing on its domain (an open interval) is termed as
a monotonic function

2) You may note that a function may be defined to be increasing/decreasing in any of the following intervals
represented as I:

(a, b), (a, ), (– , b), (– , ), [a, b], [a, ), (– , b]

Not all cases have been included here in this topic.
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Example 25.

Show that f(x) = x2 is an

(i) Increasing function on (0, )

(ii) Decreasing function on (– , 0)

Solution:

(i)  Let x1, x2  (0, ) such that x1 < x2

2
1 1 1 2 1 1 2x x x x x x x      

Also, 2
1 2 2 2 1 2 2x x x x x x x      

From above we conclude that   2 2
1 2 1 2x x f(x ) f(x )

hence,   1 2 1 2x x f(x ) f(x )

i.e., f(x) is an increasing function over (0, )

(ii)  Let  1 2x ,x ,0  such that x1 < x2

2
1 1 1 2 1 1 2x x x x x x x         1 2x , x  are negative numbers

Also,  2
1 2 2 2 1 2 2x x x x x x x      

From above we conclude that,     2 2
1 2 1 2x x f x f x   , hence,     1 2 1 2x x f x f x  

 i.e., f(x) is a decreasing function over (– , 0)

Note: f(x) is decreasing on (– ,0) and increasing on (0,) therefore we say that f(x) is neither increasing
nor decreasing on (– ,).

3.10.1 DERIVATIVE CONDITIONS FOR A MONOTONIC
(INCREASING OR DECREASING) FUNCTION.

As discussed in section 3.4 that the derivative of a
function at a given point on it is slope of the tangent
to the curve at that point. It is an interesting fact to
note that slope of tangents also determines the
monotonicity of functions. It can be observed from the
following figures.

In Fig.8 one can observe that the function is
increasing in its domain and the tangents drawn to the
curve are making acute angles of inclination at any
point within the domain of the curve. You may
encounter the graph of a certain increasing function in
an open interval, where the angle of inclination of the
tangent at a point is 0° or 90°. Please, check the graph

of the functions 

The term upward

sloping is 
also sometim

es

used for an increasing

function

The term downward

sloping is 
also sometim

es

used for a decreasing

function

Fig. 8
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DERIVATIVE TEST FOR INCREASING FUNCTIONS
A real function y = f(x) is an increasing function on (a,b) if

    f x 0 , x a , b   

Please note that the condition mentioned above is sufficient
for a function f to be an increasing function in (a, b), but not

necessary. The functions  are examples of

increasing functions over R, but  is not defined.

In Fig.9, one can observe that the function is decreasing in its
domain and the tangents drawn to the curve are making obtuse
angles of inclination at any point within the domain of the curve.
But, you may encounter some exceptions similar to what was observed above in case of an increasing
function.

DERIVATIVE TEST FOR DECREASING FUNCTIONS
A real function y = f(x) is a decreasing function on (a,b) if

    f x 0, x a, b   

The condition is sufficient for a function f to be a decreasing function in (a, b), but not necessary.

CRITICAL POINTS
Definition: An interior point of the domain of a function f where f’ is zero or undefined is a

critical point of f.

Hence, the critical points are essentially interior points of the domain of the function f together
with a second condition as mentioned above.

The word critical probably has been used because at this point an abrupt change in the behaviour
of the graph of the function is noted.

i. The curve f(x) = (x – 1)2 + 2, in the Fig.10, is turning at the point ‘A’ on it and tangent at
‘A’ is parallel to x-axis, i.e., slope of tangent at ‘A’ is 0, i.e., f ’(1) = 0. The curve takes a smooth
turn at the point (1, 2).

Fig. 10
1 is a critical point of the function.

Fig. 9
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ii. The graph of the function f (Fig. 11) is turning at the points
B and C. f’(-2) = 0, f’(3) = 0.

–2 and 3 are the critical points of the function f. The curve
takes a smooth turn at the points B and C.

iii. f’(0) does not exist. 0 is a critical point. Note that the graph
of the function (Fig. 12) takes a sharp turn at (0, 0). There
is a corner at the point (0, 0).

Fig. 11

Fig. 12

iv.  . g’(0) is not defined. 0 is a critical point.

Note that there is a vertical tangent at the point
(0, 0), which is the y-axis itself and 0 is a point of
inflexion. A point where the graph of a function
(Fig. 13) has a tangent line and where the concavity
changes is called a point of inflexion.

Fig. 13

v. h’(0)=0. 0 is a critical point. The tangent line at the point (0, 0) is the x-axis itself. 0 is a point
of inflexion. (Fig. 14)

Fig. 14
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vi. The following is the graph of the function f(x)=x2/3

f’(0) is not defined. 0 is a critical point. Note that at (0, 0), there is a cusp in the graph. (Fig. 15)

Fig. 15

vii. 0 is a point of discontinuity. The derivative of the function at 0 is not defined. 0 is a critical
point. (Fig. 16)

Fig. 16.

A function f(x) is defined in an interval I and c is an interior point of I.

If f(x) is continuous at x = c, f’(c) = 0, then c is a critical point.

If f(x) is continuous at x = c, f’(c) is not defined, then c is a critical point.

If c is a point of discontinuity, then c is a critical point. Here also, f’(c) is not defined.
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Note: The conditions for the graph of a function to have a vertical tangent at a point, a corner at a point,
a cusp at a point and a point of inflexion at a point may be explored in higher courses of mathematics.

Stationary points:
A Stationary point is the point where the derivative of the function is 0. It is essentially the point

where the curve is momentarily at rest and then it either takes a smooth turn or becomes a point
of inflexion. Stationary points are necessarily the interior points of the domain of the function.

Note:

1) All stationary points are critical points, but not every critical point is stationary. In part i above, 1 is
a stationary point. In part ii, -2 and 3 are stationary points. In part v, 0 is a stationary point.

2) If f(x) is differentiable in an open interval (a, b), even if the function is defined in the closed interval
[a, b], the only critical points are the interior points of the domain of the function where f ‘(x) = 0. These
are stationary points too.

Example 26
Find the critical point(s) of the following functions

i.
 
   

4 1
3 3f x 12x 6x  on 1,1   ii. 

 
 

4
3 2x 11

f x 2x x 6x
4 2

   

Solution:

i.
 
 

1
3

2 2
3 3

2 16x 2
f x 16x

x x

   

   1
f x 0 x  

8
    i.e., 

1
x

8
  and x = 0, both are critical points of the function, as f’(0) is not

defined.

ii.       3 2f x x 6x 11x 6 x 1 x 2 x 3        

  f x 0 x 1,2,3     i.e., the function has three critical points.

Example 27

Using derivatives check whether the following functions are monotonic

i. f(x) = x2 on (0,) ii. f(x) = x2 on (–,0,)

iii. f(x) = x2 on (–,) iv.   
1

3f x x

Solution:

i.     2f x x f x 2x    and , i.e., the function is  increasing on 
hence it’s a monotonic function.

ii.     2f x x f x 2x    and  ,i.e., the function is decreasing on ,
hence it’s a monotonic function.
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iii. From above discussions in i and ii, we conclude that the function is neither increasing nor
decreasing on (–, ). Hence the function is not monotonic on the given interval.

iv.
   2

3

1
f x

3x
  , clearly f’(x) is not defined at x = 0 which lies in the domain of the function.

Therefore x = 0 is a critical point of the function.

Also,

      f x 0, x ,0 f x        is an increasing function on  (–, 0)

      f x 0, x 0, f x        is an increasing function on (0,)

Thus  f x  is an increasing function on its domain, hence it is a monotonic function.

Example 28

Find the intervals in which the function 
 
 

4
3 2x 11

f x 2x x 6x
4 2

    is

(i) Increasing (ii) Decreasing.

Solution.       3 2f x x 6x 11x 6 x 1 x 2 x 3        

 f x 0 x 1,2,3     are the critical points of the function, thus the domain R, i.e. (–,) can

be divided into four intervals to observe the increasing and decreasing behaviour of the function as
follows.

Intervals Sign of f’(x) Conclusion

(–,1) f’(x) < 0 f is decreasing over (–,1)

(1,2) f’(x) > 0 f is increasing over (1,2)

(2,3) f’(x) < 0 f is decreasing over (2,3)

(3,) f’(x) > 0 f is increasing over (3,)

Example 29.

The cost function C(x) of a commodity is given as
 
  x 3

C x 2x 2
x 2
    

. Prove that the marginal cost

falls as the output ‘x’ increases.

Solution. 
 
   

    
 

2

2

2x 3 x 2 x 3x 1x 3
C x 2x 2 C x 2

x 2 x 2

             

 
 

 
 

 
 

2

2 2

x 4x 6 2
C x 2 MC C x 2 1

x 2 x 2

   
       

   

  
 3

d 8
MC 0

dx x 2


  

 , hence the marginal cost falls continuously as the output increases
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Exercise 3.4
1. Find critical points of the following functions

i. f (x) = x3 – 6x2 + 9x – 10 ii.   x > 0

iii.      f x 50 x 0.5x 1000 iv.     x 3f x 5xe
2. Find the intervals in which the following functions are increasing or decreasing

i. f (x) = x4 – 8x3 + 22x2 –24x + 1
ii. f (x) = (x + 2)3 (x –3)3 iii. f (x) = x2ex

3. Show that the function 
      


1f x log 1 x

1 x
 increases on (0,).

4. Prove that the function f (x) = x2 – x + 1 is neither increasing nor decreasing in (0,1).

5. A company finds that its total revenue may be determined by         
2R x 240000 x 500 . Find

when is the revenue function increasing and when decreasing?

6. The price ‘p’ per unit is given by the relation  
  21x p 2p 3

3
 where ‘x’ is the number of units sold

then,
i. Find the revenue function R.
ii. Find the price interval for which the revenue is increasing and decreasing.

7. The total cost function of a manufacturing company is given by   x 4C x 2x 3
x 3
    

. Show that

MC (Marginal Cost) falls continuously as the output ‘x’ increases.
8. The price ‘p’ per unit at which a company can sell all that it produces is given by p = 29 – x, where

‘x’ is the number of units produced. The total cost function C(x) = 45 + 11x. If P(x) = R(x) – C(x), is
the profit function then find the interval in which the profit is increasing and decreasing.

3.11 MAXIMA AND MINIMA

Let y = f(x) be a real function defined on a set D. Then,

1. f(c) is the absolute minimum value of f(x) on D if  f(x)  f(c),   x  D

2. f(c) is the absolute maximum value of f(x) on D if  f(x)  f(c),   x  D

3.  ‘f’ is said to have an absolute extremum value in its domain if there exists a point ‘c’ in
the domain such that f(c) is either the absolute maximum value or the absolute minimum
value of the function ‘f’ in its domain. The number f(c), in this case, is called an absolute
extremum value of ‘f’ in its domain and the point ‘c’ is called a point of extremum.

Example 30
Find the maximum (absolute) and minimum (absolute) value of the following functions.

i.   f x x 3  ii.     2f x 9x 12x 2  

iii.     f x 2x 5,x 2,4   
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Solution.

i.   

  Min f x 3      but f(x) has no maximum value. We can observe

this graphically in Fig.17.

Note:     f x x 3  is not a differentiable function on R but it has a

minimum value (or an extreme value). Further if we restrict the domain to
[–2,1], then f (x) has maximum value at x = –2. (Fig. 17)

(ii)

. Hence, the minimum value of

f(x) = -2, but  f x  has no maximum value, see Fig.18.

Note: It may be observed from the graph that f(x) has no maximum value

iii.  x 2,4 , 

 2 x 4 4 2x 8     

 1 2x 5 13 1 f x 13     

 f x  has no maximum or minimum

value, see Fig.19.

Note:

(i) If we replace the domain by the closed interval,
[–2,4] i.e. include x = –2 and x = 4 in the domain
of ‘f’, then f(x) has extreme values i.e. the minimum
and the maximum at x = –2 and x = 4.

LOCAL MAXIMA AND MINIMA
The graph of a continuous function in the adjoining Fig 20, defined in an open interval (a, b) [in
this case (-3, 3)], is having three peek type points A, C and E and two valley type points B and D.
Let’s discuss about these points.

(i) The function or the curve is increasing on the left of each point A, C and E and decreasing
on the right and each of the points gives a maximum value of the function in its neighbourhood
such points are called as points of local maximum and the value of the function at these
points is termed as the local maximum value (or relative maximum value) of the function.

Fig. 17

Fig. 18

Fig. 19
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(ii) The function or the curve is decreasing on the left
of each point B, D and increasing on the right
and each of the points gives a minimum value in
its neighbourhood, such points are called as the
points of local minimum and the value of the
function at these points is termed as the local
minimum value (or relative minimum value) of
the function.

(iii) Tangents at all the five points A, B, C, D and E
are parallel to x-axis i.e., slopes of the tangents at
these five points are zero. Thus, these points are
the critical points of the function.

Note:
1) The function f defined in an open interval will have a local maximum value or a local minimum value

at a critical point only But Not every critical point is a point of local extremum.

2) A function f defined in a closed interval may have a local extremum value even at the boundary points
(end points). No such examples have been taken in this course.

 Definition: Let ‘f’ be a real valued function and let ‘c’ be an interior point in the domain of ‘f’.
Then

(i) f is said to have a local maximum value at ‘c’, if there exists a positive real number h such

that 푓(푐) > 푓(푥)∀푥 ∈ (푐 − ℎ, 푐 + ℎ) − {푐} . c is called a point of local maximum and f(c) is
called a local maximum value.

(ii) f is said to have a local minimum value at ‘c’, if there exists a positive real number h such

that 푓(푐) < 푓(푥)∀푥 ∈ (푐 − ℎ, 푐 + ℎ) − {푐}. c is called a point of local minimum and f(c) is called
a local minimum value.

Geometrically, the above definition states that if x = c is a point of local maximum then f(x) will
be increasing in the left neighbourhood of c, i.e., there exists h>0 such that f is increasing in
(c–h, c).

And, f(x) will be decreasing in the right
neighbourhood of c, i.e., there exists h>0 such that f is
decreasing in (c, c+h), as shown in the Fig 21

The above will be the case when the function is
continuous at an interior point c of the domain of the
function.

Similarly, if x = c is a point of local minimum, then
f(x) will be decreasing in the left neighbourhood of c,
i.e., there exists h>0 such that f is decreasing in (c – h, c).

And, f(x) will be increasing in the right
neighbourhood of c, i.e., there exists h>0 such that f is
strictly increasing in (c, c+h), as shown in the Fig 22.
The above will be the case when the function is
continuous at an interior point c of the domain of the
function.

Fig. 20.

Fig. 21
Fig. 22
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A function may have a critical point where the derivative
vanishes and it may not have any local extreme value at
that point (or a local maximum or a local minimum value
may not exist) for example for the function h(x) = x3,  h’(x)
= 3x2 and so h’(0) = 0. But ‘0’ is neither a point of local
maximum nor a point of local minimum, as the function is
increasing on both sides of the point. See Fig 23.

Following is the working rule for finding points of local
maxima or points of local minima using the first order
derivatives.

FIRST DERIVATIVE TEST
Let ‘f’ be a function defined on an open interval (a,b). Let ‘f’ be continuous at a critical point

c  (a,b) then,

(i) The point ‘c’ is a point of local minimum if there exists h > 0 such that     f x 0, x c h,c    

and     f x 0, x c,c h    

i.e. f(x) is decreasing in the left neighbourhood of ‘c’ and increasing in the right
neighbourhood of ‘c’ (or f’(x) changes its sign from negative to positive as x increases
through ‘c’), also f(c) is a local minimum value of f(x).

(ii) The point ‘c’ is a point of local maximum if there exists h > 0 such that

    f x 0, x c h,c      and     f x 0, x c,c h    

i.e. f(x) is increasing in the left neighbourhood of ‘c’ and decreasing in the right
neighbourhood of ‘c’ (or f’(x) changes its sign from positive to negative as x increases
through ‘c’), also f(c) is a local maximum value of f(x).

(iii) If f’(x) does not change sign as x increases through ‘c’, then c is neither a point of local
maximum nor a point of local minimum. Such a point is a point of inflexion.

Example 31

Find all the points of local maxima and local minima and the local maximum and local minimum

values of the function   4 3 2f x x 8x 22x 24x 1    

Solution. First, we find the critical points of the function,

      3 2f x 4x 24x 44x 24 4 x 1 x 2 x 3        

  f x 0 x 1,  2 or 3    are the critical points of the function
We apply the first derivative test at each of the critical point,

Sign of  f x  :  

At x = 1,

Fig. 23
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In the left neighbourhood of 1, i.e., for x’s close to 1 and to the left of 1, f ’(x) < 0 and in the right
neighbourhood of 1, i.e., for x’s close to 1 and to the right of 1, f ’(x) > 0,

f ’(x) changes its sign from negative to positive as x increases through 1   x = 1 is a point of
local minimum and the local minimum value is f(1) = –8.

At x = 2,

In the left neighbourhood of 2, f ’(x) > 0, and in the right neighbourhood of 2, f ’(x) < 0,

f ’(x) changes its sign from positive to negative as x increases through 2   x = 2 is a point of
local maximum and the local maximum value is f(2) = –7

At x = 3,

In the left neighbourhood of 3, f ’(x) < 0 and in the right neighbourhood of 3, f ’(x) > 0,

f ’(x) changes its sign from negative to positive as x increases through 3    x = 3 is a point of
local minimum and the local minimum value is f(3) = –8

SECOND DERIVATIVE TEST

Let ‘f’ be a function defined on an open interval  a,b . Let ‘f’ be continuous at a critical point

  c a, b  then,

(i) The point ‘c’ is a point of local minimum if f ’(c) = 0 and f ”(c) > 0 and we say f(c) is a
local minimum value of f(x)

(ii) The point ‘c’ is a local maximum if f ’(c) = 0 and f ”(c) < 0 and we say f(c) is a local
maximum value of f(x).

Note: If f ”(c) = 0, we say that the second derivative test fails and then we apply first derivative test to check
whether ‘c’ is a point of local maximum, local minimum or a point of inflexion. If f’(x) does not change sign
as x increases through c, then c is a point of inflexion.

Example 32

Use the second derivative test to find the local maxima and minima of 
   3 24
f x x 6x 8x 7

3
    .

Solution.      2f x 4x 12x 8 4 x 1 x 2       ,

  f x 0 x 2, 1     

 The critical points are -2, -1
 We apply second derivative test now,

At x = –2,   f 2 16 12 4 0       

 x = –2 Is a point of local maxima and local maximum value is 
   32 13
f 2 24 16 7

3 3


     

At x = –1, f”(–1) = –8 + 12 = 4 > 0

 x 1  , is a point of local minima and local minimum value is 
   4 11
f 1 6 8 7

3 3
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Example 33.

Use the second derivative test to find the local maxima and minima of    3 2f x x 3x 3x 5    , if any.

Solution:       22 2f x 3x 6x 3 3 x 2x 1 3 x 1        

 The critical points of f(x) are given by

    2f x 0 3 x 1 0 x 1      

At x = 1, f”(1) = 0

  the second derivative test fails,

We now apply first derivative test at x 1  ,

In the left neighbourhood of 1, f ’(x) > 0,

In the right neighbourhood of 1, f ’(x) > 0

  f’(x) does not change sign as x increases through 1, this
means that x 1 is a point of inflexion. We can verify this from
Fig.24 of the function.

MAXIMUM AND MINIMUM VALUES IN A CLOSED INTERVAL
 If y = f (x) is real continuous function defined in a closed interval [a,b] then following is the step-

by-step method to find maximum and minimum value of a function in the closed interval

Step 1: Find all critical points of the function by solving f ’(x) = 0 in the open interval.

Step 2: If x1, x2,..., xn are the ‘n’ critical points of the function, then we find n + 2 values of
the function at the points a, x1, x2, ..., xn, b, i.e., including the end points of the interval.

Step 3: The largest among f(a), f(x1), f(x2),...,f(xn), f(b) is the absolute maximum value of the
function and the least the absolute minimum value of the function.

Example 34
Find the absolute maximum and minimum value of the function

   3 23
f x x x 18x 1

2
     on  [–4,6]

Solution:        2 2f x 3x 3x 18 3 x x 6 3 x 2 x 3          ,

     The critical points of the function are given by

 f x 0 x 2,3      4,6 

The values of f(x) at x = –4, –2, 3, 6 are

        3 23
f 4 4 4 18 4 1 64 24 72 1 15

2
              

f (–2) = 23

   79
f 3 39.5

2
    = the absolute minimum value of the function

FIG. 24

Fig. 25
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f(6) = 55 = the absolute maximum value of the function

  the absolute minimum value of f(x) = –39.5 and the absolute maximum value of f(x) = 55,

The solution of above function can be observed from Fig. 25.

APPLIED PROBLEMS

Example 35
Find two positive numbers whose sum is 16 and whose product is as large as possible.

Solution. Let the two positive numbers be ‘x’ and ‘y’, then   x y 16   y 16 x  

Let, P = xy    2P x 16 x 16x x    

 dP
16 2x

dx
   Solving  dP

0
dx

  for the critical points, we get x = 8

 ; 
 2

2
x 8

d P
2 0

dx 


  


,

  P has maximum value at x = 8; y = 8

Example 36
The production manager of a company plans to include 180 square centimetres of actual printed
matter in each page of a book under production. Each page should have a 2.5 cm wide margin along
the top and bottom and 2 cm wide margin along the sides. What are the most economical dimensions
of each printed page?

Solution. Let ‘x’ and ‘y’ be the dimension of printed page, then  x y 180 

If A is the area of each page of the book,

then A = (x+4) (y+5) = xy + 5x + 4y + 20

Using xy = 180, reducing ‘A’ in terms of ‘x’, we get,

 180 720
A 180 5x 4 20 200 5x

x x
        
 

   2
720

A x 5
x

    , Solving A’(x) = 0 for critical points,

we get x2 = 144  x = 12, as ‘x’ cannot be negative

   3
1440

A x
x

    A”(12) > 0, i.e. ‘A’ (the area) is minimum at x = 12, and 
 180 180
y 15

x 12
  

Hence the most economical dimensions of the each printed page is x + 4 = 12 + 4 = 16cm and
y + 5 = 15 + 5 = 20cm.

Example 37

An open tank with a square bottom is to contain 4000 cubic cm of liquid is to be constructed.
Find the dimension of the tank so that the surface area of the tank is minimum.

Fig. 26.
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Solution. Let each side of the square base of tank be ‘x’ cm and its depth be ‘y’ cm. Then, V (Volume

of the tank) 
 2

2
4000

x y 4000 y
x

   

If ‘S’ is the surface area of the tank, then  2 2 16000
S x 4xy x

x
   

   2
16000

S x 2x
x

   , For critical points S’(x) = 0  x3 = 8000  x = 20

 2

2 3
d S 32000

2
dx x

   
 2

2
x 20

d S
6 0

dx 


  



  S (The surface area of the tank) is minimum for x = 20cm, y = 10cm

Example 38
A wire 40 m length is to be cut into two pieces. One of the pieces is to be made into a square and
the other into a circle. What should be the lengths of the two pieces so that the combined area of
the square and the circle is minimum?

Solution. Let the length of one piece be ‘x’ metres which is made into a square. Then the length of
the other piece is (40–x) metres which is made into a circle. Let ‘r’ be the radius of the circle, then

 40 x
2 r 40 x r

2


    


Let ‘A’ be the combined area of the square and the circle, then

  22 2 2 40 xx 40 x x
A

4 2 16 4
              

   x 40 x
A x

8 2
  


 For critical points, 
   160
A x 0 x

4
   

 

   1 1
A x 0

8 2
   


,   ‘A’ is minimum at  160

x
4


 

Length of the first piece =  160
m

4 
 and,

The length of the second piece = 40 – x = 
 40

m
4


 

Example 39

Let the cost function of firm be given by the equation   2 31
C x 300x 10x x

3
   . Find the output at

which the marginal cost MC is minimum.

Solution. Let    2dC
f x MC 300 20x x

dx
    

f ’(x) = –20+2x, for stationary points f ’(x) = 0  x = 10

f”(x) = 2,  f”(10) = 2 > 0,  f(x) or MC is minimum at x = 10.
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Example 40
A pen drive manufacturing company charges �6,000 per unit for an order of 50 pen drives or less.
The charge is reduced by �75 per pen drive for each order in excess of 50. Find the largest size order,
the company should allow so as to receive maximum revenue.

Solution. Let ‘x’ units of pen drives be the total size of order, so that x > 50 to avail the said
deduction. Then, revenue function is

      2R x 6000 75 x 50 x 9750x 75x     

R’(x) = 9750 – 150x, and for critical points R’(x) = 0  x = 65

Also, R”(x) = –150, R”(65) = –150 < 0,  the revenue is maximum, if 65 pen drives are ordered.

Example 41
A manufacturer produces x pants per week at total cost of �(x2 + 78x + 2500). The price per unit
is given by 8x = 600 – p, where ‘p’ is the price of each set. Find the maximum profit obtained, where
the profit function is given by P(x) = R(x) – C(x).

Solution. The revenue function,      2R x p x 600 8x x 600x 8x      

   The profit function is given by,

      2 2 2P x 600x 8x x 78x 2500 9x 522x 2500        

P’(x) = 522 – 18x, For critical points P’(x) = 0  x = 29,

P”(x) = –18  P”(29) = –18 < 0

  The profit is maximum when 29 sets are produced per week. And the maximum profit per
week is P(29) =  �5069.

Exercise 3.5
1. Find the local maxima, local minima, local minimum value and local maximum value, if any of the

following

i.   2f x x 6x 16   ii.   logxf x
x

 , x >0

iii. f(x) = (1 – x2)ex iv.  
2x 7x 6f x
x 10
 




v.   1f x 2x
2x

 

2. The sum of two positive numbers is 16. Find the numbers, if the product of the squares is to be
maximum.

3. Show that of all rectangles with a given perimeter, the square has the largest area.
4. Show that the function f(x) = x3 – 6x2 + 12x + 50 has neither a local maximum nor a local minimum

value.
5. The profit function, in rupees, of a firm selling ‘x’ items (x  0) per week is given by

P(x) = (400 – x)x – 3500. How many items should the firm sell to make the maximum profit? Also find
the maximum profit.
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6. A tour operator charges �136 per passenger for 100 passengers with a discount of �4 for each
10 passengers in excess of 100. Find the number of passengers that will maximise the amount of
money the tour operator receives.

7. If price ‘p’ per unit of an article is p = 75 – 2x and the cost function is
 
    

2xC x 350 12x
4

. Find

the number of units and the price at which the total profit is maximum. What is the maximum profit?
8. The cost of fuel in running an engine is proportional to the square of the speed in kms per hour,

and is �48 per hour when the speed is 16 km. Other costs amount to �300 per hour. Find the most
economical speed.

CASE BASED QUESTIONS

Case Study-I.
A farmer has a piece of land. He observed that he got 600 units of fruits per tree by planting upto 25 trees
and when 26 trees were grown, he received 15210 units of fruits, for 27 trees he ended up with 15390
fruits, for 28 trees he got 15540 fruits and this sequence of production of fruits continues in the same
pattern as more trees, in excess of 25, were grown.

Based on the above information answer the following questions:
1. If ‘x’ more trees, in excess of 25 are grown, then the number of fruits produced per tree is

i. 600 – 15x ii. 600 + 15x
iii. 600x – 15 iv. 600x + 15

2. The production of entire garden if ‘x’ more trees, in excess of 25, are planted
i. (25 + x) (600 + 15x) ii. (25 – x) (600 – 15x)

iii. (25 + x) (600 – 15x) iv. (25 + x) (15x – 600)
3. The marginal production of the garden when ‘x’ more trees, in excess of 25, are planted

i. 225 + 30x ii. 225 – 30x
iii. 225x + 30 iv. 225x –30

4. The critical point of producing ‘x’ more units of trees is
i. 7 ii. 8

iii. 7.5 iv. 8.5
5. The number of trees to be grown to get maximum production is

i. 30 or 31 trees ii. 32 or 33 trees
iii. 33 or 34 trees iv. 34 or 35 trees
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Case Study- II.
 A manufacturing company manufactures toys, the company observed the following costs at different
production levels,

Number of toys Cost of raw Cost of Cost of Property tax Salaries
manufactured material Production freight (�) (�)

(�) Supply(�) (�)

100 800 2000 1000 5000 20000

150 1200 3000 1500 5000 20000

200 1600 4000 2000 5000 20000

250 2000 5000 2500 5000 20000

300 2400 6000 3000 5000 20000

Based on the above information, answer the following.
1. Which of the following is the fixed cost

i. Number of toys manufactured ii. Cost of raw material
iii. Cost of production supply iv. Salaries

2. Total cost C(x) of toys for ‘x’ units of production is
i. C(x) = 8 x2 + 30x + 25000 ii. C(x) = 8 x2 + 30x + 20000

iii. C(x) = 38x + 25000 iv. C(x) = 28x + 25000
3. If the company observes the price ‘p’ per unit of item sold p = 5000 – 10x, where the ‘x’ is the number

of units sold. Then the revenue function R(x) is given by,
i. R(x) = 5000x – 10x2 ii. R(p) = 5000p –10p2

iii. R(x) = 5000 – 10x2 iv. R(p) = 5000 –10p2

4. The Marginal revenue (MR) of the company is given by
i. 5000 – 20x ii. 5000 – 20p

iii. –20x iv. –20p
5. If the profit function P(x) = R(x) – C(x), then it is given by

i. -18x2 + 4970x – 25000 ii. –10x2 + 4962x – 20000
iii. 10x2 + 4962x – 25000 iv. –10x2 + 4962x – 25000

SUGGESTED PROJECT
Select a fruit seller in your neighbouring market. Select a fruit say Papaya. Collect following data.
1. For cost function, collect cost data from the site https://www.agrifarming.in/papaya-farming-project-

report-cost-and-profit
2. Collect transportation cost from your location or any other cost that one may have to spend to bring

it to consumer market.
3. For price function, collect price for 30 days in the market near you, collect the number of papaya

units sold in 30 days at the given price.
4. Taking ‘p’ the price and ‘x’ the number of units sold on daily basis till 30 days. Plot the points (p,x)

for 30 days on graph paper and observe the curve around the data, assumimg it to be a negative
sloped line, Find the linear relation between ‘p’ and ‘x’ by the method of regression line, take help
from the site
https://www.dummies.com/education/math/statistics/how-to-calculate-a-regression-line/



3a.37Differentiation and Its Applications

           **You may use the following site to calculate the equation of the regression line
https://www.socscistatistics.com/tests/regression/default.aspx

5. Make Cost Function from the data collected in step 2, Revenue function from  step 4.
Based on the data collected and functions constructed do the following mathematical modelling.
1. Find the intervals in which the cost function, revenue function, profit function increases or decreases.
2. Find MC (Marginal Cost), MR (Marginal Revenue) functions.
3. Find the Profit function, its local maxima, local minima if any.

ANSWERS

EXERCISE 3.1

1. i.
2

2
ay x
y ax


 ii.

y
x

 iii.
2 2

2 2
10xy 9x 2y
4xy 5x 12y

 
  iv. 3

y
x



v.  
x y

x 1 logxy




2. i. 2
1
t

 ii.  2
1 logt

t 1 logt

 iii.

2b 1 t
2a t

 
  

 

3. i.
 
 
y xlogy y
x ylogx x



ii.  2

log x
1 log x

 iii.
2y x

y


iv. logx 12 x logx 

4. i.
1
x ii.  x 2e x 4x 2  iii.  2

log x 1
x log x


 iv.  2x 3x6 2e 3e

EXERCISE 3.2

1. 2     2. 32 cm2/cm 3. 1r
2 π

 4. 0.002cm/sec

5.
13,
3 6. 54cm2/minute 7.

3  m/min
2

 8.
1 cm / min

18π


9.   2C x x 2x 5000   ; �43 ; �102

10.
xp 11

200
  ; 

2xR 11x
200

  ; 
xMR 11

100
 

EXERCISE 3.3

1. i. 2, ii.
16;

6


iii.
1;64

64


iv. 1; 1

2. i. 9x y 11 0; x 9y 65 0      ii. x 2y 4a 0   ; 2x y 12a 0  



3a.38 Applied Mathematics

3. y 6 0   ; y 7 0 

4. 14x y 20 0   ;14x y 12 0  

5. x 20y 7 0   ; 20x y 140 0  

6. x y 3 0   7. (2,14),(–2,2)

EXERCISE 3.4
1. i. 1, 3 ii.  e iii. 2500 iv. 3
2. i. Increasing on (1,2) and (3,); Decreasing on (–,1) and (2,3).

ii. Decreasing on 
1,
2

  
 

 and Increasing on 
1,
2

  
 

iii. Increasing on (–,–2) and (0,) ; Decreasing on (–2,0)
5. Increasing if x < 500 and decreasing if x > 500

6. 3 21R p 2p 3
3

   ; increasing on p < 1 or p > 3 and decreasing on 1 < p < 3.

8.   Increasing on (0,9) and decreasing on (9,

EXERCISE 3.5

1. i. x = 3 is a point of local minimum, local minimum value = 7

        ii. x e is a point of local maximum, local maximum value = 
1
e

iii. x 1   is a point of local maximum, local maximum value = 4
e

iv. x = 16 is a point of local minimum, local minimum value = 25 ;  x = 4 is a point of local maximum,
local maximum value = 1

v. x = 
1
2  is a point of local minimum, local minimum value = 2 ;  x = 

1
2

  is a point of local

maximum, local maximum value = –2
2. 8,85.  200, �36,500 6. 220 passangers
7. x = 14, p = �47, Maximum Profit  = �83,323. 8. 40 km/hour

3. CASE BASED QUESTIONS

4. Case Study- I
5. 1(i), 2 (iii), 3 (ii), 4 (iii), 5 (ii)

6. Case Study- II
7. 1(iv), 2(iii), 3(i), 4(i), 5(iv)
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SUMMARY
1. Implicit functions are those in which the dependent variable is not expressed explicitly in terms of

independent variable.

2. If  y f t  and  x g t , is a parametric function, then

dy
dy dt

dxdx
dt



3. Logarithmic differentiation is applied for the functions of the type    g xf x .

4. Second and higher order derivative.

i. Derivative of  f x  with respect to ‘x’ =  
2

2
d dy d y y f x
dx dx dx

      
 

 , is the second order

derivative of ‘y’ or  f x .

ii. Derivative of  f x  with respect to ‘x’ =  
2 3

2 3

d d y d y y f x
dx dx dx

 
    

 
 , is the third order

derivative of ‘y’ or  f x .

5. Cost function: C(x) = V(x) + k, where V(x) is a variable cost and ‘k’ is the fixed cost.
6. Revenue Function: R(x) = p.x,, where ‘p’ is the price per unit and ‘x’ is the output or sales at

price ‘p’.

7.
dy
dx

  Rate (or instantaneous rate) of change of ‘y’ with respect to ‘x’.

i.e. change in ‘y’ with respect to very small change in ‘x’.

8.   dCMC (Marginal cost) C x
dx

  ,   dRMR (Marginal revenue) R x
dx

 

9. Slope (or gradient) of a tangent at a point  0 0A x ,y  =  
 0 0A x ,y

dy
dx




10. Slope of a normal line to the curve at a point  0 0A x ,y  =  

 0 0A x ,y

1
dy
dx





11. Equation of tangent to the curve at the point A (x0,y0) is  
 

 
0 0

0 0
x ,y

dyy y x x
dx

  

12. Equation of tangent to the curve at the point A (x0,y0) is  

 

 

0 0

0 0

x ,y

1y y x x
dy
dx
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13. A real function y = f(x) is an increasing function on (a,b) if        f x 0, x a,b

14. A real function y = f(x) is a decreasing function on (a,b) if        f x 0, x a,b
15. A function which is either increasing or decreasing on its domain is termed as a monotonic function.
16. If y = f(x) is a real function then an interior point x0  Df is called a critical point if either f ’(x0) = 0

or f(x) is not differentiable at x0.

17. If ‘f’ is a real function defined on the domain D. Then f(c) is the absolute minimum value of  f x  on
D if 

f(c) is the absolute maximum value of f(x) on D if 
‘f’ is said to have an absolute extremum value in its domain if there exists a point ‘c’ in the domain
such that f(c) is either the absolute maximum value or the absolute minimum value of the function
‘f’ in its domain. The number f(c), in this case, is called an absolute extremum value of ‘f’ in its domain
and the point ‘c’ is called a point of extremum.

18. First Derivative Test: Let ‘f’ be a function defined on an open interval (a,b). Let ‘f’ be continuous at
a critical point c  (a,b) then,

(i) The point ‘c’ is a point of local minimum if there exists h > 0 such that

                         f x 0, x c h,c  and         f x 0, x c,c h
i.e. f(x) is decreasing in the left neighbourhood of ‘c’ and increasing in the right neighbourhood
of ‘c’ (or f ’(x) changes its sign from negative to positive as x increases through ‘c’), also f(c)
is a local minimum value of f(x).

(ii) The point ‘c’ is a point of local maximum if there exists h > 0 such that
        f x 0, x c h,c  and         f x 0, x c,c h
i.e. f(x) is increasing in the left neighbourhood of ‘c’ and decreasing in the right neighbourhood
of ‘c’ (or f ’(x) changes its sign from positive to negative as x increases through ‘c’), also f(c)
is a local maximum value of f(x) .

(iii) If f ’(x) does not change sign as x increases through ‘c’, then c is neither a point of local
maximum nor a point of local minimum. Such a point is a point of inflexion.

19. Second derivative Test: Let ‘f’ be a function defined on an open interval (a,b). Let ‘f’ be continuous
at a critical point c  (a,b) then,

i. The point ‘c’ is a point of local minimum if f ’(c) = 0 and f ” (c) > 0 and we say f(c) is a local
minimum value of f(x)

ii. The point ‘c’ is a point of local maximum if f ’(c) = 0 and f ” (c) < 0 and we say f(c) is a local
maximum value of f(x)

iii. If f ” (c) = 0, we say second derivative test fails and then we apply first derivative test to check
whether ‘c’ is a point of local maximum, local minimum or a point of inflexion.

20. Absolute Maximum and Minimum on closed interval.
Step 1: Find all critical points of the function by solving f ’(x) = 0 in the closed interval [a,b].

Step 2: If  1 2 nx ,x ,...,x    a,b  are the ‘n’ critical points of the function, then we find n + 2 values of

the function at the points  1 2 na,x ,x ,...,x ,b , i.e., including the end points of the interval.

Step 3: The highest among           1 2 nf a ,f x ,f x ,...,f x ,f b  is the absolute maximum value of the

function and the least an absolute minimum value.
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3.0 LEARNING OUTCOMES
   At the end of this unit, the student will be able to:

 Define the terms: primitive or anti derivative and indefinite integrals

 Understand integration as inverse process of differentiation

 Understand the indefinite integrals as family of curves

 Find the integral of simple algebraic functions by substitution, using partial fractions
and by parts

 Define definite integral as area of the region bounded by the curve y=f(x), the x-
axis and the ordinate x=a and x=b

 Apply properties of definite integrals

 Apply the definite integral to find consumer surplus-producer surplus

U
n i t
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CONCEPT MAP

3.1 Introduction:

We already know how to find the differential coefficient (derivative) of a given function. We also
know that the derivative of a function is a function, e.g., the derivative of the function x2 w. r. t.
x is the function 2x. Now, we want to find out the function whose derivative is the given function.
Suppose the given function is 2x itself. One function whose derivative w.r.t. x is 2x is undoubtedly
x2. But, there could be many other functions such as x2 + 5, x2 + 2, x2 – 1,…,whose derivative w.r.t.
x is 2x. In fact, the derivative of x2 + c, where c is an arbitrary constant, w.r.t. x, is 2x.

In this section, we shall discuss the process of integration and different methods of integration
along with some applications.

The concept of integration is widely used in business and economics. Some of them are
as follows

 Marginal and total revenue, cost, and profit;

 Capital accumulation over a specified period of time;

 Consumer and producer surplus;

Integral of a function

If  then we say that the integral or primitive or anti-derivative of f(x) w.r.t. x is

F(x) and, symbolically, we write
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In f(x)dx, x is called the variable of integration. The function f(x) is called the integrand. The
symbol  stands for the integral.

If  then we also have 
( ( ) )

( )



d F x C

f x
dx

, where C is an arbitrary constant, therefore,

by definition, the integral of f(x) w.r.t. x is F(x) + C, i.e., ( ) ( )  f x dx F x C

The integral of f(x) w.r.t. x is not unique as c can be assigned infinitely many values. It is due
to this indefinite nature of integral, we call it as indefinite integral. If C is assigned the value C1, then
F(x) + C1 is a particular integral of f(x) w.r.t. x.

The process of finding integral of a function is called integration.

Hence, Integration, as understood above, is nothing but Inverse process of differentiation

Let us consider the following examples:

We know that derivative of x2 w.r.t. x is 2x and we write  (x2) =  2x

Now we may say that anti-derivative (primitive) of 2x w.r.t. x is x2

Further,  ( ) = 2x,  ( ) = 2x,  ( ) = 2x …

Generalizing this, we may say  (x2 + C) = 2x which means that anti-derivative of 2x can be

x2 + 1,  x2 + 2 and so on, thereby leading to infinitely many anti-derivatives. Thus, to accommodate
all such anti-derivatives, we may say anti-derivative of 2x is x2 + C where C is an arbitrary constant
or in general called parameter which leads to family of integrals.

In general, if  (F(x) + C) = f(x) then anti-derivative of f(x) w.r.t. x = F(x) + C which is also called

indefinite integral because C can take any arbitrary value.
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Geometrical Interpretation:
Understanding the integral as family of curves

Consider the curve f(x) = 2x, as discussed earlier, anti-derivative of 2x w.r.t. x is x2 + C = y say

For C = 0, y = x2

For C= 1, y = x2 + 1

For C = -1, y = x2-1 and so on

Thus, we get the family of parabolas whose vertex moves on y axis for different values of
C which can be seen in figure below. This gives the geometrical interpretation of indefinite integral.

Thus, we may conclude : indefinite integral gives the family of curves members of which can be
obtained by shifting any one of them parallel to itself.

ÿ https://mathinsight.org/indefinite_integral_intuition

ÿ https://mathinsight.org/applet/indefinite_integral_function
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We already know the formulae for the derivatives of many important functions. From these
formulae, we can write down the corresponding formulae (referred to as standard formulae) for the
integrals of these functions, as listed below which will be used to find integrals of other functions.

Derivative Formulae Corresponding Integral

n 1d x
dx n 1

 
  

 = xn, n  –1 nx dx  = 
n 1x

n 1




+ C where n  –1

In particular,
d

dx
(x) = 1 1dx  = x + C

xd
(e )

dx
 = ex xe dx  = ex + C

x
xd a

a
dx log

 
 

 a  = ax xa dx = 
xa

log a
 + C

1
dx

x = log|x| + C

Proof: Case 1: x > 0

(log(| |) (log ) 1
 

d x d x
dx dx x

Case 2: x < 0

(log(| |) (log(– )) 1 1
(–1)  

d x d x
dx dx –x x

Some Standard Integrals, we will use (without proof)

S. No. Expression Integral

1 2 2

1

x a dx log 
2 2x a x + C

2 2 2

1

x a  dx log 
2 2x a x  + C

3 2 2x a dx
2

2 2x a
x a

2 2
   log 

2 2x a x  + C

4 2 2x a dx
2

2 2x a
x a

2 2
   log 

2 2x a x  + C

5 2 2
1

dx
x a

1 x a
log

2 x a

  + C
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6 2 2
1

a x dx
1 a x

log
2a a x


  + C

7 2 2a x dx
2

2 2 –1x a
a x sin C

2 2
    
 

x
a

Properties of Indefinite Integral
P1. The process of differentiation and integration are inverses of each other as follows:

P1. (a)  = f(x) P1. (b) = f(x) + C

P2.  = 

P3.  = 

Example 1

Evaluate the following Integrals

a) b)

c) d)

Solution: (a) Let I = 

Hence, I = dx 2(x +5x+2)  =  + 

                                        =  + C1 + 5  + C2 + 2x + C3

                                        =  + 5  + 2x + C1+ C2 + C3

                                        = +  + 2x + C where C = C1+ C2 + C3

NOTE: Now onwards, in such situations we will add C only once

b) Let I = 

= 

=  + C =  + C =  + C
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c) Let I = 

                                       

               =  + C

d) Let I =  dx

 = dx

 =  dx

=  + C

       =  + C

Example 2.
The marginal revenue of a company is given by MR = 80+20x+3x2, where x is the number of units
sold for a period. Find the total revenue function R(x) if at x=2, R(x) = 240.

Solution: We have  We find the total revenue function R(x) by integrating

both sides w.r.t. x 

  = (80 + 20x + 3x2)dx

.

The constant of integration C can be determined using the initial condition R(x=2) = 240. 

Hence, 160 + 40 + 8 + C = 240  C = 32.

So, the total revenue function is given by

R(x) = 80x + 10x2 + x3 + 32.

Methods of Integration:
In previous section, we discussed integrals of those functions which were readily obtainable from

derivatives of some functions. It was based on inspection, i.e., on the search of a function F whose
derivative is f which led us to the integral.
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However, this method, which depends on inspection, may not work well for many functions.
Hence, we need to develop additional techniques or methods for finding the integrals by reducing
them into standard forms. Some important methods are as follows

3.2 Integration by substitution

Rule of substitution

 where g(x) = t

Proof:

Note: When we make the substitution g(x) = t, we have . Since, the formula established

above allows us to write g’(x)dx as dt, we may be formally allowed to write equation (1) as g’(x)dx = dt while

working out the solution. Although,  does not mean dx : dt.

Similar rules may be established such as

 where f(x) = t

Consider 

Here the integrand is for which we do not have direct formula applicable to get the

integral.

If we assume x2 + 1 = t and differentiate, we get 2x =  which is formally written as 2xdx = dt

Thus, given integral becomes  which can be determined using the formula  = 

+ C where n

 + C =  + C
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putting the value of t we get, =  + C

Following the above rule, we may also write  where x = g(t)

Thus, we observe that the given integral f(x) dx can be transformed into another form by
changing the independent variable x to t by substituting x = g (t) and dx = g’(t)dt

Some common substitutions that usually work well are:

Integrand Substitution

( )f x Put f(x) = t or t2

logx Put logx = t or x = et

fog(x) or f(g(x)) Put g(x) = t

 m/ n( )f x Put f(x) = tn

Important Rule: If f(x)dx = F(x) + C then f(ax +b) dx =  F(ax+b) + C

Proof: let ax + b = t differentiating we get a dx = dt

Thus, integral becomes f(t)  dt =  f(t) dt =   F(ax+b) + C

Example 3

Evaluate the following:

a)    dx  b) e4-5x dx

c) (ax + b)2 dx  d) 

Solution:

a)  dx =  + C =  + C

b) e4-5x dx =  + C

c) (ax + b)2dx = + C

d) Let I = 

        = 
2x 2xa a

2x
2 2



 


+ C
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Example 4
Evaluate the following integrals by the method of substitution

a)  dx b)  dx c)

Solution:

a)  Let I =  dx

Let x + 2 = tdx = dt and x = t – 2

I becomes,  dt =  dt -  dt

 =  – 2.  + C

 =  –  + C

Remark: we may also substitute x + 2 = t2

b) Let I =  dx                 Let x – 1 = t2 gives dx = 2t dt and x = t2 + 1

Thus, I becomes  2t dt =  dt = + 2t + C

 I =  +  + C

d) Let I =   Put 3x = t which gives 3xlog3dx = dt

I becomes + C = + C

Alternatively, we may put 

Example 5

Evaluate a)   dx              b)  dx

Solution

a) Let I = dx  dx

[using 2 2
2 2

1
dx log x x a C

x a
   

 ]

=  log| 2x + | + C
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b) Let I =  dx

Consider 5 + 4x + x2 = 5 – 4 + 4 + 4x + x2 (by method of completion of squares)
= (x + 2)2 + 12

Thus, I =  = log| x + 2 + | + C

= log| x + 2 + | + C

Example 6

The weekly marginal cost of producing x pairs of tennis shoes is given by

MC = 17 + , where C(x) is cost in Rupees. If the fixed costs are �2,000 per day, find the cost

function.

Solution: As MC = 17 + 

C(x) =  MC(x)dx =  dx = 17x + 200 log|x+1| + C

Given that, when x = 0, C(x) = 2000

2000 = 17(0) + 200 log1 + C which gives C = 2000

Hence, C(x) = 17x + 200log|x+1| + 2000

Exercise 3.1
Q1. Evaluate the following:

i) ii)

iii) iv)

v) vi)

Q2. Evaluate the following by substitution method

i)  dx ii)  dx

iii)  dx iv)  dx

v)  dx vi)  dx
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vii)  dx viii)

ix) dx

Q3.  Find i)  ii)

Q4. If the marginal revenue function of a firm in the production of output is MR = 40 – 10x2 where x is
the level of output and total revenue is �120 at 3 units of output, find the total revenue function.

Q5. The marginal cost function of producing x units of a product is given by  MC = .

Find the total cost function and the average cost function, if the fixed cost is � 1000.
(Note: Average Cost Function is obtained by dividing cost function by number of units produced.)

Q6. The marginal cost of producing x units of a product is given by MC = x . The cost of producing

3 units is � 7800. Find the cost function.

3.3 Integration by Partial Fractions

We know that a rational function is defined as the ratio of two polynomials in the form

, where P(x) and Q(x) are polynomials in x and Q(x)  0.

Depending on the degree of P(x) and Q(x), a rational function can be classified as Proper or
Improper.

If the degree of P(x) is less than the degree of Q(x), then the rational function is called proper,
otherwise, it is called improper.

We may reduce the improper rational functions to the proper rational functions by the process

of long division Thus, if  is improper, then we may divide P(x) by Q(x). We know that Dividend

= Divisor X Quotient + Remainder. Thus, P(x) = Q(x) X T(x) + R(x) where degree of R(x) < degree
of Q(x)

Therefore,  =  + = T(x) + 

Example7

Identify the following expressions as Rational Functions. Further classify them as Proper or
Improper. If Improper, express them as sum of a polynomial and proper rational function.

a) b)  c) 
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Solution

a) In both numerator and denominator are polynomials, hence  is a

rational function

Note : 1 is a constant polynomial of degree 0.

As degree of numerator < degree of denominator, hence it is a proper rational function.

b) In  since numerator is not a polynomial, hence  

is not a rational function.

c) In  both numerator and denominator are polynomials, hence

 is a rational function

As degree of numerator = degree of denominator, hence it is an improper rational function.

Consider  dividing numerator by denominator, we get

x2 + 7x + 12 )x2 + 3x +  2( 1

      – x2 + 7x + 12

      –4x –10

Thus, x2 + 3x + 2 = 1 × (x2 + 7x + 12) + (–4x – 10)

 + 

= 1 +  is the required sum of polynomial and proper rational function.

For the purpose of Integration, we shall be considering those rational functions as integrands
whose denominators can be factorised into linear and quadratic factors. In order to evaluate Integral

with integrand , where P (x) and Q(x) are polynomials in x and Q(x)  0 and  is a proper

rational function. It may be possible to write the integrand as a sum of simpler rational functions
by a method called Partial Fraction Decomposition. Then the integration can be carried out easily
using the already known methods.

Here is the list of the types of simpler partial fractions that are to be associated with various kind
of rational functions.
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S.No. Type of Rational Function Corresponding Partial Fractions Decomposition

1 (x a)(x b)


 
px q A B

x a x b


 

2
2

(x a)(x b)(x c)


  
px qx + c A B C

x a x b x c
 

  

3 2(x a)



px q
2

A B
x a ( )


 x a

4
2

2(x a)(x b)


 
px qx + c

2
A B C

x a x b ( )
 

  x b

5
2

(x a)(x2 b)


 
px qx + c

2
A B C

x a ( )



 

x
x b

Consider  =  + . In order to find A and B, we may write px + q = A(x

+ b) + B(x + a). The partial fractions are so designed that this equation turns out to be an identity.
Equating coefficients of x and constant terms on both sides, we get p = A + B and q = Ab + Ba,
which can be solved to get A and B. Similarly, we may find A, B and or C for other cases

Example 8

Express the following as sum of two or more partial fractions and hence integrate

a) b) c) 

Solution:

a) Let 

1 = A(x + 3) + B(x - 1) = Ax + 3A + Bx – B

1 = (A + B) x + 3A – B

Comparing coefficients of x and constant terms on both sides we get

A + B = 0 and 3A – B = 1

Solving we get, A =  and B = 

Let I =  dx  = 

= log|x-1| – log|x+3| + C
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b) Let 

3x – 2 = A(x – 2)2 + B(x + 1)(x – 2) + C(x + 1)

3x – 2 = A(x2 – 4x + 4) + B(x2 – x – 2) + C(x + 1)

= (A + B) x2 + (–4A – B + C) x + 4A – 2B + C

Comparing coefficients of x2, x and constant terms on both sides, we get

A + B = 0, –4A – B + C = 3, 4A – 2B + C = –2

Solving we get A = , B =  , C = 

    

Let I = = + 


5

9

1
dx

(x 2)
+ 

I =  + C

c)  =  = 1 + 

Now 

4x–10 = A(x–4) + B(x–3) = (A + B)x + (–4A – 3B)

A + B = 4, –4A – 3B = -10

Solving we get A = -2, B = 6

So, 

Hence, = 1 + 

Let I = = 

= x – 2log|x – 3| + 6log|x – 4| + C
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Exercise 3.2
Q1. Integrate the following expressions

i) ii)

iii) iv)

v) vi)

vii) viii)

ix) x)

xi)

Q2. The marginal revenue function for a firm is given by .

Show that the revenue function is given by 

Q3. Find the total revenue function and demand function, if the marginal revenue function is given by

MR(x) =  – c

3.4 Integration by Parts

Now we will discuss one more method of integration, that can be used in integrating products
of functions.

If u and v are any two differentiable functions of a single variable x (say). Then, by the product
rule of differentiation, we have

(u) + u 

Integrating both sides w.r.t. x, we get

uv =  (u)dx + u u  = uv –  (u)dx   ...............(i)
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Let u = f(x) and  = g(x)

Then (i) becomes f(x)g(x)  = f(x) g(x)  – f’(x) g(x)  =f’(x)

If we take f as the first function and g as the second function, then this formula may be stated
as follows:

“The integral of the product of two functions = (first function) × (integral of the second
function) – Integral of the product of (derivative of the first function) and (integral of the second
function)”

There is no particular rule for choosing a function out of the two given functions in the integrand
to be first or second. The one which is easily differentiable may be taken as first function and second
function should be such that its integral is readily available.

Usually, the order of first and second functions should be in the order of ILATE functions, where
I, L, A, T, E stand for inverse trigonometric function, logarithmic function, algebraic function,
trigonometrical function, exponential function. This works in most of the situations.

Example 9

Integrate the following:

a)    xe2x b) logx

Solution :

a) Let I = 

Assuming x as first function and e2x as second function, and applying by parts, we get

I = x  + C

                         = x.  –  .  + C

                         = x.  + C

b) Let I = 

Assuming logx as first function and 1 as second function, and applying by parts, we get

I = logx  + C

                         = (logx). x -  + C

                         = (logx). x– x + C

Integral of the type: 

 Let I = =  = I1 + I2 say
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Applying Integration by Parts in I1, we get

I1=  = x xf '(x)e dx Cf(x)e – 
Thus, I = x x xf '(x)e dx e f '(x)dx Cf(x)e –     = 

Example 10

Evaluate

a) b)

c) d)

Solution :

a) Let I = , Here f(x) = x2 and f’(x) = 2x

b) Let I = Here f(x) = logx and f’(x) = 

c) Let I = 

Here f(x) =  and f’(x) = 

d) Let I = 

Method 1

Let logx = t  

Hence, I =  Here f(t) = and f’(t) = 
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Method 2

Let I =  = I1 + I2

In I1 = 

Assuming as first function and 1 as second function and applying integration by parts

I1 = 

= C

        =  =  + C

Thus I =  – 

Exercise 3.3
Q1. Integrate the following functions

i) x e2x+3 ii) x log(x2 + 1) iii) x2ex

iv) xlogx v) xlog2x vi) x2log x
vii) (x2+ 1)logx viii) x (log x)2

Q2. Evaluate the following

i) ii)

iii) iv)

3.5 Definite Integral

So far in this topic, we have studied about the indefinite integrals and discussed a few methods
of evaluating these. In this particular section, we shall define definite integral of a function.

A definite integral is denoted by where a is called the lower limit of the integral and

b is called the upper limit of the integral.

Definite Integral has a fixed value.
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Area Function

If f(x) is a continuous function defined over [a, b], then we define  as the area of the

region bounded by the curve y = f (x), the ordinates x = a  and x = b and the x-axis. Let x be a given
point in [a, b]. Then the shaded area in the figure given below is a function of x denoted by A(x)

and is called the Area Function. Clearly, A(x) = 

  Y= f(x)

First fundamental theorem of Integral Calculus
Theorem 1 : Let f be a continuous function on the closed interval [a, b] and let A (x) be the area

function. Then A’(x) = f (x), for all x  (a, b).

Second fundamental theorem of Integral Calculus
Following theorem enables us to evaluate definite integrals by making use of anti-derivative.

Theorem 2 : Let f be continuous function defined on the closed interval [a, b] and F(x) be an anti-

derivative of f(x). Then F(b) – F(a).

Note:  In , the function f needs to be continuous in [a, b].

Further, any anti-derivative works, i.e. If we take the anti-derivative as F(X) + C1 the value of the definite
integral will still turn out to be F(b) – F(a).

Steps for calculating 

(i) Find the indefinite integral f(x)dx. Let this be F(x).

(ii) Evaluate F(b) – F(a) which is equal to the value of 
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Example 11

Evaluate the following definite integrals:

b) c) 

d) e) f)  dx

Solution :

a)  = 

b)  = log|x+ |

= log|1+ - log|0+

= log(1+ )- log1= log(1+ )

c)

Consider 

x = A(x+4) + B(x+1)

x = (A+B)x + 4A+B

comparing coefficients of x and constant terms on both sides

A + B = 1, 4A + B= 0

Solving we get, A = , B = 

I =  


     4
1

1 4 1 5 4 8
log x 1 log x 4 log log

3 3 3 2 3 5

d)

= 

=  = 

= 
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e) Let I = 

Consider 

= 

= 

I = =

f) Let I =  dx

Consider 

=  = 1+ 

Let 

3x–2 = A(x–2) + B(x–1)= (A+B)x + (–2A – B)

Comparing, we get 3 = A + B, -2 = -2A – B

Solving we get, A = -1, B = 4

I =  dx

= [x – log|x-1| + 4log|x-2|

= 5 – log4 + 4log3 – [3 -log2 + 4log1]

= 2 – log2 + 4log3

Evaluation of Definite Integrals by Substitution
We are aware that one of the important methods for finding the indefinite integral is the method

of substitution.

      Steps to evaluate definite integral by the method of substitution
1. Consider the integral without limits and substitute, y = f (x) or x = g(y) to reduce the given

integral to a known form.

2. Obtain the new limits by putting original limits in the substituted expression.

3. Integrate the new integrand with respect to the new variable without mentioning the
constant of integration.

4. Find the values of answer obtained in (3) at the new limits of integral and find the
difference of the values at the upper and the lower limits.

TIP : The step of changing the limits and not re-substituting to get the integral in terms
original variable may save time and avoid tedious calculations.
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Let us understand this, with the help of a few examples.

Example 12
Evaluate the following:

a) b) 

Solution:

a) Let I = 

Let  implies 3x2 dx = dt

when x = –1, t = 0 and when x = 1, t = 2

I becomes, 

I = 

c)

Let x + 4 = t  dx = dt and x = t – 4
When x = -3, t = 1, when x = 0, t = 4

I becomes,  dt =  dt -  dt

                                       =  – 4.

   = 

44 35
22

1 1

4.2 t2t
5 3



   =  
2. 4

5
2

5
−

2. 1
5
2

5
− [

8. 4
3
2

3
−

8. 1
3
2

3
] 

   = 

   = 

Exercise 3.4
Evaluate the following definite integrals

i) dx ii)

iii)  dx iv)


3

40

x dx
(16 x )
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v)  dx vi)  dx

vii) dx viii) 
1

0
log(1 2x)dx

ix) x) dt

3.6 Some Properties of Definite Integrals

Here are some important properties of definite integrals. These will be useful in evaluating the
definite integrals more easily.

S.N. Property Remark/ Proof

P1 The value of definite integral is independent

of the variable.

Proof: Let F(x) be an anti-derivative of f(x)

w.r.t. x. Then F(t) will be the anti-derivative

of f(t) w.r.t. t.

F (b) – F(a)

F (b) – F(a)

Hence, 

P2 Let F(x) be an anti-derivative of f(x) w. r. t. x.

Then, by the second fundamental theorem of

calculus, we have

 F (b) – F (a)

=  – [F (a) - F (b)]

= 
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P3 Let F(x) be anti-derivative of f(x) w. r. t. x.

Then  = F(b) – F(a)

=[F(b) – F(c)] +[F(c) –F(a)]

= 

P4 Let t = a + b – x. Then dt = – dx.

When x = a, t = b and when x = b, t = a.

= 

= +   by P2

=  by P1

P5 Let t = a – x. Then dt = – dx.

When x = 0, t = a and when x = a, t = 0.

= 

= +   by P2

=  by P1

P6 We may write LHS as 

Let t = 2a – x. Then dt = – dx.

When x = a, t = a and when x = 2a, t = 0
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Thus, 

= 

= 

P7 if f(2a-x) = f(x) We know that

= 0 if f(2a-x) = -f(x)  by P6

Case i) Let  f(2a-x) = f(x)

= 

Case ii) Let  f(2a-x) = -f(x)

 = 0

P8  if f(x) is even We may write

= 0  if f(x) is odd

Note: Consider  and put x = -t which

gives dx = -dt
A function f(x) is said to be even if When, x = -a, t = a and when x = 0, t = 0

f(-x) = f(x)

eg. f(x) = x2 is even as f(-x)

= (-x)2 = x2= f(x)

A function f(x) is said to be odd if Case i) f(x) is even i.e.  f(-x) = f(x). Hence,

f(-x) = - f(x)  = 2

e.g.,  f(x) = x3 is odd as f(-x) Case ii) f(x) is odd i.e.  f(-x) = -f(x). Hence,

= (-x)3= -x3= -f(x)  = 0
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Let us illustrate the use of these properties with the help of some examples.

Example 13

Evaluate the following definite integrals

a) b) 

Solution: a) Let I = 

We know that 
( 2), x 2

2
( 2), x 2





 
 

  
x

x
x

I = by P3

= 

= -  +  

= -  + 

= 2 + 2 = 4

b) Let I =

Let = 0 gives x = -1, 0, 1

Clearly, 

As 0, 1  (-1, 2)

We may write, I =  by P3

= 

= 

=  - 

= 
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Example 14

Evaluate  dx

Solution Let I =  ……..(1)

Here a = -1, b = 1

Replacing x by a + b - x i.e. 0 - x, we get

I =   by P4

I = …….(2)

Adding (1) and (2), we get

2I = 

2I =

2I = x

2I = 1 – (-1) = 2

I = 1

Example 15

Evaluate 

Solution Let I = ……..(1)

Replacing x by 1-x, we get

I = ∫ log 	(1−푥)
log 	(1−x)  + log 	(1−(1−푥))

dx1
0    byby P3

I =  …….(2)

Adding (1) and (2), we get

2I =
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2I =

2I = x
2I = 1

I = 

Example 16

dx

Let I = ……..(1)

Here a = 1, b = 3

Replacing x by a + b - x i.e. 4 - x, we get

I =  dx by P4

I =  …….(2)

Adding (1) and (2), we get

2I = 

2I = 

2I = x

2I = 3 – 1 = 2 gives I = 1

Exercise 3.5
Q1. Evaluate the following definite integrals:

i) where f(x) = 

ii) iii)
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iv) v)

vi) vii)  dx

viii)  dx ix)  dx

x)  dx  xi)

xii)

Q2. Evaluate  where [.] denotes Greatest integer function

3.7 CONSUMERS’ SURPLUS AND PRODUCERS’ SURPLUS

CONSUMERS’ SURPLUS (CS)

Let us first recall Demand Curve

What Is the Demand Curve?
The demand curve is a graphical representation of the relationship between the price of a good

or service and the quantity demanded for a given period of time. In a typical representation, the
price will appear on the left vertical axis, the quantity demanded on the horizontal axis. 

Understanding the Demand Curve
We know that as per the law of demand as the price of a given commodity increases, the

quantity demanded decreases, all else being equal. Thus, the demand curve will move downward
from the left to the right as shown in the figure given below:
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Let us assume that the prevailing market price is p0. Let the quantity of commodity sold at price
po, as determined by demand curve be xo as shown in figure below.

A consumer surplus happens when the price that consumers pay for a product or service is less
than the price, they’re willing to pay. It is the measure of the additional benefit that consumers
receive because they are paying less for something than what they were willing to pay. Consumers’
surplus always increases as the price of a good falls and decreases as the price of a good rises.

However, there are buyers who would be willing to pay a price higher than p0. These buyers will
gain from the fact that the prevailing market price is only p0. This gain is called Consumers’ Surplus.

It is represented by the area below the demand curve p = f(x) and above the line p = p0.

Thus, Consumers’ Surplus, CS = [Total area under the demand function bounded by x = 0, x =
x0 and x-axis – Area of the rectangle OAPB]

CS =  – p0x0

Example 17

Find the consumers’ surplus for the demand function p = 25 - x - x2 when p0 = 19.

Solution: Given that, the demand function is p = 25 - x - x2, p0 = 19

 19 = 25 - x - x2

 x2 + x – 6 = 0
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 (x + 3) (x – 2) = 0

 x = 2 (or) x = -3

 x0 = 2 [demand cannot be negative]

 p0x0 = 19 x 2 = 38

CS =  – 38 = 25x –  – 
3x

3

Example 18

The demand function for a commodity is p = .

Find the consumers’ surplus when the prevailing market price is 5.

Solution: Given that, Demand function, p = 

p0 = 5  5 =  x = 1  i.e. x0 = 1

p0x0 = 5

CS =  – p0x0

= 10 [log(x + 1)]  –5.

= 10[log 2 – log 1] -5 = 10 log2 - 5

PRODUCERS’ SURPLUS (PS)

What Is the Supply Curve?
The supply curve is a graphical representation of the relationship between the price of a good

or service and the quantity supplied for a given period of time. In a typical representation, the price
will appear on the left vertical axis, the quantity supplied on the horizontal axis. 

Thus, a supply curve for a commodity shows the quantity of the commodity that will be brought
into the market at any given price p.

As the price of a given commodity increases, the quantity supplied increases (all else being equal).
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Suppose the prevailing market price is p0. At this price a quantity x0 of the commodity, determined
by the supply curve, will be offered to buyers as shown in figure below.

However, there are producers who are willing to supply the commodity at a price lower than
p0. All such producers will gain from the fact that the prevailing market price is only p0. This gain
is called ‘Producers’ Surplus’.

 It is represented by the area above the supply curve p = g(x) and below the line p = p0 as shaded
in figure below.

Thus, Producers’ Surplus, PS = [Area of the whole rectangle OAPB - Area under the supply
curve bounded by x = 0, x = x0 and x - axis]

i.e. PS = p0x0 – 

Example 19

The supply function for a commodity is p = x2 + 4x + 5 where x denotes supply. Find the
producers’ surplus when the price is 10.

Solution: Given that, Supply function, p = x2 + 4x + 5

For p0 = 10, we have 10 = x2 + 4x + 5  x2 + 4x - 5 = 0

 (x + 5) (x - 1) = 0  x = -5 or x = 1

Since supply cannot be negative, x = -5 is not possible.

 x = 1

As p0 = 10 and x0 = 1 ?p0x0 = 10

Producers’ Surplus, PS = p0x0 – = 10 – 
1

2

0
(x + 4x +5)dx

= 10 – [ +  ] = 10 – [  + 2 + 5] = 
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Equilibrium Price and Quantity
On a graph, the point where the supply curve P = S(Q) and the demand curve P = D(Q)

intersect is the equilibrium. The equilibrium price is the price where the amount of the product that
consumers want to buy (quantity demanded) is equal to the amount producers want to sell (quantity
supplied). This mutually desired quantity is called the equilibrium quantity.

ef

Refer to following link for further details

ÿ https://www.youtube.com/watch?v=W5nHpAn6FvQ&t=20s

    Steps to find equilibrium price and quantity

1) Solve for the demand function and the supply function in terms of Price (p).

2) Equate xs (quantity supplied) to xd (quantity demanded). The equations will be in terms
of price (p)

3) Solve for p, the value so obtained will be called equilibrium price.

4) Substitute equilibrium price into either demand or supply function (or both—but most
times it will be easier to put into supply function) and solve for x, which will give required
equilibrium quantity.

Example 20
Suppose that demand is given by the equation xd=500 – 50P, where xd is quantity demanded, and
P is the price of the good. Supply is described by the equation xs= 50 + 25P where xs is quantity
supplied. What is the equilibrium price and quantity?

Solution : 20 We know that, for equilibrium price xd = xs

hence we get, 500-50P = 50+25P

i.e. 450 = 75P which gives P = 6

putting P = 6 in xd = 500 – 50P we get x = 500 - 50(6) = 200
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Exercise 3.6
1) If the demand function is p = 35 - 2x - x2 and the demand x0 is 3, find the consumers’ surplus.
2) If the demand function for a commodity is p = 25- x2, find the consumers’ surplus for p0 = 9.
3) The demand function for a commodity is p = 10 - 2x. Find the consumers’ surplus for (i) p = 2 (ii)

p = 6.
4) The demand function for a commodity is p = 80 - 3x - x2. Find the consumers’ surplus for p = 40.
5) If the supply function is p = 3x2 + 10 and x0 = 4, find the producers’ surplus.
6) If the supply function is p = 4 - 5x + x2, find the producers’ surplus when the price is 18.
7) If the demand and supply curve for computers is D = 100 - 6P, S = 28 + 3P respectively where P

is the price of computers, what is the quantity of computers bought and sold at equilibrium?

CASE BASED QUESTION

Question: The second new species named Puntius euspilurus is an edible freshwater fish found
in the Mananthavady river in Wayanad. The epithet euspilurus is a Greek word referring to the
distinct black spot on the caudal fin. The slender bodied fish prefers fast flowing, shallow and clear
waters and occurs only in unpolluted areas. It appears in great numbers in paddy fields during the
onset of the Southwest monsoon.

   

Suppose that the supply schedule of this Fish is given in the table below which follows a linear
relationship between price and quantity supplied.

PRICE P PER KG (IN �) QUANTITY (X) OF FISH SUPPLIED (IN KG)

25 800

20 700

15 600

10 500

5 400

Suppose that this Fish can be sold only in the Kerala. The Kerala demand schedule for this Fish is
as follows and there is a linear relationship between price and quantity demanded.

PRICE(p) PER KG (IN �) QUANTITY (x) OF FISH DEMANDED (IN KG)

25 200

20 400

15 600

10 800

5 1000



3b.36 Applied Mathematics

Q1. Which of the following represents the Price (p) - supply(x) relationship?

a) p = 65 - 
x

20 b) p= 65 + 
x

20

c) p = -15 + 
x

20 d) p = 15 - 
x

20
Q2. The equation of demand curve can be given by

a) p = 30 – 
x

40 b) p = 30 + 
x

40

c) p = 20 – 
x

40 d) p = 20 + 
x

40
Q3. The value of x at equilibrium is

a) 1400/3 b) 600
c) 15 d) 200/3

Q4. The equilibrium price is
a) 400 b) 20
c) 600 d) 15

Q5. The consumers’ surplus at equilibrium price is
a) 18009 b) 13500
c) 9000 d) 4500

Miscellaneous Exercise
Q1. Integrate the following

i) x3 ii)  dx

iii)  dx iv)  dx

v)  dx vi)  (1 x)logx dx

Q2. Evaluate the following

i) ii) dx

iii) iv)

v) vi)

Q3. Show that dx =  + 2x + C

Q4. A firm finds that quantity demanded and quantity supplied are 30 units when market price is �8 per
unit. Further, if price is increased to �12 per unit, demand reduces to 0 and at a price of �5 per
unit, the firm is not willing to produce. Assuming the linear relationship between price and quantity
in both cases, find the demand function, supply function and consumers’ surplus and producers’
surplus at equilibrium price.
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SUMMARY
   This reverse process of differentiation is termed as Integration.

   A function f which on differentiating gives f’ is called anti-derivative (or primitive) of the function.

   If  ( ) = f(x) then anti-derivative of f(x) = F(x) + C which is also called indefinite integral

because C can take any arbitrary value.

   Formulae of Integration

= + C where n 

 = x + C

 = ex + C

=  + C

 = log|x| + C

 dx = log(x + ) + C

 dx = log(x + ) + C

=  +  log |x +  + C

 –  log |x +  + C

 dx =  + C

 dx =  + C

Type of Rational Function Corresponding Partial Fractions Decomposition

 + 

 +  + 
C

x c
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 + 

 + + 

 + 

   INTEGRATION BY PARTS: f(x)g(x)  = f(x) g(x)  - f’(x)’(x) g(x) 

   A definite integral is denoted by  where a is called the lower limit of the integral and

b is called the upper limit of the integral.
Definite Integral has a fixed value.

   Let f be continuous function defined on the closed interval [a, b] and F be an anti-derivative of

f. Then, F(b) – F(a).

   Properties of Definite Integral

where
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2a a

0 0
f(x)dx 2 f(x)dx          if f(2a-x) = f(x)

= 0 if f(2a-x) = -f(x)




 

a a

a 0
f(x)dx 2 f(x)dx           if f(x) is even

                          = 0 if f(x) is odd

   Cost Function, C(x) = MC(x)dx where MC is Marginal Cost

   Revenue Function, R(x) = MR(x)dx where MR is Marginal Revenue

   Consumers’ Surplus, CS =  – p0x0 where f(x) is the demand curve

   Producers’ Surplus, PS = p0x0 -  where g(x) is the supply curve

   The equilibrium  price is  the  price where  the  amount of  the  product  that  consumers want  to  buy
(quantity demanded) is equal to the amount producers want to sell (quantity supplied). This
mutually desired amount is called the equilibrium quantity.

ANSWERS
EXERCISE 3.1

Q1 i)  + C ii)  + C

iii)  + C iv)  + C

v) + C vi) + + C

Q2 i) + C ii) 2log (   + 1) + C

iii)  + C  iv)  + C

v)  + C vi)   x –x7–x
4e 5e C

8 8
log

vii) log |  + C viii)  + C

ix)  + C
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Q3. i) log |x + |  - 2  + C

i) log | x +  +  | + C

Q4. R(x) = 40x - + 90

Q5. C(x) =  + 950, Average Cost = 

Q6. –  + 

EXERCISE 3.2

Q1 i)  + C ii)  + C

ii) -x +  + C iv) log|logx – 2| - log|logx – 1| + C

v) + C

vi) -x – e-x  + log |ex + 1| + c

vii)  + C

 viii) + C

ix) + C x) + C

        xi) log|x| – + C

EXERCISE 3.3

Q1 i)  -  + C ii)
2 1

2
x

+ C

iii) - 2x  + 2 + C  iv)  + C

v) 
2 2x x– C

2 4
log2x vi)  + C

vii)  – x + C viii)  + C
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Q2 i) + C ii)  + C

iii)  + C iv) x[loglogx - ] + C

EXERCISE 3.4
i) log2 ii) log2

iii) iv)

v) vi)  
3

22 [(1 e) 2 2]
3

vii) log2 viii)
3 log3 – 1
2

ix) 10 +  log3 x)
4log
3

EXERCISE 3.5

Q1. i) ii)

iii) 4 iv) 2

v) vi) 20

vii) 2 viii) 2log2

ix) x)  2 2 2log |1 2 |

xi) 0 xii)

Q2. 1

EXERCISE 3.6

1. 27 2.

3. i) 16    ii) 4 4.

5. 128 6.  

7. 52
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CASE BASED QUESTION
1.  c 2. a      3. b      4. d    5. d

MISCELLANEOUS EXERCISE

Q1. i)  + C ii)  + C

iii)  log |  + | +C iv)  + C

v) log   +  + C vi) log x - x -   + C

Q2. i)  + 3log2 – log 3 ii) 6

iii) 0 iv)

v) 1 vi)
2 2

3

Q4. Demand Function: p = 12 - 

Supply Function: p =  + 5

Consumers’ Surplus = 60
Producers’ Surplus = 45





3c.1Differential Equations and Modeling

3.0 LEARNING OUTCOMES
After completion of this unit the students will be able to

 Determine order and degree of a differential equation.

 Solve the differential equation and understand the difference between general
and particular solution

 Form differential equation by eliminating arbitrary constants.

 Formulate physical problem in terms of mathematical model and find its solution

Concept Map

U
n i t

3c
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3.10 Differential equations

For a given function, 

  where 

An equation of the form (1) is known as differential equation.

These equations arise in various applications, may it be in Physics, Chemistry, Biology,
Anthropology, Geology, Economics etc.

Hence an in-depth study of differential equation has assumed great importance in all the modern
scientific investigations.

Let us give a formal definition of differential equation:

An equation involving derivative(s) of the dependent variable with respect to the independent
variable(s) is called a differential equation.

A differential equation involving derivatives of the dependent variable with respect to only one
independent variable is called an ordinary differential equation.

Some examples of ordinary differential equations are as follows

3.10.1 Order of a Differential Equation
The order of differential equation is defined as the highest ordered derivative of the dependent

variable with respect to the independent variable involved in the differential equation.

The differential equations (1), (2), (3), (4) and (5) mentioned earlier involve the highest derivative
of first, third, second, second and third order respectively. Therefore the order of these differential
equations is 1, 3, 2, 2 and 3 respectively.

3.10.2 Degree of a Differential Equation
For the degree of a differential equation to be defined it must be a polynomial equation in its

derivatives i.e.,   etc.
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The degree of a differential equation, when it is a polynomial equation in its derivatives is the
highest power (positive integral index) of the highest order derivative involved in the differential
equation. We observe that differential equations (1), (2), (3) and (5) are polynomial equations in its

derivatives therefore their degrees are defined. But equation (4) is not a polynomial equation in ,

therefore its degree is not defined.

In view of the above definition, the differential equation (1), (2), (3) and (5) have degrees 1, 1,
1 and 2 respectively.

Example 1
Find the order and degree (if defined) of the following differential equations:

(i)  where k is a scalar

(ii)

(iii)

(iv)

Solutions:

(i)

The highest order derivative present is and it is raised to power 1. So its order is 1 and
degree is also 1.

(ii)  = 0

The highest order derivative present is and it is raised to power 1. So its order is 2 and
degree is 1.

(iii)  = 

The highest order derivative present is and it is raised to power 2. So its order is 2 and
degree is also 2.

(iv)

The highest order derivative present is and it is raised to power 1. So its order is 1 and
degree is also 1.



3c.4 Applied Mathematics

Exercise 1
Determine the order and degree (if defined) of the following differential equations:

1.

2.

3.

4.

5. where 

3.10.3 General and particular solutions of a Differential Equation
In earlier classes, we have done questions based on finding the solutions of the equations of the

types:

x2 + x – 2 = 0 ...(1)

cos x + sin 2x = 0 ...(2)

Solution of these equations is real numbers that satisfy the given equations. On substituting these
numbers for the unknown x, the two sides of the equation becomes equal.

Now consider the differential equation,  . The function  is a solution of

this differential equation. It is in fact a particular solution.

Let us consider a general form of this solution

i.e.,  where  is an arbitrary constant

The function consists of one arbitrary constant (parameter)  and is called the

general solution of the given differential equation.

Let us consider another function

 and are called arbitrary constants.

On differentiating, we get

……… (1)

…….. (2)

(2) - (1) gives    
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The curve  is called the solution curve (integral curve) of the differential equation so

obtained.

If  are given some particular values say, , then

… (3)

… (4)

(4) - (3) 

Since,  does not contain any arbitrary constant therefore it is the particular

solutions of the differential equation. We conclude by giving the formal definitions of the solutions
of the differential equation.

3.10.4 General Solution
The function involving the variables and independent arbitrary constants is called the general

solution of the differential equation.

A general solution of the differential equation in two variables x and y and having two arbitrary

constants is of the form 

3.10.5 Particular Solution
A solution obtained from the general solution by giving particular values to arbitrary constants

is called a particular solution of the differential equation. A particular solution in two variable

 does not contain any arbitrary constant and is of the form,

 

Example 2

Verify that the function y = aebx is a solution of the differential equation

 

Solution : Given function is

   … (1)

Differentiating both sides with respect to x, we get

 … (2)
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Differentiating again with respect to x, we get

 ... (3)

Substituting the value of  from (1) and (3) in the differential equation, we get

LHS = 

      = 

     = 0 = RHS

Therefore, the given function is a solution of the differential equation.

Example 3

Verify that   is the solution of the differential equation . Also determine the

solution curve of the given differential equation that passes through the point (0, 5)

Solution:  We have,

… (1)

Differentiating both sides with respect to , we get

... (2)

Substituting value of  and  from (1) and (2) in the differential equation, we get

LHS = RHS

Therefore the function  is a solution of the given differential equation.

To determine the solution curve passing through the point (0, 5) we find value of c first

Hence, is the equation of the solution curve.

Example 4

Verify that is a solution of the differential equation

Solution: We have,

Differentiating both sides with respect to , we get
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Differentiating again both sides with respect to x, we get

Substituting value of  from (1), (2) and (3), we get:

LHS   =

= 

=

= 

Therefore, the given function is a solution of the differential equation.

Example 5

Show that  is a solution of the differential equation, 

Solution: We have,

Differentiating both sides with respect to , we get

Also, 

Substituting value of  from (2) and (3) in the differential equation, we get

RHS =

=

=  = LHS

Hence,  is the solution of the given differential equation.



3c.8 Applied Mathematics

Exercise 2
Verify that given function (explicit or implicit) is a solution of the corresponding differential
equation (Q1 to 6)

1.                :  

2.            :  

3.         :

4.         : 

                                 where    

5.      : 

6.         :

7. Verify that the function,  is a solution of the differential equation . Also

determine the value of the constant  so that the solution curve of the given differential equation
passes through the point (0,1).

3.11. Formation of a Differential Equation

The equation of a circle having center at (2, 3) and radius 5 units is

Differentiating (1) with respect to , we get

Which is a differential equation representing the family of circles whose one member is a circle
represented by equation (1)

Now let us consider the equation

,

Where m is the slope and  is the y-intercept.

By giving different values to the parameters m and c, we get different members of the family as
shown below:
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We are interested in finding a differential equation that is
satisfied by each member of the family. Further the equation must

be free of  and 

We have, y = mx + c

Differentiating both sides with respect to ,  we get 

On differentiating again, we get

= 0                     … (3)

The differential equation (3) represents the family of straight lines given by equation (2)

Note: Equation (2) is the general solution of the differential equation (3) and the differential equation is
independent of the arbitrary constants.

3.11.1 Steps to form a Differential Equation

Let us assume the given family of curves depends on the parameters  (say) then it is

represented by an equation of the form:

Differentiating equation (1) with respect to , we get

But it is not possible to eliminate two parameters   from two equations. So a third

equation is obtained by differentiating equation (2) with respect to  to obtain a relation of the form:

The required differential equation is obtained by eliminating from equations (1), (2) and

(3) to get

Note: If the given family of curves has n parameters then it is to be differentiated n times to eliminate the
parameters and obtain the nth order differential equation.

Example 6
Form a differential equation representing the family of parabolas having vertex at origin and axis
along positive direction of y-axis.
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Solution:

Equation of family of such parabolas is
x2 = 4ay … (1)

Where  is the parameter

Differentiating (1) with respect to x , we get

        

Eliminating   from equations (1) and (2), we get

 

Example 7

Form a differential equation representing the family of curves given by

, where  are arbitrary constants

Solution: We have, 

Differentiating both sides of (1) with respect to  we get

 

Differentiating again, we get

                       

Example 8

Form the differential equation of the family of hyperbolas having foci on x-axis and Centre at origin.

Solution: The equation of the family of hyperbolas having foci on -axis and centre at origin is

Differentiating both sides of (1) with respect to  we get

i.e.,          
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Differentiating both sides of (2) with respect to  we get

Exercise 3
1. Form the differential equation not containing the arbitrary constants and satisfied by the equation

, where  is an arbitrary constant.

2. Find the differential equation of the family of circles having centre at origin.

3. Form the differential equation of the family of circles having centre on  and passing through
origin.

4. Form the differential equation representing the family of curves , where  are
arbitrary constants.

5. Find the differential equation representing the parabolas having their vertices at origin and foci on
positive direction of x-axis.

6. Form the differential equation of the family of ellipses having their foci on  and centre at
the origin.

3.11.2 Solving simple differential equation
In this section we shall solve some simple ordinary differential equations of first order and first

degree

Case 1:

The differential equation (i) can be expressed as dy = F(x)dx

Integrating both sides, we get

 where  is an arbitrary constant

Case 2:

The differential equation  can be expressed as 

Integrating both sides, we get

, where c is arbitrary constant
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Case 3:

If the differential equation can be expressed in the form:

then  

Integrating both sides, we get

 where  is an arbitrary constant

Example 9

Find the general solution of the differential equation 

Solution:

Example 10

Solve the differential equation:

Solution:

Example 11

Solve the differential equation:

Solution:
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Example 12

Find the particular solution of the differential equation , given that  when

Solution:

On integrating both sides, we get

Since when        

Substituting,  we get

Exercise 4
Find the general solution of the following differential equations given in Q.1 to 5

1.

2.

3.

4.

5.

6. Find the equation of the curve passing through the point (1, -1) whose differential equation is
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7. Solve given that 

8. Find the particular solution of the differential equation given that when

.

3.12 Differential Equations and Mathematical Modeling

Introduction
Differential equations play a pivotal role in modern world ranging from, engineering to ecology

and from economics to biology.

Algebra is sufficient to solve many static problems, but the most interesting natural phenomenon
involve change and are described by equation that relate changing quantities known as differential
equation. Many real-world problems involve rate of change of a quantity. These problems can be
described by mathematical equations i.e., by mathematical models. Such, models have use in diverse
range of applications such as astronomy, medicine, social science, financial mathematics etc. these
mathematical models are examples of differential equations.

3.12.1 The process of Mathematical Modeling
In many natural phenomenon and real life applications a quantity changes at a rate proportional

to the amount present. In such cases the amount present at time t is a function of t. The steps to
be followed while solving mathematical modeling are as follows:

1. The formulation of a real-world problem in mathematical terms, i.e., the construction of a
mathematical model.

2. The solution of the mathematical problem.

3. The interpretation of the mathematical result in the context of the original problem.

Mathematical Model of Physical Problem
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3.12.2 Growth and Decay Models
The mathematical model for exponential growth or decay is given by

     or      

Where: t represents time

A the original amount

y or f(t) represents the quantity at time t

k is a constant that depends on the rate of growth or decay

If k > 0, the formula represents exponential growth

If k < 0, the formula represents exponential decay

3.12.3 Population Growth

Suppose that  is the number of individuals in a population (of humans or insects or bacteria)

having constant birth rate  and constant death rate 

Then the rate of change of population  with respect to time is given by

     -   Where -

 (Where 

 , for all real 

Example.13
In a certain culture of bacteria the rate of increase is proportional to the number present. It is found
that there are 10,000 bacteria at the end of 3 hours and 40,000 bacteria at the end of 5 hours. How
many bacteria were present in the beginning?

Solution: Let be the number of bacteria after  hours
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...(1)   (where   )

  

Dividing (3) by (2), we get

  

Substituting,  in equation (2) we get

 

From (1) we get, 

Now, 

Hence we can say, there were 1250 bacteria in the beginning.

3.12.4 Compound Interest

A person deposits an amount  at a time  (in years) in a bank and suppose that the interest

is compounded continuously at an annual interest rate 

To obtain the differential equation that governs the variation in the amount of money A in the

bank with time , we follow these steps:

During a short time interval  the amount of interest added to the account is approximately

given by
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Where  is the money deposited at  

Example 14
Ms. Rajni deposited Rs.10,000 in a bank that pays 4% interest compounded continuously .

a) How much amount will she get after 10 years?

b) How long it will take the money to double?

Solution:  We know, 





At    

So (1)  10,000=

Hence A=10,000 

a) = 10,000    (using (2))

= 10,000 x 1.49182 = �14918.2

b) We have to find  in which  becomes

A=20,000. Using  … (2)

20,000 = 10,000 







3.12.5 Newton’s Law of Cooling
The rate of change of temperature T of a body is proportional to the difference between T and

the temperature of the surrounding medium A.

, where  constant

If , then 

 Temperature of the body is a decreasing function of time and
the body is cooling.
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If 

 Temperature of the body is an increasing function of time and the body is heating.

Remark:
1. The physical law is translated into a differential equation

2. If value of k and A are known, we can determine the temperature T of the body at any time t.

Example 15
A cake is taken out from an oven when its temperature has reached 185°F and is placed on a table
in a room whose temperature is 75°F. If the temperature of the cake reaches 150°F after half an hour,
what will be its temperature after 45 minutes?

Solution: Let T be the temperature of the cake after t minutes.

By Newton’s Law of cooling

, where  is the constant of proportionality









   (Where = 

Substituting  in equation (1), we get

So, 

Substituting,  in equation (2), we get





Substituting,  in equation (2), we get



  (Using (3))



Hence the temperature after 45 minutes is 137°F (approx.)
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3.12.6 Carbon Dating
Carbon 14, also known as radiocarbon, is radioactive form

of carbon that is found in all living plants and animals. The
radiocarbon disintegrates after the plant or animal dies.

Scientists can find an estimate of age of the remains of
plants and animals by comparing the amount of radiocarbon
in it with those in living plants or animals. This technique is
called carbon dating. Cearbon-14 decays exponentially with a
half-life of approximately 5700 years, meaning that after 5700
years a given amount of carbon-14 will decay to half of its
original amount.

Let be the mass of carbon-14 after  years







  (

Example 16
The amount of radiocarbon present after t years is given by

 , where is the amount present in the living plants and animals.

a) Find the half-life of radiocarbon.

b) Charcoal from an ancient pit contained   of the carbon-14 found in living sample of same

size. Estimate the age of the charcoal.

Solution:

a)





The half-life is 5700 years.

b)
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The charcoal is about 11,400 year old

3.12.7 Drug Assimilation into the blood
We readily take pills for diseases like common cold, headaches etc. without having a good

understanding of how these medicines are absorbed into the blood or for how long these have effects
on our body.

We study how these medicines are absorbed and extracted into the blood stream at different
rates.

Case of single common cold pill consumed
Procedure: When a pill is taken, it first dissolves into gastrointestinal tract (GI-tract) and each

ingredient is diffused into the blood. These are carried to different body parts on which they act and
are removed from the blood stream by kidneys and liver with different rates.

GI-tract
diffuse

Blood
tissuesDrug

Intake
When a single pill is taken and no more drugs are taken later.

     GI-tract
OutputNo constant

Input of drug

Rate of change of drug in GI-tract = (Rate of drug intake) - (Rate at which drug leaves the
GI Tract)

Let amount of drug at time t in GI-tract.

And x(0) = x0 = amount of drug taken initially

 Rate of change of drug in GI-tract

where rate at which drug leaves the GI-tract





 …(1)

Substituting  in (1), we get
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 ,

where   is a function of time and gives the amount of drug present in the blood stream

at the time t.

Example 17
Nembutal, a sodium salt (sodium pentobarbital) acts as a
sedative and has many applications. Suppose Nembutal is
used to anesthetize a dog. The dog is anesthetized when its
blood stream concentration contains at least 45mg of sodium
pentobarbital per kg of the dog’s body weight. If the rate of
change of sodium pentobarbital say, x in the body, is
proportional to the amount of drug present in the body.
Show that sodium pentobarbital is eliminated exponentially
from the dog’s blood stream given that its half-life is 5 hours.
What single dose should be administered in order to
anesthetize a 50 Kg dog for 1 hour?

Solution:  let  be the amount of drug at time 

where is the rate at which the drug leaves the blood stream.



   

  ,   where 

 where intial amount of drug

Since, half-life of drug=5 hours

For a dog that weight 50 kg the amount of drug in the body after 1 hour =(45mg/kg) x
50kg=2250 mg

From (1) 2250=    (as 



So a single dose of 2585 mg should be administered to anesthetize a 50kg dog for 1 hour.
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Exercise 5
1. Find an exponential growth model,  that satisfies the stated conditions:

i. y0 = 1 and doubling time t = 5 years.
ii. y(0) = 5 and growth rate = 2%
iii. y(1) = 1 and y(10) = 100

2. Gaurav deposited  �5000 in an account paying 3% interest compounded continuously for 5 years.
i. Find the total amount at the end of 5 years.
ii. How long will it take for the money to double?

3. In a certain culture of bacteria, the number of bacteria increased 5 times in 10 hours. How long did
it take for the number of bacteria to double?

4. The amount of oil pumped from one of the wells decreases at the continuous rate of 10% per year.
When will the wells output fall to one-fourth of its present value?

5. A cup of tea with temperature 95°C is placed in a room with a constant temperature of 21°C. How
many minutes will it take to reach a temperature of 51°C if it cools to 85°C in 1 minute.

6. A cake is removed from an oven at 250°F and left to cool at room temperature which is 70°F. After
30minutes the temperature of the cake is 150°F. After how much time will it be 100°F?

7. Radium decomposes at a rate proportional to the amount present. If half the original amount disappears
in 1600 years, find the percentage lost in 100 years.

8. Half-life of radioactive carbon-14 is 5700 years. A certain bone was observed to contain 75% of
carbon-14 as compared to what is present in the leaving creatures. Determine its antiquity.

9. If 600 grams of a radioactive substance are present initially and 3 years later only 300 grams remain.
How much of the substance will be present after 6 years?

10. The space vehicles are supplied power from nuclear energy derived from radioactive isotopes. The

output of the radioactive power supply for a certain satellite is given by the function, 
Where y is in watts and t is the time in days.
a) How much power will be available at the end of 90 days?
b) How long will it take for the amount of power to be half of its original strength?

11. Use the exponential growth model to show that the time it takes for a population to double (i.e., from

an initial number A to  2A) is given by  

Answers
Exercise 1

1. order 1, degree 1
2. order 1, degree 1
3. order 2, degree 1
4. order 2, degree 1
5. order 3, degree 2

Exercise 2
7. k = 2

Exercise 3
1. yy1 = x
2. x + yy1 = 0
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3.

4.

5.

6.

Exercise 4
1.

2. + 

3.  

4. 

5. 

6.  

7. 

8. + =

Exercise 5

2. (i) Rs 5809 (app), (ii)23.1 years
3. 4.3 hours
4. 13.8 years
5. 6 minutes (app)
6. 1 hour 6 minutes
7. 4.2% (app)
8. 2365.8 years
9. 150 g
10. a) 34.88 watts   b)173 days

Online resources
Differential Equations

1. http://www.differentialequationsbook.com/wp-content/uploads/2016/09/
SamplePages.pdf

2. https://www.slideshare.net/mdmosharofhosan/differential-equation-64060996?qid=dbdb2c4c-
f9bf-453d-9149-7e7b49e463e2&v=&b=&from_search=16

Mathematical Modelling
1. https://www.hec.ca/en/cams/help/topics/Mathematical_modelling.pdf
2. https://application.wiley-vch.de/books/sample/3527407588_c01.pdf
3. https://jvanderw.une.edu.au/Lecture1_IntroToMathModelling.pdf 
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4.0 LEARNING OUTCOMES
After completion of this unit the students will be able to

 Understand the concept of Random Variables

 Distinguish between discrete and continuous random variable

 Understand and apply the concept of Probability Distribution

 Write probability distribution of discrete random variable

 Calculate the mathematical expectation and variance of a discrete random
variable

 Understand and apply the concept of Binomial Distribution

 Calculate the mathematical expectation and variance for a binomial distribution

 Understand and apply the concept of Poisson Distribution

 Calculate the mathematical expectation and variance for a Poisson distribution

 Understand and apply the concept of Normal Distribution

 Calculate the mathematical expectation and variance for a normal distribution

 Calculate Z-Score and Use Z-Table to interpret normal distribution data set

4.0.0 BEFORE YOU START, YOU SHOULD KNOW

1. Random experiment, Sample space, Event associated with a sample space

2. Mutually exclusive and mutually exhaustive events

3. Independent and dependent events

4. Multiplication theorem of Probability

5. Addition theorem of Probability

6. Total Probability

7. Bayes’ theorem

U
n i t

4
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4.1 CONCEPT MAP

4.2  INTRODUCTION

Suhani has two black sweaters and a white sweater in her cupboard. She takes out a sweater
at random, notes the colour and puts it back in the cupboard. She repeated the process once more
before making up her mind.

What shall be the sample space of the situation stated above?

Let us consider the sweaters as B1, B2 and W1

For the selection of two assignments,

the sample space  is S = { B1B1, B1 B2, B2B1, B2B2, B1W1, B2W1, W1B1, W1B2, W1W1}

Clearly these draws are of a random experiment with random outcomes that cannot be predicted.

Let X represent the number of white sweaters drawn in this situation, in that case what can you
say about the value of X?

Here, X (B1B1) = X (B1 B2) = X (B2B1) = X( B2B2) = 0 as the sample element does not have any white
sweater.

Also, X(B1W1) = X(B2W1) = X(W1B1) = X(W1B2) = 1 as the sample element has one white sweater

And, X(W1W1) = 2 as the sample element has two white sweaters

 X can take values 0, 1 or 2

Here, X is a function whose domain is the set of possible outcomes (or sample space) of a random
experiment. Also, the variable X take any real value, therefore, its co-domain is the set of real
numbers

In such a case X is considered as a random variable

Definition: A random variable is a real valued function whose domain is the sample space of
a random experiment

Let us consider an experiment of tossing a coin two times in succession.

Clearly the sample space of this experiment is S = {HH, HT, TH, TT}.

If X represents the number of heads obtained in this situation,
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Then X(HH) = 2

X (HT) = X (TH) = 1

and X (TT) = 0.

let Y represent the number of tails minus the number of heads for each random outcome of the
above sample space S

Then Y(TT) = 2

Y(TH) = Y(HT) = 0

And Y(HH) = -2

In this case, Y is a random variable which can take values 2, 0 or - 2

Please note that more than one random variable can be defined on a given sample space. In both
the situations above, we shall assume that each random outcome is equally likely to be selected.

Example 1

Rajat is playing a game of rolling a die with his friends.
According to the game rules, he will win Rs 5 for
rolling an even number and for getting an odd digit on
the die, he looses �2. If X represents the amount of
money Rajat wins or loses. Show that X is a random
variable and also represent it as a function on the
sample space of the game play.

Solution: Sample space of the game play S = {1, 2, 3, 4, 5, 6}

As X represents the amount of money Rajat wins or loses  X is a function whose values are
defined on the basis of random outcomes, therefore it is a random variable.

X (2) = X (4) = X (6) = 1× 5 = Rs 5 as Rajat wins Rs 5 when he rolls an even digit on the die,
X(1) = X(3) = X(5) = 1× (-2) = -2 as Rajat loses Rs 2 on rolling an odd digit on the die

Thus, for each element of the sample space, X takes a unique value, hence, X is a function on
the sample space whose range is {+5, -2}

4.2.1 Discrete and Continous Random Variables
Recall that a variable is a quantity that keeps varying.

Let us consider toss of a fair coin and let X be the random variable defined as

X = 0,
1,

if coin toss result in head
if coin toss result in tail

Here, the random variable is taking two distinct and countable (measurable) values.

Hence X in this case has distinct and countable outcomes with no number in between these
values, therefore it is a discrete random variable.

A wrist watch with only hour and minutes display shows time as 12:00, then
12:01, 12:02, and so on and there is no time shown in between. In this case the
random time change is distinct and countable. Therefore the change in time in this
case is discrete random variable

Each possible value of the discrete random variable can be associated with a non-
zero probability.
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Whereas a wrist watch displaying the seconds count as well shows time
22:31:25 pm and 22:32:17 pm and the elapsed time in between as well. A random
variable whose value is obtained by measuring and it takes many values between
two values, is called a continuous random variable.

In other words, a continuous random variable is a random variable with a set
of possible infinite and uncountable values (known as the range).

4.2.2 Probability Distribution of Discrete Random Variable
Let us consider another random variable X defined as sum of digits on rolling of two dice.

The following grid shows the sample space of this random experiment:

+ 1 2 3 4 5 6

1 2 3 4 5 6 7

2 3 4 5 6 7 8

3 4 5 6 7 8 9

4 5 6 7 8 9 10

5 6 7 8 9 10 11

6 7 8 9 10 11 12

Clearly, X will take values 2, 3, 4, 5, 6, 7, 8, 9, 10, 11 and 12 which are distinct and countable,
hence X is a discrete random variable in this case.

Now let us find the probability for each random outcome

X  2 3 4 5 6 7 8 9 10 11 12

P(X) 
1

36
2
36

3
36

4
36

5
36

6
36

5
36

4
36

3
36

2
36

1
36

Table (i)

Observe that in table (i); for all possible values of the discrete random variable X, all elements of
the sample space are covered.

This table of possible outcomes and their respective probability is called Probability distribution
table for the given random variable X. A probability distribution table links every possible outcome
of the random experiment with the probability of the event to occur.

In a probability distribution table, the sum of all the probabilities is one. (Refer table (i) )

Example 2

A coin is tossed thrice and outcomes are recorded. Prepare the probability distribution table for the
number of heads.

Solution: Let a random variable X denote the number of heads in
three throws of a die

Here the sample space S = {HHH, HHT, HTH, THH, HTT,
THT, TTH, TTT}

In a single toss of a fair coin:
P (head) =    , and P (tail) = 

1
2 1

2
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Which means that X can attain values 0 for no heads, 1 for one head and two tails, 2 for two
heads and one tail or 3 for three heads

 X = 0, 1, 2 and 3

The probability of no heads i.e. P (TTT) which can also be written as

P(X = 0) =  = 

(Recall multiplication theorem of probability from class XI)

probability of obtaining one head and two tails i.e. P(HTT, THT, TTH) is denoted by

P(X = 1) = 3  = 

probability of obtaining two head and one tail i.e. P(HHT, HTH, THH) is denoted by

P(X = 2) = 3  = 

And, probability of obtaining three heads i.e. P (HHH) is written as

P(X = 3) =  = 

Therefore, the probability distribution table is:

x i  0 1 2 3

P(xi) = pi 
1
8

3
8

3
8

1
8

4.3 MATHEMATICAL EXPECTATION OF DISCRETE PROBABILITY DISTRIBUTION
 Recall that mean is a measure of central tendency as it locates a rough estimation of a middle

or average value of a random variable in an experiment.

Definition: In an experiment, for a given random variable X whose possible finite values x1, x2,

x3, ..., xn occur with probabilities p1, p2, p3, …,pn respectively such that  = 1

Then the mathematical expectation is the weighted average of the possible values of X given by:

E(X) = 푥1푝1 + 푥2푝2 + 푥3푝3 + ⋯+ 푥푛푝푛  =  



1

n

i i
i

(x p )

In a nutshell, the mathematical expectation, also known as expected value for a random variable X
is the summation of product of all possible values for the given random variable X and their
respective probabilities.

Example 3
A coin is tossed twice and outcomes are recorded. Prepare the probability distribution table for
random variable X which represents the number of heads in the experiment. Also calculate the
mathematical expectation of X.

Solution: Let a random variable X denote the number of heads in two throws of a die

 the sample space S = { HH, HT, TH,TT}

In a probability distribution the 

sum of all the probabilities 

is always one
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Clearly X = 0, 1 and 2

The probability of occurrence of a head = probability of occurrence of a tail = 

The probability distribution table-

x i  0 1 2

Sample event TT HT, TH HH

P(xi) = pi 
1
4

1 1
2

4 2
 

1
4

xi pi 
1

0 0
4

 
1 1

1
2 2

 
1 1

2
4 2

 

Note that  = 1

Therefore, E(X) =  1
( )

n
i ii=

x p  = 0 +  +  = 1

Example 4
In a manufacturing unit inspection, from a lot of 20 baskets which include 6 defectives, a sample
of 2 baskets is drawn at random without replacement. Prepare the probability distribution of the
number of defective baskets. Also calculate E(X) for the random variable X.

Solution:

As X denotes the number of defective baskets in a draw of 2 without replacement

 X = 0, 1 and 2

Therefore, in a draw of two baskets;

X 0 1 2

x i No defective baskets One defective basket Two defective baskets

P(xi) = pi

14 13 182
20 19 380

 
14 6 168

2
20 19 380

  
6 5 30
20 19 380

 

xi pi

182
0 0

380
 

168 168
1

380 380
   

30 60
2

380 380

Note that  = 1

Therefore, E(X) =  1
( )

n
i ii=

x p  = 0 +  = 

E(X) of a random variable X, is the theoretical mean of X. It is not based on sample data
but on the distribution of it
So, the mean expectation value is a parameter and not a statistic.

Sometimes it is also represented by use of Greek letter mu () as well.
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Also random variables with different probability distributions can have equal means. Let us take
an example to study this statement in detail

Have a look at probability distribution of two different random variables X and Y as given below:

X 1 2 3 4

P(xi) = pi
1
7

3
7

2
7

1
7

xi pi 1×
1 1
7 7
 3 6

2
7 7

 
2 6

3
7 7

 
1 4

4
7 7

 

Here, E(X) =  1
( )

n
i ii=

x p  =     
1 6 6 4 17

2.71
7 7 7 7 7

Y -1 0 4 5

P(yi) = pi
1
7

2
7

3
7

1
7

yi pi
1 1

–1
7 7


 

2
0 0

7
 

3 12
4

7 7
 

1 5
5

7 7
 

Here, E(Y) =  1
( )

n
i ii=

x p  = 

Clearly the random variables X and Y with different probability distributions can have equal
means. In such cases, we need a technique to check variability and extent to which the values of
random variable are spread out.

4.4 VARIANCE OF DISCRETE PROBABILITY DISTRIBUTION

While the mean is a central tendency; known as the average of a group of data, the variance
measures the average degree to which each number in the data is different from the mean value.
The extent or scope of the variance correlates to the size of the overall range of the given sample

Variance enables us to study the variability of random variable from the mean expectation
When there is a narrower range among the sample elements in a given sample space; that means
that the value of the random variable is close to mean expectation and hence the variance is less
And, when there is wide range among the sample elements, it means that the value of the random
variable is far from the mean expectation and thus the variance is high.

Basically, the variance measures the average degree to which each sample element differs from
the mean of the sample space

In a probability distribution of a discrete random variable X, the variance denoted by Var (X); is the
summation of the product of the squared deviations of xi from the mean E(X) and the corresponding
probabilities pi.

Definition: Let X be a discrete random variable whose possible finite values x1, x2, x3,..., xn occur
with probabilities p1, p2, p3, …,pn respectively.
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 2 2

1 1

Var(X) –
n n

x i i i i
i i

x p x p

In other words, Var (X) = E(X2) – [E(X)]2, where E (X2) = 

 2

1

–
n

i i
i

x p

And, the standard deviation denoted by  is given by:

( ) x Var X

Example 5
A class XII has 20 students whose marks (out of 30) are 14, 17, 25, 14, 21, 17, 17, 19, 18, 26, 18,
17, 17, 26, 19, 21, 21, 25, 14 and 19 years. If random variable X denotes the marks of a selected
student given that the probability of each student to be selected is equally likely.

a) Prepare the probability distribution of the random variable X.

b) Find mean, variance and standard deviation of X.

Solution: Based on the given data, let us prepare a table

Marks 14 17 18 19 21 25 26

frequency 3 5 2 3 3 2 2

As probability of a selection of a student is equally likely

That means P (a student to be selected) = 

Therefore, the probability distribution is:

Marks = xi 14 17 18 19 21 25 26

Frequency = fi 3 5 2 3 3 2 2

P(xi) = pi

3
20

5
20

2
20

3
20

3
20

2
20

2
20

xi pi

42
20

85
20

36
20

57
20

63
20

50
20

52
20

xi
2pi

147
5

289
4

162
5

1083
20

1323
20

125
2

338
5

Here, E(X) =  = 

And,   = 
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2 2
2

1 1

7689 385
Var(X) – –

20 20

n n

i i i i
i i

x p x p

   

  

   = 13.9

And standard deviation,  = 

Example 6
Let X denote the number of hours a person watches television during a randomly selected day. The

probability that X can take the values , has the following form, where k is some unknown constant.

P(X = xi) = 

0.2, 0
, 1 2

(5 ), 3
0 otherwise


 
  


i

i i

i i

if x
kx if x or
k x if x

a) Find the value of k.

b) What is the probability that the person watches two hours of television on a selected day?

c) What is the probability that the person watches at least two hours of television on a selected day?

d) What is the probability that the person watches at most 2 hours of television on a selected day?

e) Calculate mathematical expectation

f) Find variance and standard deviation of random variable X

Solution:

xi 0 1 2 3

P(xi) = pi 0.2 k 2k 2k

a) As  = 1

 0.2 + k + 2k + 2k = 1

 5k = 0.8

 k = 

b) Probability that the person watches two hours of television

= P (xi = 2)

= 2k = 2 ×
4 8

25 25
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c) Probability that the person will watch at least two hours of television

= P (xi = 2, 3)

= 2k + 2k = 4k = 4 

d) Probability that the person will watch at most two hours of television

= P (xi = 0, 1, 2)

= 0.2 + k + 2k = 0.2 +3k = 0.2+ 3 

e) x i 0 1 2 3

P(xi) = pi 0.2 = 
1
5

4
25

8
25

8
25

xi pi 0
4
25

16
25

24
25

xi
2pi 0

4
25

32
25

72
25

E(X) = 
1
( )

n
i ii

x p  = 0 + 

f)
1 n 2

i ii
x p  = 0+ 

2 2
2

1 1

108 44 108 1936
Var(X) – – –

25 25 25 625 

             
 

n n

i i i i
i i

x p x p

                                                                                = 
2700 – 1936 764

1.22
625 625

 

And standard deviation, Var(X) 1.22 1.1   x

4.5 BINOMIAL DISTRIBUTION

When you toss a coin, it either shows a ‘head’ or a ‘tail’. When you are asked to calculate 3 +
4, the answer is either ‘correct’ or ‘incorrect’. In such similar experiments the likely outcome is either
a ‘success’ or a ‘failure’.

In the case of discrete random variable X denoting a prime
number on throw of a die, we can say that numbers 2, 3 and 5
will be considered as ‘success’, while 1, 4 and 6 will be counted as
‘failure’ in the experiment.

Each time you roll a die or perform any experiment in
probability, it is called a trial. If in an experiment, a die is rolled
thrice, then the number of trials is counted as 3, each trial having
exactly two outcomes, namely, success or failure.

Note that in each 

trial, the probability of 

success or failure remains 

constant, the outcome of 

any trial is independent 

of the outcome of any 

other trial.
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Independent trials which have only two outcomes usually referred as ‘success’ and ‘failure’ are
called Bernoulli trials. Here, the probability of success and failure remains same.

Definition: In a random experiment, a collection of trials is called Bernoulli trials, if:

a) The number of trials is finite.

b) The trials are independent by nature.

c) Each trial has exactly two outcomes defined as success and failure.

d) The probability of success remains the same in each trial.

Recall example 4 where the random variable X denotes the number of defective baskets in a draw
of two baskets without replacement

What would happen if 5 baskets are drawn with replacement?

X = 0, 1, 2, 3, 4 and 5

In this case, probability of drawing a defective basket will be considered a success, usually
denoted by p and probability of drawing a non-defective basket will be a failure, denoted by q

Also, the draw of a basket will be called a trial and since we are drawing 5 baskets; the number
of trials is 5

Do you think that these trials qualify as Bernoulli trials?

here p =  and q = 1  p = 1  , Since probability of success remains same in all the trials,

hence we can say these are binomial trials.

When the drawing is done without replacement, the probability of success (i.e., drawing a defective

basket) in first trial is  , in 2nd trial it will be  and so on.

Clearly, the probability of success is not same for all trials, hence the trials in example 4 are not
Bernoulli trials.

Probability of ‘r’ successes in ‘n’ Bernoulli trials is given by:

P ( ‘r’ successes) = 퐶푟푛  푝푟푞푛−푟 =  
푛!

푟! (푛 − 푟)! 푝푟푞푛−푟  

Where n = number of trials

r = number of successful trials = 0, 1, 2, 3, …, n

p = probability of a success in a trial

q = probability of a failure in a trial

And, p + q = 1

Clearly, P (‘r’ successes), is the (r + 1)th term in the binomial expansion of (q + p)n .

The probability distribution of number of successes for a random variable X can be written as:

X = ri 0 1 2 3 … r … n

P(ri) = pi 퐶0
푛  푝0푞푛−0 퐶1

푛  푝1푞푛−1  퐶2
푛  푝2푞푛−2 퐶3

푛  푝3푞푛−3 … 퐶푟푛  푝푟푞푛−푟  … 퐶푛푛  푝푛푞푛−푛  

This probability distribution is called Binomial distribution with parameters n and p.

The binomial distribution with n Bernoulli trials and success p is also denoted by B(n, p)
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Example 7:

Prepare the Binomial distribution B (4,  )

Solution: Here total number of trials = n = 4 and p = 

As p + q = 1  q = 1   = 

Now, number of successes = r = 0, 1, 2, 3 or 4

The binomial distribution can be given as:

X = ri 0 1 2 3 4

P(ri) = pi

0 4–0
4
0

2 1
3 3

   
   
   

C
1 4–1

4
1

2 1
3 3

   
   
   

C
2 4–2

4
2

2 1
3 3

   
   
   

C
3 4–3

4
3

2 1
3 3

   
   
   

C
4 4–4

4
4

2 1
3 3

   
   
   

C

= 
1
81

= 
8
81

= 
24
81

= 
32
81

= 
16
81

Now let us calculate the mean expectation, Variance and Standard Deviation for example 7

Recall that E(X) = 
1
( )

n
i ii

x p  = 0  =  2.67

Also see that np = 4  2.67

2

2

1 1

Var(X) –
 

 
    

 
 

n n

i i i i
i i

x p x p  = 0.89

Also see that npq = 4  0.89

And Standard deviation =  = 

In a binomial distribution having ‘n’ number of Bernoulli trials

where p denotes the probability of success and q denotes the probability of failure

then,

Mean = np

Variance = npq

Standard Deviation = npq

Example 8
If a fair coin is tossed 9 times, find the probability of

a) exactly five tails

b) At least five tails

c) At most five tails
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Solution:

Repeated tosses of a fair coin qualify as Bernoulli’s trails

Let X denote the number of tails in an experiment of 9 such trials and hence is the binomial distribution

Here, n = 9, p =  and q = 1 – p = 

As P ( ‘r’ successes) = 

a) Probability of exact 5 successes in 9 trials = P( X = 5) = 

= 

b) Probability of at least 5 successes in 9 trials = P ( X  5)

256
512

c) Probability of at most 5 successes in 9 trials = P ( X  5) = 1 - P( X  5)

= 1 - 

= 131 382
1

512 512
 

Example 9
In a manufacturing unit inspection, from a lot of 20 baskets which include 6 defectives, a sample
of 2 baskets is drawn at random with replacement. Prepare the binomial distribution of the number
of defective baskets. Also find E(X) and Var(X) for the random variable X

Solution: Here, X denotes the number of defective baskets in a draw of 2 baskets with replacement

Clearly, the trials are Bernoulli trials

And X = 0, 1 and 2

Also number of trials = n = 2

If drawing a defective basket is considered a success,

then p = q = 

X 0 1 2

ri No defective baskets One defective basket Two defective baskets

P(ri) = pi

0 2–0
2
0

3 7
10 10

   
   
   

C
1 2–1

2
1

3 7
10 10

   
   
   

C
2 2–2

2
2

3 7
10 10

   
   
   

C

= 
49

100 = 
42

100 = 
9

100

E(X) = np =  and Var(X) = npq = 
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Example 10

The probability that Rohit will hit a shooting target is . While preparing

for an international shooting competition, Rohit aims to achieve the
probability of hitting the target at least once to be 0.99. What is the
minimum number of chances must he shoot to attain this probability?

Solution: Let the number of chances Rohit shoots the target be n

Here, the trials are Bernoulli with p be the probability of success to

hit the target =  and q be the probability of failure to hit the target be 1 – p = 

Then P( r number of successes) = 

As Rohit wants to hit the target at least once with the probability of 0.99

 P(r = 1,2,3,…) 0.99

 1 – P(r = 0) 0.99

 1 –  0.99

 1 – 0.99 

 0.01 

 100 

As 35  100 n  5

 Rohit should hit the target at least 5 times to achieve his target.

Example 11
Sonal and Anannya are playing a game by throwing a die alternatively till one of them gets a ‘1’
and wins the game. Find their respective probabilities of winning, if Sonal starts first

Solution: Clearly the trials are Bernoulli’s with n 

Getting a 1 on a single throw of the die is considered a success

  p =  and q = 1 – p = 

Sonal starts the game by throwing the die first

P( Sonal to win in the first throw) = 

When will Sonal get a chance to win next?

Sonal will get to try winning in third throw; when Sonal fails in first throw and then Anannya
fails to win in second throw

P (Sonal to win in third throw) = 

Next time Sonal will get to win is fifth throw

 P (Sonal to win in fifth throw) =  and so on
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Hence, P(Sonal will win) = P( in first throw) + P( in third throw) + P(in fifth throw) + …

= 

It is an infinite geometric series with a = , r = 

As  , 

And, P(Anannya to win) = 1 – P(Sonal to win) = 1 -  

Example 12
A die is thrown again and again until three 5s’ are obtained. Find the probability of obtaining the
third 5 in the seventh throw of the die

Solution: Clearly the trials are Bernoulli with n = 6

P (a 5 on a single throw of die) =  p =  and q = 1 – p = 

For finding the probability of third six in the seventh throw of the die, we know that there must
have been two 5s’ on previous six throws

 P (third 5 on seventh throw of die) = P (two 5s on six throws) P (a 5 on the next single throw
of die)

= 

4.6 POISSON DISTRIBUTION

Let us consider the car sales of a car dealer
showroom X in a city, on a given day.

Do you think that the number of cars sales on a
given day will make for a random variable?

Assuming that each car sale is an independent
event, meaning that sale of one car sale gives no
information about when the next sale will happen.
And the probability of one car sale in a given length
of time, does not change over time.

Theoretically, the rate at which the car sales are occurring is not changing through time.

Therefore, we can conclude that the events defined as car sales in such a case are occurring
randomly and independently.

Based on these conditions, a random variable X, representing the number of events in a given
length of time has a Poisson distribution.

A discrete probability distribution that expresses the probability of a given number of events
occurring over a fixed period of time or space is called a Poisson distribution if:

1.  The events occur with a known constant mean rate

2.  The events are independent of the time from the occurrence of the previous event. 

Source courtesy:
http://clipart-library.com/free-car-images.html
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3. The rate of occurrence of events is constant and not based on time

4. The probability of an event is proportional to the length of the period of time

The Poisson distribution can also be used for the number of events in other specified intervals
such as distance, area or volume.

DEFINITION: Let X be the discrete random variable which represents the number occurrence
of events over a period of time.

If X follows the Poisson distribution, then the probability of occurrence of ‘k’ number of events
over a period of time is given by:

푃 ( 푋 = 푘) = 푓(푘) =  
휆푘푒−휆

푘!  

Where e is Euler’s number (e = 2.71828…)

‘k’ is the number of occurrences of the event such that k = 0, 1,2, …

And  = E(X) = Var(X), is a positive real number

With existence conditions:

1.  ∑ 휆푘푒−휆

푘!
∞
푘=0 = 1 

2.  for k = 0, 1, 2, …

Formula courtesy: https://en.wikipedia.org/wiki/Poisson_distribution

A restaurant is doing booming business. It was recorded that during their peak business time,
an average of 30 customers per hour arrive at the restaurant. Can we develop a Poisson probability
distribution model for the arrivals of customers, if 30 customers arrive in an interval of 1 hour on
an average?

You might say that arrival average is 1 customer every 2 minutes

But the thing to remember here is that arrival time of each customer is random and hence this
approach is inappropriate

Let us try another approach and divide each one-minute interval along an interval of an hour
so that each customer arrival is equally-likely

During each minute, let us consider one customer’s arrives in the middle of that time interval.

As probability for a customer to arrive is  this is going to be a binomial distribution B (60, )

Thus the process will average at = 30 arrivals during an hour

But then again, we cannot assume that the customers are arriving at uniform pace and at regular
time intervals

What if we divide the time interval in seconds and consider that probability for a customer to
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arrive is not equally- likely but biased at . In such a case, the binomial distribution will be B

(3600, )

And the process will average at  = 30 arrivals during an hour

To summarize this process, we can say that:

a) as n , the time intervals getting larger and larger, p is smaller than before while E(X) =

np is kept constant at 30 customers per hour

b) In the limit as n , the number of customers arriving during an hour is Poisson (30)

c) With the width = of an hour with arrival rate  30 customer per hour:

i) Probability of an arrival during the interval = = 

ii) Probability of more than one arrival during a time interval is 0

iii) Probability of an arrival during a time interval is independent of the previous arrivals

   

One of the famous 
historical study shows 

an application of Poisson 

distribution, to estimate the 

numbers of Prussian cavalry 
soldiers killed due to 

horse-kicks in a year!

Picture credits: https://mindyourdecisions.com/blog/2013/06/21/what-do-deaths-from-horse-
kicks-have-to-do-with-statistics/

Example 13
As the story goes, the Prussian soldiers monitored 10 cavalry corps over a period of 20 years. The
annual number of recorded deaths due to horse-kick ‘k’ observations is as shown in the table:

k 0 1 2 3 4 Total

Number
of deaths 109 65 22 3 1 200

Does this data provide adequate description of Poisson distribution?

Solution:

Here E(X) =  
0 × 109 + 1 × 65 + 2 × 22 + 3 × 3 + 4 × 1

200
=  

122
200

=  0.61 =  휆 
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As k = 0, 1, 2, 3, 4

By Poisson distribution formula: 

Then Poisson model progression will be

P(k = 0) = 

P(k = 1) = 

P(k = 2) = 

P(k = 3) = 

P(k = 4) = 

Now Poisson prediction will be: 200  P(k)

k 0 1 2 3 4

Number 109 65 22 3 1
of deaths

Poisson 200×0.54 200×0.33 200×0.1 200×0.02 200×0.003
predicted =108 =66 =20 =4 =0.6~1

deaths

Yes, the Poisson predictions are adequate for the given data

Example 14
A traffic engineer records the number of bicycle riders that use a particular cycle track. He records
that an average of 3.2 bicycle riders use the cycle track every hour. Given that the number of bicycles
that use the cycle track follow a Poisson distribution, what is the probability that:

a) 2 or less bicycle riders will use the cycle track within an hour?

b) 3 or more bicycle riders will approach the intersection within an hour?

Also write the mean expectation and variance for the random variable X

Solution:

For this problem, E(X) = Var(X) =  = 3.2

a) The goal is to find P(X 2)

As 

P(X = 0) =  = 

P(X = 1) =  = 

P(X = 2) =  = 

Therefore, P(X  2) = P(X = 0) + P(X = 1) + P(X = 2) = 0.041+0.13+0.21 = 0.381
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b) The goal is to find P(X  3)

The probability that there are 3 or more bicycle riders using the track within an hour has no
upper limit on the value of ‘k’, which means that this probability cannot be calculated directly

But, using the rule of complement we can say that

P(X  3) = 1 - P(X  2) = 1 – 0.381 = 0.619

In the given Poisson distribution, E(X) = Var(X) =  = 3.2

For the calculation of Euler’s number: http://eguruchela.com/math/calculator/e-power-x

Example 15
A particular river near a small-town floods and overflows twice in every 10-years on an average.
Assuming that the Poisson distribution is appropriate, what is the mean expectation. Also calculate
the probability of 3 or less overflow floods in a 10-year interval.

Solution: As the average event of flood overflow, in every 50-years is two

In the given Poisson distribution,  = 2

The goal is to find P(X 3)

As 

P (X = 0) =  =  0.14

P (X = 1) =  =  0.27

P (X = 2) =  = 0.27

P (X = 3) =  = 0.18

Therefore, P(X  3) = P(X = 0) + P(X = 1) + P(X = 2) +P(X = 3)

    = 0.14+0.27+0.27+0.18 = 0.86

Example 16:
For a Poisson distribution model, if arrival rate of passengers at
an airport is recorded as 30 per hour on a given day. Find:

a) The expected number of arrivals in the first 10 minutes
of an hour

b) The probability of exactly 4 arrivals in the first 10 minutes
of an hour

c) The probability of 4 or fewer arrivals in the first 10 minutes
of an hour

d) The probability of 10 or more arrivals in an hour given
that there are 8 arrivals in the first 10 minutes of that
hour

Picture courtesy: https://
englishlive.ef.com/blog/career-
english/travel-english-key-words-
for-the-airport/
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Solution:

a) As 10 minutes =  th of an hour

In the given Poisson distribution, X is defined as number of arrivals in the first 10 minutes

or  th hour is the width of time interval

Here,  = 30 as number of arrivals is 30 per hour

Therefore, E(X) = for the first 10-minute of the hour

and P( X = k) =  , where k = 0, 1, 2, 3, …

b) Probability of exactly 4 arrivals in the first 10 minutes of an hour = P(k = 4) =  = 0.176

c) The probability of 4 or fewer arrivals in the first 10 minutes of an hour = P(k 4) = P( k =
0)+P(k = 1)+ P(k = 2) + P(k = 3) +P(k= 4)

=  +

= 0.007+0.03+0.08+0.14+0.18  0.44

d) We are given that there have been 8 arrivals in the first 10 minutes (=  hour)

And we need to find probability of 10 or more arrivals in an hour

That means, we need to find probability of 10 – 8 = 2 arrivals in 60 – 10 = last 50 minutes

(=  hour)

Therefore, E(X) = for the last 50-minute of the hour

And, in this case P(X = k) =  , where k = 0, 1, 2, 3, …

probability of 10 or more arrivals in an hour given that there are 8 arrivals in the first 10

minutes of that hour  = P(k = 2, 3, 4, 5, …

= 1 – P (k = 0, 1)

=  + )

4.7  NORMAL DISTRIBUTION
In this module, the distributions discussed up till now are applicable when the random variable

is discrete by nature. In case of a continuous random variable like heights or weights; as we have
infinite number of values between two distinct values; thus it becomes very difficult to distribute the
total probability among all these values.

Therefore, a continuous random variable X is defined in terms of its probability density function
 also known as PDF.
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In such a case the probability density function  is defined as:

A continuous random variable X is designed to follow normal distribution with constant
parameters  = E(X) and Var(x) = and written as X N (  , )

푓(푥) ≥ 0,∀ 푥 휖 ( −∞,∞) 

such that  푓(푥) =  
1

휎√2휋
. 푒−

1
2
푥−휇
휎

2

  —————— (i)

where,   (–, ) is the mean of normal distribution
 > 0 is the standard deviation

When a random variable can take on any value within a given range where the probability
distribution is continuous ( refer 4.1.1), it is called a normal distribution or Gaussian distribution. A
random variable with a Gaussian distribution is said to be normally distributed, and is called a normal
deviate

In the normal distribution function given by (i), the curve known as probability curve is bell-
shaped with one peak point as shown below:

Picture courtesy: https://www.lsssimplified.com/normal-distribution-for-lean-six-sigma/

The normal distribution is used in the cases
where we need to make inferences by taking
random samples; and distribution of random
variable is not known. This type of distribution is
applied to fit the actual observed frequency
distribution on many phenomena like weights and
heights

A Normal distribution have key features that
are easy to spot in graphs:

1. The mean, median and mode of the sample
space are exactly the same.

2. The bell-shaped probability curve has one peak point, it means that the normal distribution
has a unique mode
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3. The area below the curve    has two tails of the curve extended on both

sides and never touch the axis. As the line through x =  is dividing the normal curve into
two equal parts in all aspects which means that the normal curve is symmetrical about x =

 as half the values fall below the mean and half above the mean.

4. In a normal distribution curve the total area below the curve is always equal to 1 unit; i.e.,

5. The distribution can be described by two values: the mean and the standard deviation

Galton board is a real-life 

example of how normal 

distribution can show the 

probability distribution

https://www.mathsisfun.com

/data/quincunx.html    

Picture credits: https://en.wikipedia.org/wiki/Bean_machine

4.7.1 Standard Normal Distribution
As discussed above, X is a normal variate based on two parameters namely, mean  and

standard deviation

But in a real-life situation, there can be a data set with a mean as 50 and standard deviation of
3 while there can be another data set with a mean of 100 and a standard deviation of 5. How do
we compare such different normally distributed data sets?

4.7.2 Z-Score of Normal Distribution
When mean  = 0 and standard deviation  = 1 for a data set, then the normal distribution

is called as standard normal distribution
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Picture courtesy: https://www.scribbr.com/statistics/normal-distribution/

We make use of data by converting it into a standard normal variate. All normal variate can be
converted to standard normal distribution. In order to do so, we calculate the standard score or Z-
score for each of the data value in the normal variate therefore enabling to compare information
since they are on the same scale. This distribution is also called a Z-Distribution.

Basically, the Z-score in a standard normal distribution represents how far the said data point
from the mean (  .

How do we find the Z-Score?

Recall that a normal distribution function is given by 

In this case Z =  is called the Z-Score.

Example 17:

Calculate Z-Score for a normal distribution of length of 7 rare species of Indian
butterfly that you have in your garden

Butterfly 1 2 3 4 5 6 7

Length
(in cm) 2 2 3 2 5 1 6

Solution: Here mean = 

and   [as  ]

Butterfly 1 2 3 4 5 6 7

Length (in cm) 2 2 3 2 5 1 6

Z-Score = 
푥 − 휇
휎

 
2 − 3
1.69  

2 − 3
1.69  

3 − 3
1.69

  = 0
2 − 3
1.69  

5 − 3
1.69  

1 − 3
1.69

 
6 − 3
1.69

 

 –0.59  –0.59  –0.59  1.18  1.18  1.78
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Notice that butterfly number 3 has the Z-Score = 0, it means that this data point is the mean of
the data.

Also note that the Z-score is positive if the data point lies above the mean, and negative if it lies
below the mean.

Picture courtesy: https://www.simplypsychology.org/normal-distribution.html

As shown in the graph above, if the data values in a normal distribution are converted into z-
scores in a standard normal distribution, then the percentage of the data that fall within specific
numbers of standard deviations () from the mean () for bell-shaped curve

1. Data points are symmetrical along the mean (

2. Z-score describes the position of each data point in terms of its distance from the mean, when
measured in standard deviation units.

3. The Z-score is positive if the data point lies above the mean, and negative if it lies below the
mean.

4. there is a 68.27% probability of randomly selecting a Z-score between -1 and +1 standard
deviations from the mean.

dx  has probability 68.27%

where 

5. 95.45% probability of randomly selecting a score between -2 and +2 standard deviations from
the mean.

dx  has probability 95.45%

where 

6. 99.73% probability of randomly selecting a score between -3 and +3 standard deviations from
the mean.

dx  has probability 99.73%

where 
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Example 18:
Given that mean of a normal variate X is 12 and standard deviation is 4, then find:

a) Find the Z-Score of data point 20

b) The data point if its Z-Score is 5

c) Data point if its Z-Score is -2

Solution:

a) As  and  and    = 20

Z = 

b) As  and  and Z = 5

Then Z = 

c) As  and  and  Z  = -2

Then Z = 

4.7.3 Z-Test for Normal Distribution
If a drug company announces one day that they had found a new drug that cures diabetes, you

would want to be sure how true is their claim. Techniques and various hypothesis test are able to
tell you if it’s probably true, or probably not true. Some of the popular hypothesis tests used in
probability distribution are f-test, chi-square test, t-test and Z-test

We are going to discuss one of these tests used in normal distribution data set. To use Z-test, we
need to see that:

a)  sample size is greater than 30.

b) data points should be independent from each other.

c) data should be randomly selected from a population, where each data point has equally likely
of being selected.

d) sample sizes should be equal if at all possible.

Let us now see how to use Z-test in a given normal distribution of data set

Example 19
In a district, exam scores of 300 student of class XII are recorded at the end of the session.

a) Ramesh scored 800 marks in total out of 1000. The average score for the batch was 700 and
the standard deviation was calculated to be 180. Find out how has Ramesh scored compared
to his batch mates in the whole district.
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b) Sudha scored 420 marks in the same batch. What can you say about her performance as
compared to the batch of 300 students?

c) How much has Abhay scored if he has done better than 44.83% of his batchmates?

Solution:

a) Firstly, we need to find Ramesh’s Z-Score and use the respective z-table before we determine
how well he has performed as compared to his batch mates

As  and  and    = 800

Z = 

Once you have the Z-Score, the next step is choosing between the two Z- Tables. (Refer Appendix
at the end)

In the Z-table, go vertically down on the leftmost column to find the value of the first two digits
of your Z Score (0.5 in this case) and then go alongside on the topmost row to find the value of the
digits at the second decimal position (.06 in this case). Once you have mapped these two values, the
intersection of the row of the first two digits and column of the second decimal point in the table
gives the value 0.7123 i.e. the area on the left of ordinate corresponding to Z = 0.56. This area also
represents the probability of scoring < 800 marks.

Lastly, to get this as a percentage we multiply that number with 100 i.e. 0.7123 x 100 = 71.23%.

Hence, we can say that Ramesh did better than 71.23% of students in the district.

b) In the case of Sudha,  and  and    = 420

Z = 

Looking at the Z-Table we can say that it maps to 0.0594 and hence we can say that Sudha did

better than 100 5.94% of students in the district.

c) If Abhay has done 44.83% better than his batchmates, then his score on Z-Table is 44.83 ÷
100 = 0.4483 which corresponds to Z-Score = - 0.13

Here  and  and Z = -0.13

Therefore Z = 

Which means that Abhay has scored approximately 677 marks out of 1000

Example 20:
Given that the scores of a set of candidates on an IQ test are normally distributed. If the IQ test has
a mean of 100 and a standard deviation of 10, what is the probability that a candidate who takes
the test will score between 90 and 110?

Solution: P(90 < X < 110) = P( X < 110 ) - P( X < 90 )

   P( 90 < X < 110 ) = P (–1 < Z < 1) = P (Z < 1) – P(Z < –1)

= 0.8413 – 0.1587 = 0.6826
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4.8 CHECK YOUR PROGRESS

1. State which of the following are not the probability distributions of a random variable. Give
reasons for your answer

a. X -1 0 1 2

P(X) 0.1 0.8 0.001 0.2

b. X 1 2 3 4 5

P(X) 0.1 0.4 0.05 -0.2 0.2

c. X -2 2 5

P(X) 0.5 0.2 0.3

2. A lady’s bag contains 2 black and 1 red pens. One pen is drawn at random and then put
back in the box after noting its colour. The process is repeated again. If X denotes the number
of red pens recorded in the two draws. Describe X.

3. What is the mean of the numbers obtained on throwing a die having written 1 on three faces,
2 on two faces and 5 on one face?

4. Raheem tossed a fair coin 10 times, find the probability of (i) exactly six heads (ii) at least six
heads (iii) at most six heads.

5. Find the probability of getting 5 exactly twice in 7 throws of a fair die.

6. Let X denote the number of hours a class XII student studies during a randomly selected
school day. The probability that X can take the values xi, for an unknown constant ‘k’

P(X = xi) = 

0.1, 0
, 1 2

(5 ), 3, 4


 
  

i

i i

i i

if x
kx if x or

k x if x

a. Find the value of k.

b. What is the probability that the student studied for at least two hours? Exactly two hours?
At most two hours?

7. How many times must Sumit toss a fair coin so that the probability of getting at least one
head is more than 90%?

8. A pair of dice is thrown and the random variable X represents the sum of the numbers that
appear on the two dice. Calculate the mathematical expectation of X.

9. Find the variance of a bernoulli random variable whose probability of success is 0.6.

10. If the mean and variance of a binomial distribution are 4/3 and 8/9 resp. find P(x=1)

11. What is the expected value of number of tails on a throw of a fair coin?

12. A customer care company receives an average of 4.5 calls every 5 minutes. If each customer
executive can handle one of these calls over the 5-minute period. But if an executive is not
unavailable to take the call, then the call is put on hold. Assuming that the calls received by
the customer care company follows a Poisson distribution, what is the minimum number of
customer executives are needed on duty so that calls received are placed on hold for at the
most 10% of the time?
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13. A statistician records the number of trucks approaching a particular intersection to analyze
the flow of traffic. He observes that on an average 1.6 trucks approach the intersection every
minute. Assuming that the number of trucks approaching the intersection, follow a Poisson
distribution model, what is the probability that 3 or more trucks will approach the intersection
withing a minute?

14. A computer disk manufacturer tests disk quality on random basis before approving it. The
approval is based on the number of errors in a test area on each disk and follows Poisson

distribution with  = 0.2. What is the percentage of test areas having two or a smaller number
of errors?

15. In a Poisson distribution, if mean is 2, what is the variance?

16. It is given that 3% defective electric bulb are manufactured by a company. Using Poisson
distribution, find the probability of 100 bulbs w ill contain no defective bulbs. (Use e-3 = 0.05)

17. The mortality rate for a certain disease is 0.007. Using Poisson distribution, calculate the
probability for 2 deaths in a group of 400 people

18. An ice-cream parlour receives a customer at an average rate of 4 per minute. If the number
of customers received by the parlour follows a Poisson distribution, what is the approximate
probability that 16 customers will be coming to the parlour in a particular 4-minute period
on a given day?

19. Using Z-Table, Calculate
a) P (Z < 1.20)

b) P (Z   1.20)

c) P (–0.5  Z )

d) P (–1.0  Z )

20. A company conducted an IQ test for randomly select 50 employees. Volunteer A scored 74
out of the possible 120 points. If the average IQ test score was recorded as 62 and the
standard deviation was 11. How well did volunteer A perform on the test compared to the
other volunteers?

21. An average ceiling fan manufactured by the Jagdeep Corporation lasts 300 days with a
standard deviation of 50 days. Assuming that the ceiling fan;s life is normally distributed,
what is the probability that a ceiling fan will last at most 365 days?

22. In a survey of daily travel time (in minutes) of students to reach their school was recorded
as follows:

26, 33, 65, 28, 34, 55, 25, 44, 50, 36, 26, 37, 43, 62, 35, 38, 45, 32, 28, 34

If the mean travelling time is 38.8 minutes and the standard deviation is 11.4 minutes.
Convert the travel time of each student into a Z-Score

23. In an examination, 2000 students appeared and the mean of the normal distribution of marks
is 30 with standard deviation as 6.25. Find out how many students are expected to score.

i. between 20 and 40 marks.

ii. less than 25 marks

24. In a normal distribution, 31% of the articles are under 45 and 8% are over 64. Calculate the
mean and standard deviation of the distribution
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4.9  QUICK RECAPITULATION

1. A random variable is a real valued function whose domain is the sample space of a random
experiment, denoted by X

2. More than one random variable can be defined on a given sample space.

3. The random variable X can take distinct and countable (measurable) values in between values
for it, then it is called a discrete random variable.

4. When a random variable whose value is obtained by measuring and it takes many values
between two values, is called a continuous random variable

5. The table of possible outcomes and their respective probability is called Probability distribution
table for the given random variable X

6. In a probability distribution the sum of all the probabilities is always one

7. In an experiment, for a given random variable X whose possible finite values x1, x2, x3, ….,
xn occur with probabilities p1, p2, p3, …,pn respectively such that

 = 1

Then the mathematical expectation is the weighted average of the possible values of X given

by E(X) =  = 
1
( )

n
i ii

x p

8. Mean expectation value is a parameter and not a statistic.

9. Variance enables us to study the variability of random variable from the mean expectation

10. Let X be a discrete random variable whose possible finite values x1, x2, x3,..., xn occur with
probabilities p1, p2, p3, …,pn respectively.

Let  = E (X) be the mean of X. Then the variance of X, denoted by Var (X) or x
2 is given

by 
2

2 2

1 1

Var(X) –
 

 
     

 
 

n n

x i i i i
i i

x p x p

In other words, Var (X) = E(X2) – [E(X)]2, where E(X2) = 
2

1


n

i i
i

x p

11. The standard deviation denoted by 

12. In a random experiment, a collection of trials is called Bernoulli trials, if:

i. The number of trials is finite.

ii. The trials are independent by nature.

iii. Each trial has exactly two outcomes defined as success and failure.

iv. The probability of success remains the same in each trial.

13. Probability of ‘r’ successes in ‘n’ Bernoulli trials is given by

P (‘r’ successes) = 

Where n = number of trials

r = number of successful trials = 0, 1, 2, 3, …, n
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p = probability of a success in a trial

q = probability of a failure in a trial

And, p + q = 1

14. P(‘r’ successes) is the (r+1)th term in the binomial expansion of (q + p)n

15. The binomial distribution with n Bernoulli trials and Probability of success p is also denoted
by B(n, p)

16. In a binomial distribution having ‘n’ number of Bernoulli trials where p denotes the probability
of success and q denotes the probability of failure, then

i. Mean = np

ii. Variance = npq

iii. Standard Deviation = 

17. Let X be the discrete random variable which represents the number occurrence of events over
a period of time. If X follows the Poisson distribution, then the probability of occurrence of
‘k’ number of events over a period of time is given by

Where e is Euler’s number (e = 2.71828…)

‘k’ is the number of occurrences of the event such that k = 0, 1,2, …

And  = E(X) = Var(X), is a positive real number

With existence conditions:

i.

ii.  for k = 0, 1, 2, …

18. A continuous random variable X is defined in terms of its probability density function 
also known as PDF as well

19. A continuous random variable X is designed to follow normal distribution with constant

parameters  = E(X) and Var(x) = and written as X N (  , )

such that  —————— (i)

where   is the mean of normal distribution and  is the standard deviation

20. When a random variable can take on any value within a given range where the probability
distribution is continuous, it is called a normal distribution or Gaussian distribution.

21. A random variable with a normal/Gaussian distribution is said to be normally distributed,
and is called a normal deviate

a. The mean, median and mode of the sample space are exactly the same.

b. The bell-shaped probability curve has one peak point, it means that the normal distribution
has a unique mode
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c. The area below the curve    has two tails of the curve extended on

both sides and never touch the axis. As the line through x =  is dividing the normal curve
into two equal parts in all aspects which means that the normal curve is symmetrical

about x =  as half the values fall below the mean and half above the mean.

d. In a normal distribution curve the total area below the curve is always equal to 1 unit;

i.e., 

e. The distribution can be described by two values: the mean and the standard deviation

22. When mean  = 0 and standard deviation  = 1 for a data set, then the normal distribution
is called as standard normal distribution

23. In a normal distribution of data, the Z-score is given by Z = 

24. When the Z-score is positive if the data point lies above the mean, and negative if it lies below
the mean

25. When the data values in a normal distribution are converted into Z-scores in a standard
normal distribution, then the percentage of the data that fall within specific numbers of
standard deviations () from the mean () for bell-shaped curve is constant.

i. Data points are symmetrical along the mean (

ii. Z-score describes the position of each data point in terms of its distance from the mean,
when measured in standard deviation units.

iii. The Z-score is positive if the data point lies above the mean, and negative if it lies below
the mean.

iv. There is a 68.27% probability of randomly selecting a Z-score between -1 and +1 standard
deviations from the mean.

a. dx  has probability 68.27%

b. where 

v. 95.45% probability of randomly selecting a score between -2 and +2 standard deviations
from the mean.

a. dx  has probability 95.45%

b. where 

vi. 99.73% probability of randomly selecting a score between -3 and +3 standard deviations
from the mean.

a. dx  has probability 99.73%

b. where 
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26. Some of the popular hypothesis tests used in probability distribution are f-test, chi-square
test, t-test and Z-test

27. To use Z-test, we need to see that:

i.  sample size is greater than 30.

ii. data points should be independent from each other.

iii. data should be randomly selected from a population, where each data point has equally
likely of being selected.

iv. sample sizes should be equal if at all possible.

v. for convenient calculation of Z-Score, we use Z-Table to interpret normal distribution data set

4.10 ANSWER KEY TO CHECK YOUR PROGRESS

1. (a) no, p  1 (b) no, p < 0 (c) yes  2. X = 0,1,2   3. 2  4. 105/512, 193/512, 53/64  5. 

6. k = 0.15, 0.75, 0.3, 0.55 7. 4 or more times 8. 7 9. 0.24 10. 32/81 11. 0.5 12. 7 13. 0.217 14. 99.89%
15. 2 16. 0.05 17. 0.235 18. 0.099 19. (a) 0.11507 , (b) 0.88493, (c) 0.5328, (d) 0.6826 20. better than
43 other volunteers 21. 90%  23. (i) 1781, (ii). 424 24. Mean = 50, SD = 10
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4.11 APPENDIX

Z- SCORE TABLE



4.34 Applied Mathematics

Table Courtesy: https://www.dummies.com/education/math/statistics/how-to-use-the-z-table/





5.1Inferential Statistics

5.0 LEARNING OUTCOMES

After the completion of this unit, the students will be able to :

 develop an understanding of population and sample

 understand the concept of parameter and statistical interferences

 understand the idea of a hypothesis testing

 use and extend the knowledge of inferential statistics and their applications in
real-life situations

U
n i t

5



5.2 Applied Mathematics

Concept Map

Introduction
One of the most important application of statistics is making estimations about an entire population

based on the information from a small sample. This process is known as statistical inference. This
can be achieved only if we are confident that our sample accurately reflects the desired population.
For example, making exit poll results of public opinions using a small group of thousand voters and
exactly predicting the outcome of an election in which millions of votes are cast.

This chapter on inferential statistics will take you to see how to draw conclusions from a sample
and generalize them to a larger population.

5.1 Population and sample
Several real-life problems are statistical in nature. Let’s take some examples;

1. You are a part of a fitness campaign in your school. You are concerned about the overall
wellbeing of fellow students and want to know that what proportion of students regularly
do exercises.
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2. As a quality control expert, you want to know what percentage of good computer chips are
produced by the manufacturing unit of your company in a week.

In example 1, the population under study is total number of students enrolled in school as you
want to conduct study on them. In example 2, the population is the total number of computer chips
produced by manufacturing unit in a week then out of it you will see what proportion is good.

Thereby a population is a group of all distinct individuals or objects that you want to draw
conclusions about. The number of individuals/objects in a population is called population size.

In statistics, we commonly use a sample that is a small subset of a larger set of data for making
inferences about the large set. Here larger set is population out of which sample is drawn.

NOTE :  Every time the sample size is smaller than the population’s total size.

      The population refers to the entire group from which you want to draw conclusions.

Sampling
Sampling is a technique of selecting small group (subset) of population for estimating the characteristics,

without having to investigate every individual. It includes selecting a group of people, events, behaviors,
or other elements with which we are concerned to make our conclusions. We can extend our results
obtained from sample group to the entire population.

Let us suppose a vaccine company has manufactured a new vaccine for COVID-19 and would
like to see its adverse effects on country’s population, then it is almost impossible to perform clinical
trials that includes all. So in this scenario, researchers select a group of people from each demographic
for conducting the tests on them and estimates the impact on whole population.

Steps involved in Sampling

There are number of ways in which the sampling process can be carried out. But in this chapter,
we shall limit ourselves to simple random sampling and systematic random sampling only.
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1. Probability Sampling: Randomization (choosing something at random) is used in this sampling
method to ensure that every member of the population has an equal chance of being included
in the selected sample.

2. Non-Probability Sampling: Randomization is not used in non-probability sampling. The
result of this method can be biased, making it difficult for all the elements of population to
be included in the sample equally.

Simple random sampling
As name suggests here every individual is chosen entirely by chance and every member of the

population has an equal chance of being included in sample.

Suppose from a finite population of size N we take a sample of size ‘n’. It implies that we will
have NCn possible samples to choose. A sampling method wherein each of the NCn samples has an
equal chance to be selected is known as random sampling and the sample attained by this method
is called a random sample.

For example: From a class of 50 students randomly selecting 10 students where every student has
equal opportunity of getting selected. The probability of every selection is 1/50.

Systematic random sampling
When members of sample are chosen at regular interval of population. This requires starting

point of selection and sample size which then follows repetition of the same.  The items of population
can be first arranged alphabetically, numerically or in any increasing/decreasing order then
individuals are chosen at regular interval.

For example: Suppose all twelve students of your class are listed as per their roll number. You
randomly select a starting point 2 then 2 onwards, every 3rd student is selected (2,5,8,11) and you
end up with a sample of 4 students selected in systematic method.
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ACTIVITIES

 What should be the suitable sample to collect data on how people use smart phones these days?

 Use simple random sampling to collect data on dress codes among women. Choose your sample
across age, profession and family background.

Representative and unrepresentative Sample
Representative Sample: A sample which accurately represents, reflects, or matches with some of the

features of your population. It has to be an unbiased reflection of the population. For example, if you
have selected a representative sample of Indian Cricket team fans and found that 75% of your
sample are male, then it follows that 75% of your target population will also be male.

In order to get the correct inferences, you should always try to make your sample representative
of your target population. However, sometimes you might deliberately choose not to study a
representative sample.

Sample needs to fulfill following conditions to be a representative sample:

(i) The sampling process must have a component of random selection.

(ii) The sample size must be large enough to give us a good picture of the variability of the
population.

Unrepresentative Sample: When the statistic does not represent the population parameter, it is called
unrepresentative sample. For example, in some cases you might not want to make generalizations
about a very large group of people based only on a very small group.

This is also known as biased Sample. The bias that results from an unrepresentative sample is
called selection bias.

Suppose, for obtaining a sample of households, a TV rating service dials numbers taken at
random from telephone directories. Then it is going to be an unrepresentative sample as some
households may have unlisted telephone numbers.

Unbiased and biased sampling

Unbiased Sampling:
If every individual or the elements in the population has an equal chance to be part of the

selected sample, then the sampling process is called unbiased. “Probability sampling is unbiased in
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nature.” Some of the unbiased sampling are Simple random, Stratified and Systematic random
sampling.

For example :

i. One student is randomly selected by teacher, every week, to review the homework answers
with rest of the class. This is unbiased because it uses simple random sampling process.

ii. To know the students’ favorite sport, every fifth student who enters the school is asked to tell
the name of their most favourite sport. It is unbiased as systematic sampling process is being
followed.

Biased Sampling:
If a sampling process systematically favours certain outcomes over others, it is said to be biased.

Convenience sampling type is one of the biased sampling. The following example shows how a
sample can be biased,

For example;

i. Suppose for making selections for a competition, a teacher selects those students whose roll
numbers ends with the digit 2. Then it is not a simple random sampling because every
student does not have a chance to be chosen.

Types of biasness
i. Voluntary response bias: When individual has choice to choose to participate.

ii. Undercover: If sample gives less representation of the sample.

iii. Convenience: When a sample is taken from individual that are conveniently available.

iv. Response bias: Anything in a survey that influence responses.

Sampling errors
The difference between a population parameter and a sample statistic is known as a sampling

error. Even randomly selected sample also contains sampling errors because random samples are not
identical to the population in terms of numerical measures like means and standard deviations. It
can be either positive or negative, and the estimated sampling error decreases as the sample size
grows.

Sampling error = x  – 

Where x  = Sample Mean and  = Population mean

  ( )=
iX

Population Mean
N




                  ( )=
iX

Sample Mean x
n

 

Where N = population size and n = sample size.

Reasons for sampling errors:

i. The population parameter is estimated differently by different samples.

ii. Faulty selection of sample.

iii. Small size of sample.

iv. Sample results have potential variability.
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5.2 Parameter and Statistics and Statistical Interferences

5.2.1 Parameter and Statistics

Parameter Statistic

 It is a characteristic of a population.  It is a characteristic of a sample.

 A parameter is a numerical value  A statistic is the numerical value taken
that is taken from the entire population, from a sample and calculated from the
such as the population mean. sample observations alone, i.e. some

subset of the entire population.

 The value of a parameter is computed  The value of a statistic is computed
from all the population observations. from portion of population (sample).

 Generally denoted by Greek alphabets  Generally denoted by english alphabets
(mean-µ, S.D.-, Variance- 2 etc.) (Mean –X, S.D. –S, Variance –S2, etc.

Example: Example:
Under a study of calculating the average Mean and standard deviation of income
income of people of some specific region, of 1000 residents from South Delhi.
the mean income and standard deviation
of these incomes are parameters.

Knowing the average height of adults in Mean and standard deviation of height
India is a parameter which is nearly of 50 Indian adults.
impossible to calculate.

Image Source:  https://www.cliffsnotes.com/study-guides/statistics/sampling/populations-samples-parameters-and-statistics

Thus, Parameter and statistic both are related yet distinct measures. The first refers to the whole
population, while the second refers to part of the population.

5.2.2 Statistical Significance and Sampling distribution
Statistical Significance

Statistical significance is a measure of reliability of findings which establishes that when a finding
is significant, it simply means we are confident that it is real and sample was framed wisely.
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To decide if a data set’s outcome is statistically significant, statistical hypothesis testing is used.
When a statistic has high significance then it is thought to be more reliable.

Sampling distribution
The sampling distribution of a statistic is the distribution of all possible values taken by the

statistic when all possible samples of a fixed size n are taken from the population. It is a theoretical
idea—we do not actually build it.

To put it another way, suppose we are regularly taking samples of the same sample size from
the population, compute the statistics (Mean, S.D. mean), and then draw a histogram of those
statistics, the distribution of that histogram tends to have is called the sample distribution of that
particular statistics (Mean, S.D.).

Central Limit Theorem (CLT)
Central limit theorem (CLT) implies that the distribution of a sample leads to become a normal

distribution (bell curve shaped) as the sample size becomes larger, considering that all the sizes of
samples are identical, whatever be the shape of the population distribution.

A sample size of 30 or more is considered to be sufficient to hold CLT and as the sample size becomes
large the prediction of characteristics of population becomes more accurate.

NOTE : As per CLT, when sample size increases the mean of a sample of data becomes close to mean
of overall population.

The interesting thing about CLT is that as N increases, the sampling distribution of the mean
approaches a normal distribution, regardless of the shape of the parent population.

Confidence Interval (CI):
We use Confidence Interval (CI) to express the precision and uncertainty of a sampling process.

A confidence level, a statistic and a margin of error are the three components of it. The margin of
error describes the accuracy of a sampling method, while the confidence level explains its uncertainty.

Consider the case where we are computing an interval estimate of a population parameter with
a 95% confidence interval. It means that 95% of the time, by using the same sampling method to
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pick different samples and computing different interval estimates, the true population parameter
would fall within the margin of error specified by the sample statistic.

For example: Assume a news channel conducts pre-election survey and predicts that the candidate
A will get 30% of the vote.  According to news channel the survey had margin of error of 5% and
a confidence level of 95%. This means that we are 95% sure that the candidate A will receive
between 25% and 35% of the vote.

5.3 t-Test (a test of difference for parametric data)

5.3.1 Hypothesis
In order to make decisions it is useful to make some assumptions about the population. Such

assumptions, which may or may not be true, are known as hypothesis. These are the tentative,
declarative statement about the relationship between two or more variables. There are two types of
statistical hypotheses for each situation: the null hypothesis and the alternative hypothesis. Both
of these hypotheses contain opposite view points.

Null
Hypothesis (H0)  

• The null hypothesis (H0) states that there is no difference
between a parameter and a specific value, or that there is no
difference between two parameters (i.e Ho is a statement of
a no relationship)- It explicitly says that the two groups we

are studying are the same.  

Alternative 
Hypothesis (H1)  

• The alternative hypothesis (H1) states the existence of a
difference between a parameter and a specific value, or
states that there is a difference between two parameters-  In
other words it says that the two groups we are studying are
different.  

Symbols used in hypothesis

             H0                          H1

equal (=) not equal () or greater than (>) or less than (<)

greater than or equal to () less than (<)

less than or equal to () more than (>)
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Example 1
If we want to examine that on an average college student take less than five years to complete their
education. The null and alternative hypotheses are:

H0 :   5

H1 :  < 5

Writing null hypothesis
Case 1: Suppose a cake baked through conventional method has an average life span of µ days

and it is proposed to test a new process of baking cakes. So, we have two populations of cakes (one
by conventional method and other by new process). Here hypothesis can be formed like:

(i) New method is better than conventional method.

(ii) New method is inferior to conventional method.

(iii) There is no difference between the two methods.

Since first two statements display a preferential mentality, they tend to be biased. As a result,
adopting the hypothesis of no difference, i.e. a neutral or null attitude toward the outcome, is the
safest course of action. Thus, if the average life of cakes baked using the new method is µ0, the null
hypothesis is:

H0: µ = µ0

Case 2 : Suppose a departmental store is planning to have its own android application (app)
conditioned that new service will be introduced only if more than 60% of its customers use internet
to shop. So here null hypothesis would be that % of customers using internet is less or equal to 60%
and the alternative hypothesis will be its opposite.

H0: Proportion of customers using internet for shopping  60%

H1: Proportion of customers using internet for shopping > 60%

If the null hypothesis is rejected, then the alternative hypothesis H1 will be accepted and as a
result e-commerce shopping service will be introduced.

ACTIVITY

Choose type of hypothesis from following statements and write them (H0, H1) in terms of the
appropriate parameter ( or p).

(i) During COVID-19 pandemic, the chance of getting infected from virus is under 25% for
school students.

(ii) Fewer than 7% of students ride two-wheeler to reach the school on time.

(iii) The average salary package for Delhi University graduates is at least �10,00,000/annum.

Answers:

(i) H0: p  0.25; H1: p < 0.25

(ii) H0: p = 0.07; H1: p < 0.07

(iii) H0:   10,00,000; H1:  < 10,00,000
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NOTE

 After stating the hypothesis, the researcher designs the study. The researcher selects the correct
statistical test, chooses an appropriate level of significance, and formulates a plan for conducting the
study.

 If we discard the null hypothesis, then we can assume there is enough evidence to support the
alternative hypothesis.

Standard Error of Mean (M)

When we take a sample from a population, we pick up one of many samples. Some of them will
have the same mean whereas some will have very different means. Standard error of the mean
(SEM) measures how much dispersion there is likely to be in a sample's mean compared to the
population mean i.e it measures the standard deviation of sampling distribution about the mean.

M N
 

 = Standard deviation of original distribution

N = Sample size

 Small SEM: Having large number of observations and all of them being close to the sample
mean (large N, small SD) gives us confidence that our estimation of the population means
(i.e., that it equals the sample mean) is relatively accurate.

 Large SEM: Having small number of observations and they vary a lot (small N, large SD),
then population estimation is likely to be quite inaccurate.

Degrees of freedom
The number of independent pieces of information on which an approximation is based is known

as the degrees of freedom. You can also think of it as the number of values that are free to vary as
you estimate parameters.

Example 1
Consider a classroom having seating capacity of 30 students. The first 29 students have a choice to
sit but the 30th student can only sit on the one remaining seat. Therefore, the degrees of freedom
is 29.

Example 2
For scheduling three hour-long tasks (read, eat and nap) between the hours of 5 p.m. and 8 p.m.
we have two degrees of freedom as any two tasks can be scheduled at will, but after two of them
have been set in time slots, the time slot for the third is decided by default.

Degrees of freedom is some or other way related with the size of the sample because higher the
degrees of freedom generally mean larger sample sizes.
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Note: A higher degree of freedom means more power to reject a false null hypothesis and find a significant
result.

Df = N–1

where: Df = degrees of freedom and

            N = sample size

The t-Test (for one sample and two independent groups)
The t test is a statistical test for the mean of a population and is used when the population is

normally or approximately normally distributed with an unknown variance.

The inferential statistic calculated in the t-test is called the t-ratio and denoted by "t". The larger
the t-ratio (in absolute value), the more likely we will reject the null hypothesis because the more
evidence in the data that the two groups differ from each other.

Note: "t" statistic is used to determine whether the null hypothesis should be rejected or not.

Use following procedure for testing the hypotheses by using the t test (traditional method):

 

NOTE :
 If the population is roughly normally distributed and the population standard deviation is unknown, then

only t test should be used.
 Perform a two-tailed t-test if you only want to see if the two populations are different from one another.
 Perform one-tailed t-test if you wish to know whether one population mean is greater than or less than

the other.

Reading and locating t-value from the t-table;
The t distribution table values are critical values of the t distribution.  The column header are the

t distribution probabilities (alpha) whereas the row depicts the degrees of freedom (df). This can be
used for both one-sided (lower and upper) and two-sided tests using the appropriate value of .
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Source: http://www.math.odu.edu/stat130/t-tables.pdf

For a one-tailed test, find  level by looking at the top row of the table and finding the appropriate
column. Look down the left-hand column for the degrees of independence.
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Example:
Find the critical t value for  = 0.05 with d.f. = 16 for a right-tailed t test.

Solution: Look for 0.05 column in top row and 16 in left hand column. The critical value of found
where row and column meet. It is +1.746.

 

5.3.2 One sample t- test
The one sample t-test is used to compare a sample mean to a specific value. In this test, we draw

a random sample from the population and then compare the sample mean with the population
mean and make a statistical decision as to whether or not the sample mean is different from the
population.

Comparison v
 

alue


Mean
St

t
andard Error

0

/
 

t
x
S n

0  = The test value,  x  = Sample mean, n = Sample size and S = Sample standard deviation

This t value is compared to the critical t value from the t distribution table with degrees of
freedom df = n – 1 and confidence level chosen. We reject the null hypothesis if the measured t value
is greater than the critical t value.

Example:
Let us consider the average rainfall in a given area is 8 inches. However, a local meteorologist claims
that rainfall was above average from 2016-2020 and argues that average rainfall during this period
was significantly different from overall average rainfall. The following is the average rainfall for the
observed period of 2016-2020:

Year 2016 2017 2018 2019 2020

Rainfall (inches) 8 5 7 5 6
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Solution: Sample mean ( x ) = 6.2, Sample size (n) = 5 and

Sample standard deviation (S) = 1.30. Here we are comparing a single sample mean (6.2 inches)
to a known population mean (8 inches).

Step 1: Null Hypothesis: The average annual rainfall from 2016-2020 is the same as the overall
average annual rainfall of 8 inches. If any difference is observed it is purely due to the random error.

Alternative Hypothesis: The average annual rainfall from 2016-2020 was not the same as the
overall average annual rainfall of 8 inches, but was significantly higher. The observed difference is
not solely due to random error, but rather indicates a true difference in average annual rainfall.

Step 2:        
6.2 8

1.3
3. 0

/ 5
1  


t

Step 3:

Where t.025 is the critical value from the t distribution and is found using:

df = N–1 = 5–1 = 4

Step 4 :

Since t (4) = -3.10, p <.05; Reject the null
hypothesis.

The null hypothesis is rejected since the obtained
value is more extreme than the critical value (p =
.05)

Hence, we can say that there was less-than
average rainfall 2016-2020. The observed average
rainfall for this period does not appear to be due to random error alone, but suggests that the
weather pattern for the local area was different during the period studied.”

5.3.3 t- test for two independent groups
This compares two groups (experimental and control groups) and helps us to see whether a

statistically significant difference exists between the two means-thus, the two-sample t test compares
two group means. For example, we can use t-test to testing the following hypothesis:

"It is expected that boys will have higher Mathematics scores than the girls."

Hypothesis for two independent samples can be expressed following ways:

H0: µ1 = µ2 ("the two-population means are equal")

H1: µ1  µ2 ("the two-population means are not equal")

    
      


Sample one mean Sample two mean

Standard error of the difference in
t

means

There are two forms of the test statistic for this test.

Case 1: When Variances are assumed to be equal

When the two independent samples are assumed to be drawn from populations with identical
population variances (i.e., 1

2 = 2
2), the test statistic t is computed as
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s1 = standard deviation of first sample

s2 = standard deviation of second sample

sp = pooled standard deviation (a combined estimate of the overall standard deviation)

Case 2 : When Variances are assumed to be unequal
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The calculated t value is then compared to the critical t value from the t distribution table with
following formula of degrees of freedom and chosen confidence level:

2 2
21 2

1 2
2 2

2 21 2

1 1 2 2

( )

1 1( ) ( )
1 1
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n

f

If the calculated t value > critical t value, then we reject the null hypothesis.

Example
Country A has an average farm size of 191 acres, while Country B has an average farm size of 199
acres. Assume the data were attained from two samples with standard deviations of 38 and 12 acres
and sample sizes of 8 and 10, respectively. Is it possible to infer that the average size of the farms
in the two countries is different at  = 0.05? Assume that the populations are normally distributed.

Solution:

Step 1: Hypothesis H0: µ1 = µ2 and H1: µ1  µ2 (claim)

Step 2: Find the critical values. The test is two-tailed and  = 0.05, also variances are unequal,
the degrees of freedom are the smaller of n1–1 or n2–1. In this case, the degrees of freedom are
8 – 1 = 7. Hence, from t-table F, the critical values are –2.365 and –2.365.

Step 3 : 1 2

1 2

1 2
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. 7
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Step 4 : Make the decision.

Do not reject the null hypothesis, since - 0.57 > -2.365.

Step 5: Make Conclusion. There is not enough evidence to support the claim that the average
size of the farms is different.
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5.4  Chapter Summary

 Process of drawing statistical inferences is as follows

 Hypothesis is an educated guess which needs to be tested.

 Sampling distribution: A sampling distribution is a distribution of possible values of a statistic
for a given size sample selected from population.

 Estimation: The process by which one makes inferences about a population, based on the
information obtained from a sample.

 Confidence Interval: It is the amount of uncertainty associated with a sample estimate of a
population parameter.

 Hypothesis testing: It is the procedure used by statisticians to accept or reject statistical
hypotheses.

 Sampling error = x 

 Central Limit Theorem (CLT): Sampling distribution leads to be normal (bell curve shaped)
if n is large, no matter what the shape of the population is

 Degree of Freedom (Df) = N–1, where N = sample size

 T-test for one sample

0

/
 

t
x
S n

 T- test for two independent groups
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1 2

1 1
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When Variance is equal                When Variances is unequal

5.5 Online resources

1. Virtual Laboratories in Probability and Statistics https://www.randomservices.org/random/

2. Statistics online support
http://sites.utexas.edu/sos/

3. Website for Statistical Computation
http://vassarstats.net/
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4. Intro to Inferential Statistics (Free course on Udacity)
https://www.udacity.com/course/intro-to-inferential-statistics--
ud201?irclickid=x7HRwbRQBxyLUMFwUx0Mo3QnUkEXcow3a1SlSI0&irg
wc=1&utm_source=affiliate&utm_medium=&aff=259799&utm_term=&ut
m_campaign=_gtc_search_&utm_content=&adid=788805

5. Statistical Resources
https://sixsigmastats.com/

Exercise– 5.1
1. Identify the below statement as biased or Unbiased statement. Justify your answer.

"For a survey about daily mobile uses by students, random selection of twenty students from a
school"

2. (i) Find the critical t value for  = 0.01 with d.f.= 22 for a left-tailed test.
(ii) Find the critical t values for  = 0.10 with d.f.=18 for a two-tailed t test.

3. Suppose that a 95% confidence interval states that population mean is greater than 100 and less
than 300. How would you interpret this statement?

4. A shoe maker company produces a specific model of shoes having 15 months average lifetime. One
of the employees in their R & D division claims to have developed a product that lasts longer. This
latest product was worn by 30 people and lasted on average for 17 months. The variability of the
original shoe is estimated based on the standard deviation of the new group which is 5.5 months.
Is the designer's claim of a better shoe supported by the findings of the trial? Make your decision
using two tailed testing using a level of significance of p < .05.

5. An electric light bulbs manufacturer claims that the average life of their bulb is 2000 hours. A random
sample of bulbs is tested and the life (x) in hours recorded. The following were the outcomes:

127808 x and 2( – ) 9694.6 x x

Is there sufficient evidence, at the 1% level, that the manufacturer is over estimating the life span
of light bulbs?

6. A fertilizer company packs the bags labelled 50 kg and claims that the mean mass of bags is 50 kg
with a standard deviation 1kg. An inspector points out doubt on its weight and tests 60 bags. As a
result, he finds that mean mass is 49.6 kg.  Is the inspector right in his suspicions?

7. The average heart rate for Indians is 72 beats/minute. To lower their heart rate, a group of 25 people
participated in an aerobics exercise programme. The group was tested after six months to see if the
group had significantly slowed their heart rate. The average heart rate for the group was 69 beats/
minute with a standard deviation of 6.5. Was the aerobics program effective in lowering heart rate?

Answers for Exercise 5.1
1. Unbiased because it is random sampling.
2. (i) -2.508     (ii) +1.734 and -1.734
4. Yes. Null hypothesis accepted.
5. No sufficient evidence to reject Null Hypothesis.
6. Yes. Null hypothesis is accepted.
7. Yes. There was significant effect of the aerobics in lowering heart rate.
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6.0 LEARNING OUTCOMES
   At the end of this unit, the student will be able to:

 Understand the concept of an index number

 Appreciate the purpose and usefulness of index numbers in global economy

 Construct index number for simple and weighted data set

 Familiarize with limitations of index numbers (Simple and Weighted)

 Classify and validify to test adequacy of index numbers (Unit test and Time reversal
test)

 Familiarize with the characteristics and components of a time series

 Acquire understanding of time series and analyse time series for univariate data
sets

 Learn to compute and review trend analysis by method of moving average

 Learn to compute and review straight line trend analysis by using least squares
method

U
n i t

6



6.2 Applied Mathematics

6.1 Concept Map

Seasonal
component
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6.2 Introduction

Recall when a teacher compares the increase
in your math test scores from one term to the
next, and says that performance is 25% times
better or 10%  lower than earlier.

We often read in the newspaper how the
cost of consumer goods has increased by 30%
in last decade or the economists announce that
crude oil cost is up by 5.8 points.

As it turns out, these percentages or
numbers are index numbers, numbers used in
statistics and market to tell changes in various
fields of economy

Index numbers is a concept applied very widely in the
economic sphere, many of the prominent economic indicators
are presented as index numbers, including the Consumer Prices
Index (CPI), Gross Domestic Product (GDP) and the Retail Sales
Index (RSI).

At NSE (National Stock exchange) and BSE (Bombay Stock
Exchange) make use of Nifty and Sensex indexes.

However, the index numbers are increasingly being used in
the social sphere through composite measures such as - to
quantify complex concepts such as poverty and prosperity in a
country.

What exactly is an index number?

Through this unit, we shall discuss the concept of index numbers, the purpose and application
of index.  We shall also learn how to construct index number

6.2.1 Index Number
An index number is a measure of change in a group of related variables over two different

situations with respect to time, geographical location or other characteristics. The different situations
may be two different times or places. It is a measure that tracks the movement in the general level
of prices of consumer goods and services.

A collection of index numbers for different years or locations etc. is called an Index series

6.3 Use of Index Numbers
1. Index numbers help to measure changes in the standards of living as well as prices fluctuations.

2. Government policies are framed on the basis of index numbers of prices.

3. Index Numbers not only help in the study of past and present behavior, they are also used
for forecasting economic and business activities.

4. Index numbers facilitate comparative study with respect to time and place, especially where
units(weights) are different.
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6.4 Construction of Index Number
Let us discuss a few issues that arise in the construction of index numbers. The problem may be

categorized as follows:

1. Stating the purpose of index number: the purpose should be clearly and unambiguously
stated as an improperly constructed index may be misleading and incorrect for the analysis
of data.

2. Selection of data: data sample of the relevant commodity should be sufficiently large sample
to obtain reliable index numbers

3. Choice of base period: The base period should be a normal year; meaning that the prices of
that period should not be subject to an erratic boom or depression or to the effect of a
calamity or natural catastrophes. The base period should not be too short or too long such
as the prices for a too short a period are highly unreliable

4. Choice of commodity: while constructing index number, including the prices of all commodities
is not possible as it will be taking lot of time and efforts. Hence suitable sample of commodities
is to be taken that can reflect changes in the over-all price. Selection of commodity should be
by judgement sampling and not done randomly so that the results are approximate and not
perfect.

All the points listed above are of varying importance and not interdependent on each other.

There are different methods of construction of index numbers that we shall learn in this module.
Broadly, the calculation of price index can be divided into two subgroups, namely (a) Simple
(unweighted) Aggregate method. (b) Weighted Aggregates method.

6.4.1 Relative Index Number

Example 1
Suppose we want to compare price level of crude oil for the years 2005 through 2020.

Period Price (thousand �/ gallon)

December 2005 2.5

January 2010 3.5

November 2015 2.8

October 2020 2.9

Source courtesy:
https://www.indexmundi.com/commodities/?commodity=crudeoil&months=180&currency=inr

In this case, year 2005 is called the base period and the year for which the index number is
constructed, is called the current period.

To facilitate comparisons with other years, the actual price per gallon of the current period is
converted into a relative index number with respect to the base period. The relative index number is
calculated for prices, quantities, volume of consumption, export etc.
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Choice of the base period shall be done keeping in mind that

i) The base period shall be a normal period when the prices should not be subject to boom or
a depression or to the effect of war or natural calamities

ii) Base period shall not be too short or too long

Let p0 and pn denote prices of an article in two situations denoted by 0 and n respectively. A
change in the price of the article can be expressed as pn / p0 (as a relative term)

In this case, the simplest form of price relative shows how the current price per unit is placed
in comparison to a particular base period price per unit.

Relative Price Index number in time period n = In = 100n

o

p
p

In the same way, we can compute quantity index using the formula:

Relative Quantity Index number in time period n = In = 100n

o

Q
Q

For easy comparison, we shall consider the price level for the base period as 100 and the price
level of a particular year in consideration is expressed relative to the base period.

Considering year 2005 as base period -

Table (i)

Period Price
(Rupees/ gallon) Relative Index

December 2005 2,576.49  2005
2.5

100
2.5

 I  = 100

January 2010 3,541.88 2005
3.5

100
2.5

 I  = 140

November 2015 2,847.43 2.8
100

2.5
  = 112

October 2020 2,931.66
2.9

100
2.5

  = 116

NOTE: For the sake of comparison, we shall consider the price level for the base period as 100 and the
price level of a particular year in consideration is expressed relative to the base period.

As we considered the price level on year 2005 as base period,
the relative index of year 2003 will be 100 and if we compare the
relative index of other years with respect to year 2005, we can say
that crude oil price in year 2010 was 140 – 100 = 40% above the
2005 base-year price.

In this case, the price relative index number for year 2010 is 140
(there is no need to write % symbol)

An index series 
is a list of index numbers 
for two or more periods 
of time, on the basis of 

same base period.
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Similarly, the price relative index is 116 in year 2020 showing a 16% increase in crude oil price
in year 2020 from the 2005 base period price.

The price relative index numbers, such as above are extremely useful in understanding and
interpreting variations in ever so changing economic and business conditions over time.

Here, a list of index numbers have been calculated by employing same base year 2005; Therefore,
the table (i) above is called an index series

Example 2
A departmental store paid annually for newspaper and television advertisements in 1990 and 2000
as shown below:

Expenditure 1990 2000

Newspaper
(in ten thousand �) 1.3 2.9

Advertisement (in �) 1.8 3

Using 1990 as the base year, compute a 2000 price index for newspaper and television advertisement
prices.

Also compare the relative expenditure increase between the two modes of advertisements

Solution: I2000 (Newspaper) 2.9
100

1.3
  = 223

I2000 (Television) 3
100

1.8
  = 167

 Clearly, Newspaper advertising cost increased at a greater rate as compared to Television
advertisement cost.

NOTE: An important consideration in the construction of index numbers is the objective of the index
numbers as they are constructed with specific purpose. No single index is ‘all purpose’ index number.

6.4.2 Simple (Unweighted) Aggregative Method
As discussed above, the relative index is useful to measure price changes over a period of time

for individual items. But if we want to construct an index to be based on the price change for a
group of items such as housing, food, medical care cost, stock market, transportation etc., we us an
aggregated index. The purpose of aggregated index is to measure the collective change in a group
of items.

This method consists of expressing aggregate of prices in any year as a percentage of their
aggregate in base year

A simple aggregative index is constructed as follows:

Price index number in time period n = In = 100





n

o

p
p

Where,  represents unweighted aggregate Index
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represents sum of unit prices for the base period 0

And,  represent sum of unit prices for the current period n

And, the quantity index:

Quantity index number in time period n = In = 100





n

o

Q
Q

Example 3
A manufacturer purchases four distinct raw materials, that differ in unit price as given below:

COMMODITY UNIT PRICE (�) UNIT PRICE (�)
Year 2000 Year 2008

A 3.20 3.8

B 1.70 2.1

C 148.10 149.50

D 34 45

Calculate an unweighted aggregate price index for year 2008 using year 2000 as the base period.

Solution:

COMMODITY UNIT PRICE (�) UNIT PRICE (�)
Year 2000 Year 2008

A 3.20 3.8

B 1.70 2.1

C 148.10 149.50

D 34 45

Total p0 = 187 pn = 200.4

Therefore, the index number of year 2008 on the base year 2000 =  = 

=  

= 107.165
 107.2

From the above example, we can conclude that the price index number of year 2008 has only
increased by 7.2%over the period of 2000 to 2008.

But note that the unweighted aggregate approach is heavily influenced by the commodities with
large per unit pricing. Therefore, the commodities with relatively lower unit prices such as A and
B are dominated by the high unit price commodities like C and D.

Because of highly sensitivity of unweighted index as shown in the above example, this form of
index number is not very accurate and useful. Therefore, it is the major flaw in using absolute
quantities and not relatives. Such high unit prices become the concealed weights and tend to give
out biased index number.
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6.4.3 Simple Average of relatives Method
To address the concerns shared for simple aggregative method, let us construct sample average

of relatives. In this method, we shall convert price of each commodity in table (i) into percentage of
the base period. To construct index number, we shall calculate average of all such relatives because
the index number calculated from relatives will remain the same regardless of the units of each
commodity.

Example 4

COMMODITY UNIT PRICE (�) UNIT PRICE (�)
Year 2000 Year 2008 Relative Index

A 3.20 3.8
3.8

100
3.2

  = 119

B 1.70 2.1
2.1

100
1.7

  = 124

C 148.10 149.50
149.5

100
148.1

  = 101

D 34 45
45

100
34

  = 132

Solution

Simple average of relative index,  = =  = 119

Though there is an improvement over previously calculated index number, this method is also
flawed to an extent as it gives equal importance to each commodity’s relative. This amounts to
incorrectness in case of different weights or quantities because the individually calculated relatives
disregard the absolute quantity of each commodity.

6.4.4 Weighted Aggregative Method
Due to the limitations of methods discussed above, constructing a weighted aggregate index

number provides a better and more accurate comparison when the data items have variation of
weights.

Since the index number does not depend on the units in which the prices are quoted, we shall
weigh prices by quantities and price relatives by values

In such case, use of a weighted index number allows greater importance to be attached to some
items. Moreover, the Information also includes factors such as quantity sold or quantity consumed
for each item.

In this method appropriate weights are assigned to different commodities to make them
comparable and thus compatible for summation. The advantage of this method of computing index
number is that the allotment of weights enables the commodities of greater importance to have more
impact on index number.

A weighted aggregative index is constructed as follows:

Index number in time period n = In = 100





ni i

0i i

p Q
p Q
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Here, quantity  is 
fixed and assumed 

not to vary over time 
as prices change

Where,  represents weighted aggregative Index

 is the quantity of usage for commodity 

represents unit price for the base period 0

And,  represents unit price of commodity   for the current
period n

Example 5:
With reference to example above, what will happen to the index number for year 2000 if the

commodities are used in different weights (quantities)?

COMMODITY Quantity (weights) UNIT PRICE (�) UNIT PRICE (�)
Year 2000 Year 2008

A 100 3.20 3.8

B 20 1.70 2.1

C 15 148.10 149.50

D 50 34 45

   = 

= 

= 115

From this calculation of weighted aggregative index, we can conclude that the cost of raw
material used by the manufacturer has increased by 15% over the period from year 2000 to year
2008. In general, a weighted aggregative index along with the quantity of usage of commodities is
a preferred method to establish a price index for a group of commodities.

Clearly, compared to the simple (unweighted) aggregative index, the weighted index provides
more accurate indication of the price change over a period of time. Taking the quantity of usage of
each commodity into account helps to find a more precise index.

But what if the quantity of usage in current period differs from that of base period?

6.4.5 Laspeyres’ Index
In a special case of the fixed-quantity weights considered from base period usage, the weighted

aggregative index is known by a new name, Laspeyres Index

In 1871, French economist Laspeyere recommended that quantities of commodities consumed in
base year shall be taken as weights for the purpose of calculating index numbers.

According to him, the weighted aggregative index is constructed as follows:

Index number in time period n = In
La = 0

0 0
100





ni i

i i

p Q
p Q
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Where, represents weighted aggregative Index using Laspeyres’ method

 is the quantity of usage for commodity  in base period

represents unit price for the base period 0

And,  represents unit price of commodity   for the current period n

Hence, in the example above, if the quantities(weights) for the group of commodities are of year
2000, then the calculated Index is based on Laspeyres Index

Since the Laspeyres index uses base period weights, it has a disadvantage of overestimating the
rise in the cost of living (because people may have reduced their consumption of items that have
become proportionately dearer than others)

6.4.6 Paasche Index
In 1874, German statistician Paasche suggested that for determining quantity(weights) is to revise

the quantity over time. When the fixed-quantity weights are considered from current period usage,
the weighted aggregative index is known by another name, Paasche Index

In this case, the weighted aggregative index is constructed as follows:

Index number in time period n = In
Pa  = 

0
100





ni ni

i ni

p Q
p Q

Where, represents weighted aggregative Index by Paasche’s method

 is the quantity of usage for commodity  in current period n

represents unit price for the base period 0

And,  represents unit price of commodity   for the current period n

Why do we need this weighted aggregative Index?

So in the example above, if the quantities (weights) for the group of commodities are of year
2008, then the calculated Index is based on Paasche Index.

Paasche method has the advantage of being based on current need and usage of commodities
though this method may underestimate the rise in the cost of living as the calculations are based on
the current period weights. Also Paasche index construction requires a new set of weights for the
year in consideration, and gathering such data-information can be time-consuming and expensive.

Let us compare and analyze the application of the two stated methods of Index construction

Example 6
Following table shows the data on energy consumption and expenditure at Badarpur Thermal

Power Station, in Delhi region. Construct an aggregative price index for the energy expenditures in
year 2015 using

i) Laspeyres’ index

ii) Paasche index.
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Sector Quantity Unit Price
(weights) (�/kWh)

Year 1987 Year 2015 Year 1987 Year 2015

Commercial 5416 6015 1.97 10.92

Residential 15293 20262 2.32 6.16

Industrial 21287 17832 0.79 5.13

Agriculture 9473 8804 2.25 8.10

(Laspeyres Index) =

=

= 403

(Paasche Index) =

=

= 381

NOTE: Paasche value being less than the Laspeyres indicates usage has increased faster in the lower
priced sectors.

6.4.7 Fisher’s Ideal method
This index calculation gives the geometric mean* of Laspeyres’ and

Paasche’s methods.

Index number in time period n =  In
F = 

1 0 1 1

0 0 0 1
100

 
 

 
p Q p Q
p Q p Q

6.4.8 Marshall-Edgeworth’s Method
The statistician duo, Marshall and Edgeworth proposed that index

number is to be calculated by taking the average of the base year and
the current year.

Index number in time period n = In
ME  = 0

0

(Q Q )
100

(Q Q )
 


 

n n

0 n

p
p

6.4.9 Weighted Average Of Relatives
This method makes use of price relatives. When the base and current prices of a number of

commodities with varying weights or quantities are given, then this method to construct index
number is recommended.

When a, b and c 
are in a geometric 
progression, then 

b is called the 
geometric mean 

as b  = ac2
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Index number in time period n = In  = 
0 0

0

0

( )
100

Q






n

0

p
p Q

p
p

Example 7
Calculate the price index using weighted average of relatives method for the food consupltion in a
student hostel in a month. Use data of year 1997 as base year for calculations.

COMMODITY WEIGHT PRICE PER UNIT

1997 2001

Rice 14 quintals 90 120

Wheat 20 kg 30 46

Pulses 35 kg 22 34

Milk 15 litre 50 90

Solution

Commodity Quantity    Price per unit Price relative Value Weights Weighted Price
Year Year (base period Relatives
1997 2001 1997)

Q0 p0 pn

0

np
p

p0Q0 0 0
0

( )np
p Q

p
 = 0np Q

Rice 14 90 120
120
90

14 × 90= 1260
120
90

×14 × 90 = 1680

Wheat 20 30 46
46
30

20 × 30 = 600
46
30

× 20 × 30 = 920

Pulse 35 22 34
34
22

35 × 22 = 770
34
22

× 35 × 22 = 1190

Milk 15 50 90
90
50

15 × 50 = 750
90
50

× 15 × 50 = 1350

p0Q0 = 3380  0 0( ) 5140n

0

p
p Q

p

Weighted price relative for year 2001 on the base period 1997 =   = 

= 
5140

100
3380

= 152.07
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6.5 Types of Index Numbers
We have learnt how to compute the index number for a single item or a group of items. Now

let us consider some price indexes that are important measure of business and economy.

1. Value Index is the measure of the average value for a particular period with that of the
average period of the base period. It is used to keep stock of inventory, sales and trading etc.

Picture credit: https://www.insightsonindia.com/2020/12/17/human-development-index-2/

2. Quantity Index is the measure of change in the quantity of goods (produced/ consumed/
sold) within a stipulated period of time. An example of quantity index is the Index of
Industrial Production, known as IIP

3. Price Index is the measure relative price change over a period of time. An example of price
index is the Consumer Price Index, known as CPI

Picture credit: https://www.investopedia.com/terms/c/consumerpriceindex.asp
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6.6 Limitations of an Index Number
 There are chances for errors, given that index numbers come as a result of samples. These

samples are put together after analysis and deliberation, which creates chances for errors

 It is calculated based on items which may not be in trend which in turn will create an
inaccurate analysis

 Multiple methods are used to formulate index numbers. Due to this variety of methods,
outcomes may bring in different set of values which may cause confusion

 Selection of representative commodities may be skewed as they are based on samples collected
or considered.

6.7 Index Series
Refer to example 1 where index numbers of two or more periods of time are constructed, on the

basis of same base period.

Such a list of indexes is called Index series.

Many businesses and economies make use of various type of index series such as company sales,
industry sales, and inventories, measured in dollar amounts.

The purpose of such series often is to indicate increased usage (physical, for example - volume)
associated with the activities.

6.8 Test of Adequacy of Index Numbers
As discussed in 6.3, there are many methods to construct an index number. The important thing

to consider is the appropriate method for constructing index number for the data analysis.

It is essential for testing the consistency of a good index number. The following tests are available
for checking the adequacy of index number-

1. Unit test

2. Time reversal test

3. Factor reversal test

4. Circular test

These tests maintain consistency by verifying their adequacy. Let us learn how to verify adequacy
of indexes using the unit test and the time-reversal test

6.8.1 Unit Test
According to this test, the selection of method of construction of index number should be

independent of the units in which the pricing or quantities of commodities are available. For example,
the quantities of commodities such as wheat is in kilograms while weight of milk is in liters.

This test of adequacy can be applied to all the methods discussed above except for the simple
aggregative method.

6.8.2 Time-reversal Test
The time-reversal test is used to test whether the method of constructing index number will work

with any consideration of time period. This test says that the method used should give the same ratio
between one point or another for comparison; no matter which time period is taken as base period.
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Basically, if the time subscripts ( ) of a price or quantity index number are interchangeable
then the resulting price/ quantity relative should be reciprocal of the original price/quantity relative

– i.e. if  represents price of wheat in year 2013 and  represent price in year 2018;

then 

Here,  is the index for current year ‘1’ on the basis of base year  ‘o’

And,  is the index for year ‘0’ based on year ‘1’

Clearly this test of adequacy cannot be tested on Laspeyers’ method and Paasche’s method

Because

Clearly this test cannot be tested on Laspeyres’ method of index number because

Also the Paasche method of index number cannot be tested for adequacy using this test as

Whereas, the Fisher’s Ideal index number satisfies the time-reversal test

Example 8
Calculate Fisher’s price index number for the given data and verify that it satisfies the time-reversal test.

Commodity Price Quantity

2008 2012 2008 2012
(p0) (p1) (Q0) (Q1)

Rice 10 13 4 6

Wheat 15 18 7 8

Rent 25 29 5 9

Fuel 11 14 8 10

Solution–

Commodity Price Quantity p0Q0 p0Q1 p1Q0 p1Q1

2008 2012 2008 201

(p0) (p1) (Q0) (Q1)

Rice 10 13 4 6 40 60 52 78

Wheat 15 18 7 8 105 120 126 144

Rent 25 29 5 9 125 225 145 261

Fuel 11 14 8 10 88 110 112 140

Total 359 515 435 623

Fisher’s price index number = 
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Here, :   

 =      (as )

=     = 1

According to Time-reversal test, the adequacy of Fisher’s Ideal index number is verified because

6.9 Time Series
A time series is a sequentially recorded numerical data points for a given variable arranged in

a successive order to track variation. For thorough analysis, these data points are recorded at
successive times or successive periods, to provide the information being sought for analysis or forecast.

An essential aspect of managing any business or economy model is planning for the future. Time
series analysis is useful in analyzing how a given asset, security, or economic variable changes over
a period of time. These series also help to see how a business or economic variable change over a
period of time. It also gives an insight on how changes associated with the chosen data points
compare to the changes in other variables over the same period of time

For example, let us analyse a time series of daily opening stock prices for a particular stock over
a period of one year. In such a case, you will collect a list of all opening prices of the stock for each
day in chronological order as one-year, daily opening price time-series for the stock. A time series
data is analyzed using technical analysis tools to see if the stock prices show any pattern or seasonality.
Such information is found useful to determine when the stock goes through peaks and troughs.
Analyzing the stock time series and relating it to other variables like employment rate can provide
valuable information to benefit businesses and economy.

Time series forecasting tools use information based on historic data and associated patterns to
predict the future activity such as trend analysis, fluctuation analysis; though the success in predicting
future patterns is not guaranteed.

Such data analysis is considered in three types:

 Time series data: when data of the variable is collected at distinct time intervals, for a specified
period of time.

 Cross-sectional data: when data for one or more variables is collected at the same point in
time.

 Pooled data: when data in a combination of time series data and cross-sectional data is
collected.

Forecasting methods can be classified as quantitative and qualitative. Quantitative method of
forecasting can be used:

 When the past information about the variable is available
 When information and data of the variable can be quantified
 On the assumption that the pattern of the past will continue in the future
 The variable has a cause-and-effect relationship with one or more other variables



17Index Numbers and Time-based Data

When forecasting is done based on historic data of past values, it is called a time series method.

Qualitative method is generally based on expert judgement and analytical opinion to develop
forecasts. One of the benefits of using these methods is that they can be applied when information on
the data of the variable cannot be quantified or historic information is neither available nor applicable.

6.9.1 Time series analysis
A time series in which data of only one variable is varying over time is called a univariate time

series/data set. For example, data collected from a temperature sensor measuring the temperature
of a place every second, the data will show us only one-dimensional value - temperature.

Figure 6.8.1 (i)

Source: Rural Electrification Corporation Ltd data; Power Ministry press release.

When a time series is a collection of data for multiple variables and how they are varying over
time, it is called multivariate time series/data set.

 

Figure 6.8.1 (ii)

Source credit: https://www.americanexperiment.org/2019/06/global-co2-emissions-skyrocket-india-plans-build-42-shercos-coming-years/
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The patterns and behavior of the data in any time series are based on four components:

1. Secular trend component – also known as trend series, is the smooth, regular and long-term
variations of the series, observed over a long period of time. Figure 6.8.1 (iii) shows an
upward trend for annual electricity consumption per household in a certain residential locality
from years 1990 – 2002. In general, trend variations can be either linear or non-linear.

             Figure 6.8.1 (iii)

2. Seasonal component – when a time series
captures the periodic variability in the data,
capturing the regular pattern of variability;
within one-year periods. The main causes of such
fluctuations are usually climate changes, seasons,
customs and habits which people follow at
different times.

Figure 6.8.1 (iv) shows seasonal electricity
consumption and variations of peak demand in
Nepal and India in year 2018.

3. Cyclical component – when a time series shows
an oscillatory movement where period of
oscillation is more than a year where one
complete period is called a cycle.  

4. Irregular component – these kinds of fluctuations
are unaccountable, unpredictable or sometimes
caused by unforeseen circumstances like – floods,
natural calamities, labor strike etc. Such random
variations in the time series are caused by short-term, unanticipated and nonrecurring factors
that affect the time series.

6.9.2 Trend analysis by fitting linear trend line
Among the four components of the time series as discussed above, the secular trend analysis (also

known as trend analysis) depicts the long-term direction of the series. One of the most widely used
in practice mathematical techniques of finding the trend values is the method of least squares. It
plays an important role in finding the trend forecasts for the future economic and business time
series data

Figure 6.8.1 (iv)

Source credits: https://www.researchgate.net/figure/
ndia-Nepal-Peak-Demand-seasonal-variation-in-a-

year_fig2_337444939
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Trend can be measured using the following methods:

1. Graphical method

2. Semi averages method

3. Moving averages method

4. Method of least squares

We shall be studying two methods to compute trend line from the above list.

6.9.2 (i) Trend analysis by moving average method
This method is used to draw smooth curve for a time series data. It is mostly used for eliminating

the seasonal variations for a given variable. The moving average method helps to establish a trend
line by eliminating the cyclical, seasonal and random variations present in the time series. The period
of the moving average depends upon the length of the time series data. As shown in the figure 6.8.2
(i), the red smooth curve is the trend-cycle, which is noticeably smoother than the original data and
captures the main movement of the time series ignoring the minor fluctuations. The order of the
moving average determines the smoothness of the trend-cycle estimate.

While using this method:

1. Choice of the length of moving 

    average is very important

2. Appropriate length plays an 

    important role in smoothing 

    the variations

                            Figure 6.8.2 (i)

Picture credits:  https://otexts.com/fpp2/moving-averages.html

Procedure for calculating Moving average for odd number of years (n = odd)

Let us take an example for n = 3 years moving averages to understand the procedure

1. Add up the values of the first 3 years and place the yearly sum against the median (middle)
year. (This sum is called 3-year moving total)

2. Continue this process by leaving the first-year value, add up the next three year values and
place it against its median year.

3. This process must be continued till all the values of the data are taken for calculation.

4. Calculate the n-year average by dividing each n-yearly moving total by n to get the n-year
moving averages, which is our required trend values.

5. There will be no trend value for the beginning period and the ending period in this method
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Example 9 :
Calculate the 3-year moving averages for the loans (In lakh �) issued by co-operative banks for
farmers in different states of India based on the values given below.

Year 2006 2007 2008 2009 2010 2011 2012 2013 2014

Loan amount
(In lakh �) 41.85 40.2 38.12 26.5 55.5 23.6 28.36 33.31 41.1

Solution:

Year Loan amount 3- year moving total 3- year moving average

2006 41.85 - -

2007 40.2 120.17 120.17/3 = 40.6

2008 38.12 104.82 34.94

2009 26.5 120.12 40.4

2010 55.5 105.6 35.2

2011 23.6 107.46 35.82

2012 28.36 85.27 28.4

2013 33.31 102.77 34.26

2014 41.1 - -

The graph shows the observation data in blue whereas, the red curve shows the smooth trend
curve obtained by calculating moving averages of 3 years

Procedure for calculating Moving average for even number of years (n = even)

Let us take an example for n = 4 years moving averages to understand the procedure

1. Add up the values of the first 4 years and place the sum against the middle of 2nd and
3rd year. (This sum is called 4-year moving total)

2. For the next moving total, leave the first year value and add next 4 values from the 2nd till
5th  year and write the sum against its middle position i.e. in the middle of 3rd year and
4th year
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3. This process will continue till the value of the last observation is taken into account.

4. Now, calculate the average of each 4-year moving totals by dividing each moving total by 4

5. In the next column, calculate the sum of the first two 4-years moving averages and write the
sum against 3rd year, in the middle (known as centered total).

6. After this, leave the first 4-year moving averages and add the next two 4-year moving total
and place it against 4th year.

7. This process of finding centered totals will continue till all pairs of 4-yearly moving averages
of previous column are summed up and centered.

8. Divide the newly obtained centered totals by 2 to get the moving averages which are our
required trend values based on 4-year moving averages.

Example 10
Compute the trends by the method of moving averages, assuming that 4-year cycle is present in the
following series.

Year 1980 1981 1982 1983 1984 1985 1986 1987 1988 1989

Index
number 400 470 450 410 432 475 461 500 480 430

Solution: The 4- year moving averages are shown in the last column as centered average

Year Index 4-year 4-year Moving Centered Centered moving
Number Moving Average total average

total

1980 400 - -

- -

1981 470 - -

1730 1730/4 = 432.5.

1982 450 875.5 875.5/2 = 437.75

1762 1772/4 = 443

1983 410 884.75 884.75/2 = 442.38

1767 1767/4 = 441.75

1984 432 886.25 443.13

1778 1778/4 = 444.5

1985 475 911.5 455.75

1868 1868/4 = 467

1986 461 946 473

1916 1916/4 = 479
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1987 500 946.75 473.38

1871 1871/4 = 467.75

1988 480 - -

- -

1989 430 - -

6.9.2 (ii) Computation of Straight-line trend by using Method of Least squares
Method of least squares is a technique for finding the equation

which best fits a given set of observations. In this technique, the
sum of squares of deviations of the actual and computed values
is least and eliminates personal bias.

Suppose we are given n number of observations and it is
required to fit a straight line to these data.

Note that n, the number of observations can be odd or even.

Recall that the general linear equation to represent a straight
line is:

y = a + bx, --------------------- (i)

where y is the actual value, x is time; a and b are real numbers

In order to fit the best fitted trend line with the help of general equation y = a + bx for the given

time series, we will try to find the estimated values of yi say ˆ iy  close to the observed values yi for

i = 1, 2, …, n.

According to the principle of least squares, the best fitting equation is obtained by minimizing the
sum of squares of differences which leads us to two conditions:

1. The sum of the deviations of the actual values of y and  ŷ  (estimated value of y) is zero

   ˆ( )iy y  = 0

2. The sum of squares of the deviations of the actual values of y and  ŷ  (estimated value of y) is

least    2ˆ( )iy y  is least

For the purpose of plotting the best fitted line for trend analysis, the real values of constants ‘a’
and ‘b’ are estimated by solving the following two equations:

Y = n a + b X        --------------------- (ii)

XY = a  X + b  X2   -------------------- (iii)

Where ‘n’ = number of years given in the data.  

1. Remember that the time unit is usually of successive uniform duration. Therefore, when the
middle time period is taken as the point of origin, it reduces the sum of the time variable x to zero

Which means that by taking the mid-point of the time as the origin,

we get   X = 0

2. When X = 0, the equations (ii) and (iii) reduce to:

 Y = na + b (0)
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 a = 

And,        XY = a (0) + b X2

 b = 

5.  By substituting the obtained values of ‘a’ and ‘b’ in equation (i), we get the trend line of best fit.

Example 11
Given below are the consumer price index numbers (CPI) of the industrial workers.

Year 2014 2015 2016 2017 2018 2019 2020

Index Number 145 140 150 190 200 220 230

Find the best fitted trend line by the method of least squares and tabulate the trend values.

Solution

Note that the number of years is Odd

 n = odd

Procedure:

1. Take middle year value as A i.e. A = 2017

2. Find X = xi – A

3. Find X2 and XY

Year Index X = xi – A X2 XY Trend value
(xi) number (Y) = xi – 2017 Yt = a + bX

2014 145 -3 9 -435 152.1+ (-3)×16.6 = 102.3

2015 140 -2 4 -280 152.1+ (-2)×16.6 = 118.9

2016 150 -1 1 -150 152.1+ (-1)×16.6 = 135.5

2017 190 0 0 0 152.1+ (0)×16.6 = 152.1

2018 200 1 1 200 152.1+ (1)×16.6 = 168.7

2019 220 2 4 440 152.1+ (2)×16.6 = 185.3

2020 230 3 9 690 152.1+ (3)×16.6 = 201.9

n = 7 Y = 1065 X = 0 X2 = 28 XY = 465 Yt = 1064.7

 = 152.14

and = 16.6

Therefore, the required equation of the straight-line trend is given by

y = a + bx  y = 152.1+16.6x
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Example 12
Based on the data available for the sales of an item in a district, by the method of least squares

(i) tabulate the trend values
(ii) find the best fit for a straight-line trend
(iii) compute expected sale trend for year 2002

Year 1996 1997 1998 1999 2000 2001

Sales
(In lakh ?) 6.5 5.3 4.3 6.1 5.6 7.8

Note that the number of years is even

 n = even

Procedure:

1. Take middle year value as  i.e.  = 
2

sum of two middle years
 = 

1998 1999
2


 = 1998.5

2. Find X = 
– A

0.5
ix

 (we divide by 0.5 to avoid cumbersome calculations)

3. Find X2 and XY

Solution:

Year Index number X
0.5


 ix A
X2 XY Trend value

(xi) (Y)
1998.5
0.5


 ix

 Yt = a + bX

1996 6.5 -5 25 -32.5 5.9+ (-5) × 0.13 = 5.25

1997 5.3 -3 9 -15.9 5.9+ (-3) × 0.13 = 5.51

1998 4.3 -1 1 -4.3 5.9+ (-1) × 0.13 = 5.77

1999 6.1 1 1 6.1 5.9+ (1) × 0.13 = 6.03

2000 5.6 3 9 16.8 5.9+ (3) × 0.13 = 6.29

2001 7.8 5 25 39 5.9+ (5) × 0.13 = 6.55

n = 6 Y = 35.6 X = 0 X2 = 70 XY = 9.2 Yt = 35.4

 = 5.9

and = 0.13
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Therefore, the required equation of the straight-line trend is given by

y = a + bx  y = 5.9 + 0.13x

According to the line trend, the predicted sales for year 2002:

 y = 5.9 + 0.13(  �6.81 lakh

Note: 1. Future trend forecast made by using this method are based only on the trend values
2. The predicted trend values by using this method are more reliable than any other method

6.10 CHECK YOUR UNDERSTANDING REFLECTIVE QUESTIONS
Q1. Judge the correctness or otherwise of the following statements:

i) An index number is a pure number
ii) Index numbers are independent of choice of unit
iii) An index number can be a negative quantity
iv) The purchase power of money decreases as the wholesale index increases

Q2. A price index which is based on the prices of the items in the composite, weighted by their
relative index is called:

i) price relatives ii) Consumer price index
iii) Weighted aggregative price index iv) Simple aggregative index

Answer: iii)

Q.3 A weighted aggregate price index in which the weight for each variable is considered its
current-period quantity is:

i) Aggregative index ii) Consumer Price index
iii) Laspeyres Index iv) Paasche’s’ index Answer: iv)

Q.4  An index constructed to measure changes in quantities over a period of time is:
i) Quantity index ii) Time series index

iii) Quality index iv) Value index Answer: i)

Q.5 For calculating the weighted index number, which of the following uses quantities consumed
in the base period as weights:

i) Fisher’s method ii) Paasche’s method
iii) Laspeyres method iv) Aggregative method Answer : i)

Q.6 What is the index number of the base period?
i) 200 ii) 300

iii) 10 iv) 100 Answer: iv)

Q.7 Index number is a special type of :
i) Average ii) Dispersion

iii) Correlation iv) None of the above Answer: i)

Q.8 Index number is always expressed in
i) Percentage ii) Ratio

iii) Proportion iv) None of the above Answer : i)
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Q.9 Which index number is called as ideal index number
i) Laspeyres ii) Paasches

iii) Fisher iv) None of the above Answer iii)

Q.10 In Laspeyres price index number weight is considered as
i) Quantity in base year ii) Quantity during current year

iii) Prices in base year iv) Prices in current year. Answer i)

Q.11 In Paasche’s price index number weight is considered as
i) Quantity in base year ii) Quantity in current year

iii) Prices in base year iv) Prices in current year Answer: ii)

Q.12 Fishers price index number is the
i) A.M. of Laspeyres and Paasche’s
ii) G.M. of Laspeyres and Paasche’s
iii) Difference between Laspeyres and Paasche’s
iv) None of the above. Answer: ii)

Q.13 When the prices of rice are to be compared, we compute:
i) Volume index ii) Value index

iii) Price index iv) Aggregative index Answer: iii)

Q.14 Purchasing power of money can be accessed through:
i) Simple index ii) Fisher’s index

iii) Consumer price index iv) Volume index Answer: iii)

Q.15 Cost of living at two different cities can be compared with the help of:
i) Value index ii) Consumer price index

iii) Volume index iv) Un-weighted index Answer: ii)

6.11 PRACTICE EXERCISE
Q.1 Calculate index numbers from the following data by simple aggregate method taking prices

of 1995 as base period.

Commodity Year A B C D

Price (in 1995 80 50 90 30

Rupees/unit) 2005 95 60 100 45

Q.2 Construct price index number from the following data using
i) Laspeyre’s Method and ii) Paasche’s method iii) Fisher’s Ideal method

Commodity                 Price               Quantity
Year Year Year Year
2008 2010 2008 2010

P 2 4 8 5

Q 5 6 12 10

R 4 5 15 12
S 2 4 18 20
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Q.3 Taking 1995 as base year calculate relative index number for the years 1997-2005

Year 1995 1997 1999 2001 2003 2005

Price (in �) 12 14 13 20 25 21

Q.4 Compute the weighted aggregative index number for the following data:

Variable                        Price Weights
Current year Base year

X 5 4 60

Y 3 2 50

Z 2 1 30

Q.5 Calculate price index number for 2004 taking 1994 as the base year from the following data
by simple aggregative method:

Item Rice Wheat Pulses Millets Oil

Price in year
1990 ( in �) 60 40 100 60 90

Price in year
2010 ( in �) 140 60 205 70 100

Q.6 Based on the data on the expenses of middle-class families in a certain city, calculate the
cost-of-living index during the year 2003 as compared with 1990:

Expenses Year Food Fuel Clothing Rent Miscellaneous

Price (in �) 2003 1500 250 750 300 425

Price (in �) 1990 1400 200 400 200 250

Q7. From the data given below, obtain the index of retail sales in India for years 1982, 1983,
1984 with the year 1981 as base period.

Year Index of sales volume Index of sales value

1995 101 105

1996 113 108

1997 106 124

Q8. Calculate the price index number for the following data using weighted aggregative method:

Commodity Unit Weight                    Price
Base year Current year

P Quintal 14 90 120

Q Kg 20 10 17

R Dozen 35 40 60

S Litre 15 50 93
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Q9. Based on the given data, check whether i) Paasche’s formula and, ii) Fisher’s formula will
satisfy the time reversal test:

Commodity             Base Year             Current Year
Price Quantity Price Quantity

P 4 10 6 15

Q 6 15 4 20

R 8 5 10 4

Q10. The annual rainfall (in mm) was recorded for Cherrapunji, Meghalaya:

Year Rainfall (in cm)

2001 1.2

2002 1.9

2003 2
2004 1.4

2005 2.1

2006 1.3

2007 1.8
2008 1.1

2009 1.3

Determine the trend of rainfall by 3-year moving averages

Q11. Compute the seasonal indices by 4-year moving averages from the given data of production
of paper (in thousand tons)

Year 1980 1981 1982 1983 1984 1985 1986 1987 1988 1989

Index
number 2450 1470 2150 1800 1210 1950 2300 2500 2480 2680

Q12. Given below is the data of workers welfare expenses (in lakh �) in steel industries during
2001 - 2005. Use method of least squares to:

i) tabulate the trend values
ii) find the best fit for a straight-line trend
iii) compute expected sale trend for year 2006

Year 2001 2002 2003 2004 2005

Welfare expenses
(in lakh �) 160 185 220 300 510

Q13. Fit a straight-line tend by method of least squares for the following data and also find the
trend value for year 1998:

Year 1992 1993 1994 1995 1996 1997

Production
(in tons) 210 225 275 220 240 235
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6.11 UNIT SUMMARY
1. An index number is a measure of change in a group of related variables over two different situations

with respect to time, geographical location or other characteristics.
2. Factors influencing construction of index numbers:

 Selection of data  Base period
 Selection of weights  Choice of variables

3. Index number for time period n is represented as In
4. A list of indexes is called a Index series

5. Methods to construct index number:

i. Relative Index number = 

ii. Simple (Unweighted) Aggregative Method = 

iii. Simple Average of relatives Method

iv. Weighted Aggregative Method= 

v. Laspeyers’ method = 

vi. Paasche’s’ method = 

vii. Fisher’s Ideal method = 

viii. Marshall-Edgeworth’s method = 

ix. Weighted averages of relatives = 

6. Types of index numbers:
i. Value index
ii. Quantity Index
iii. Price Index

7. There are tests to check consistency to verify adequacy of an index number:
i. Unit test ii. Time reversal test

iii. Factor reversal test iv. Circular test

8. Time reversal test: po1 × p10 = 1
Here, po1 is the index for current year ‘1’ on the basis of base year  ‘0’
And, p10 is the index for year ‘0’ based on year ‘1’

9. A time series is a sequentially recorded numerical data points for a given variable arranged in a
successive order to track variation

10. The purpose of time series is to show an increasing growth pattern over time for a variable
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11. Time reversal test of adequacy cannot be tested on Laspeyers’ method and Paasche’s method
12. When data of the variable is collected at distinct time intervals, for a specified period of time, it is

called time series data.
13. When data for one or more variables is collected at the same point in time, it is called cross-sectional data.
14. When data is collected in a combination of time series data and cross-sectional data, it is called

pooled data.
15. A time series in which data of only one variable is varying over time is called a univariate time series.
16. When a time series is a collection of data for multiple variables and how they are varying over time,

it is called multivariate time series.
17. Secular trend component or simply called trend series, is the smooth, regular and long-term variations

of the series, observed over a long period of time.
18. Seasonal component is a time series captures the periodic variability in the data, capturing the

regular pattern of variability; within one-year periods.
19. Cyclical component is a time series shows an oscillatory movement where period of oscillation is

more than a year where one complete period is called a cycle.  The real Gross Domestics Product
(GDP) provides good examples of a time series that displays cyclical behavior.

20. Irregular component is a time series in which fluctuations are unaccountable, unpredictable or
sometimes caused by unforeseen circumstances like – floods, natural calamities, labor strike etc.

21. Trend can be measured using by the following methods:
i. Graphical method
ii. Semi averages method
iii. Moving averages method
iv. Method of least squares

6.12 Check your Understanding Answer Key
ANSWERS TO REFLECTIVE QUESTIONS
2. iii)  3. iv) 4. i)  5. i) 6. iv) 7. i) 8. i) 9. iii) 10. i) 11. ii) 12. ii) 13. iii) 14. iii) 15. ii)

ANSWERS TO PRACTICE QUESTIONS
1. 120
2. Laspeyre’s = 146; Paasche’s = 149; Fisher’s = 147

3. Year 1995 1997 1999 2001 2003 2005

Price (in �) 12 14 13 20 25 21
100 117 108 167 208 175

4. 137
5. 164
6. 132

7. Year

1995 104

1996 96
1997 117

8 153
9 Paasche’s formula – no, Fisher’s formula - yes
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10 Year 3-year moving average

2001 -
2002 2.55
2003 2.65
2004 2.75
2005 2.4
2006 2.6
2007 2.1
2008 2.25
2009 -

11 Year 4-year moving averages
1980 -
1981 -
1982 1812.5
1983 1712.5
1984 1791.25
1985 1897.5
1986 2138.75
1987 2393.75
1988 -
1989 -

12 Year (xi) Trend value
Yt = 275 + 81.5 X

2001 112
2002 193.5
2003 275
2004 381.5
2005 438

Trend line : Yt = 275 + 81.5 X

Predicted trend for year 2006 = 519.5 lakh rupees

13 Year (xi) Trend value
Yt = 234 + 1.6 X

1992 226
1993 229.2
1994 232.4
1995 235.6
1996 238.8
1997 242

Trend line: Yt = 234 + 1.6 X
Predicted trend for 1998 = 245.2 tons
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7.0 LEARNING OUTCOMES
   At the end of this unit, the student will be able to:

 Explain the concept of perpetuity and sinking fund.

 Calculate perpetuity.

 Differentiate between sinking fund and savings account.

 Define the concept of valuation of bond and related terms.

 Calculate value of bond using present value approach.

 Explain the concept of EMI.

 Calculate EMI using various methods.

 Explain the concept of rate of return and nominal rate of return.

 Calculate rate of return and nominal rate of return.

 Understand the concept of Compound Annual Growth Rate.

 Differentiate between Compound Annual Growth Rate and Annual Growth Rate.

 Calculate Compound Annual Growth Rate.

 Explain the concept of Stocks, shares and Debentures.

 Enlist features related to equity shares and debentures.

 Interpret case studies related to shares and debentures (Simple Case Studies only).

 Define the concept of linear method of depreciation.

 Interpret cost, residual value and useful life of an asset from the given information.

 Calculate depreciation using linear method of depreciation.

U
n i t

7
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CONCEPT MAP

Introduction
Financial mathematics is of great importance in our day-to-day life. The entire operation in

banking, insurance, property dealing etc. are based on the concept of money belonging to one
individual that may be used by others in return for periodic payments. Interest plays an important
role in almost all the financial activities. Many people have set up their own finance companies and
are earning a lot.

In this chapter, we shall discuss some of the basic topics of finance.

7.1.1 Perpetuity:
Perpetuity: A perpetuity is an annuity where payments continue forever.

Amount of a Perpetuity: Amount of a perpetuity is undefined since it increases beyond all
bounds as time goes on.

Present value of Perpetuity: We consider two types of perpetuity which are as follows:

(i) The present value of a perpetuity of �R payable at the end of each period, the first payment
due one period hence is the sum of money which is invested now at the rate i per period will
yield �R at the end of each period forever. It is given by

R (I + i)-1 + R (I + i)-2 + ————-

It is an infinite geometric series with first term R (1+i)-1 and whose common ratio is (1+i)-1

Its sum is given by

  

    =  

Present value of a perpetuity of �R payable at the end of each period, the first being due one
period hence is

P = 

where  R = size of each payment

         i = rate per period
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(ii) Perpetuity of �R payable at the beginning of each period, the first payment due on Present
value. This annuity can be considered as an initial payment of �R followed by a perpetuity
of �R of above type.

Thus, the present value is given by R + 

where, R = size of each payment

i = rate per period

Example 1
Find the present value of a sequence of payments of �60 made at the end of each 6 months and
continuing forever, if money is worth 4% compounded semi-annually.

Solution: This is a perpetuity of type (i), since payments are made at the end of each period. given
that

R =60  and i =  = 0.02

Then present value of a perpetuity

P =   =  = �3000

Example 2
At 6% converted quarterly, find the present value of a perpetuity of �600 payable at the end of each
quarter.

Solution:  Given that

R = 600, i =    = 0.015

Then the present value of a perpetuity

P =   =    = �40,000

Example 3:
At what rate converted semi-annually will the present value of a perpetuity of �450 payable at the
end of each 6 months be �20,000?

Solution: let r be the interest rate converted semi-annually. Then i, the interest rate per period is 

Since P = 

where P = 20,000 and R = 450

we have i =    =    = 0.0225

 = 0.0225

r = 0.045 or 4.5 %
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Example 4:
How much money is needed to endure a series of lectures costing �2500 at the beginning of each
year indefinitely, if money is worth 3% compounded annually?

Solution: We have R= 2500, i = 0.03 Money needed to endure a series of lectures costing �2500 at
the beginning of each year means the present value of a perpetuity of �2500 payable at the beginning
of each year

P = R +  = 2500 + 

    = �85833.33

Example 5:
The present value of a perpetual income of �x at the end of each six months is �40000. Find the
value of x if money is worth 6% compounded semi-annually.

Solution: We have P = 40,000

i =  = 0.03

We know that

P = 

  40,000 = 

X = 40,000 x 0.03 = �1200

7.1.2 Sinking Fund:
A sinking fund is a fund established by a company or business entity by setting aside revenue

over a period of time to fund a future capital expense, or repayment of a long-term debt. It is a fund
that is accumulated for the purpose of paying off a financial obligation at some future designated
date.

The periodic payments of �R made at the end of each period required to accumulate a sum of
�A over n periods with interest charged at the rate i per period is

Where

R = Size of each instalment or payment

i = rate per period

n = number of instalments

A = lumpsum amount to be accumulated

Remark: The problems relating to Sinking Fund are solved by using known formulas for the
amount of an ordinary annuity or annuity due as the case may be depending on whether the
payments are set aside at the end or beginning of each payment interval.
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Difference between Sinking Fund and Savings Account
Sinking fund and savings account, both, involve setting aside an amount of money for the future.

The main difference is that the sinking fund is set up for a particular purpose and is to be used at
a particular time, while the savings account is set up for any purpose that it may serve.

Example 6:
A company establishes sinking fund to provide for the payment of �1,00,000 debt. maturing in 4
years. Contributions to the fund are to be made at the end of every year. Find the amount of each
annual deposit if interest is 18% per annum.

Solution: let each annual deposit to the sinking fund be �R. Then R is given by

=>           1,00,000 =  R [

     = R [ ]

     = R [ ]

     = R [ ] = R (5.2156)

=> R =   = �19,173.25

Example 7
In 10 years, a machine costing �40,000 will have a salvage value of �4,000. A New Machine at that
time is expected to sell for �52,000. In order to provide funds for the difference between the
replacement cost and the salvage cost, a sinking fund is set up into which equal payments are placed
at the end of each year. If the fund earns interest at the rate 7% compounded annually, how much
should each payment be?

Solution: Amount needed after 10 years

= Replacement Cost - Salvage Cost

= 52,000 – 4,000 = 48,000

The payments into sinking fund consisting of 10 annual payments at the rate 7% per year is
given by

=> 48,000 = R [

=    R [

=>      R = = �3474.12
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Example 8:
Mr X plans to save amount for higher studies of his son, required after 10 years. He expects the cost
of these studies to be �1,00,000. How much should he save at the beginning of each year to
accumulate this amount at the end of 10 years, if the interest rate is 12% compounded annually?

Solution: Let the size of each annual payment be �R. These payments represent annuity due
consisting 10 annual payments at the rate 0.12 per annum. Thus, using the following formula for
the amount of annuity due:

Where A = 1,00,000, n = 10 and i = 0.12

ð 1,00,000 = R  
110.12

[S] 1]

  = R [ ]

  = R (19.65458)

=>         R = 

  = �5087.87

EXERCISE  7.1
1. Find the present value of a sequence of payments of �80 made at the end of each 6 months and

continuing forever, if money is worth 4% compounded semi-annually.
2. Find the present value of an annuity of �1800 made at the end of each quarter and continuing

forever, if money is worth 5% compounded quarterly.
3. If the cash equivalent of a perpetuity of �300 payable at the end of each quarter is �24,000. Find

the rate of interest compounded quarterly?
4. Find the present value of a perpetuity of �780 payable at the beginning of each year, if money is

worth 6% effective.
5. The present value of a perpetual income of �x at the end of each 6 months is �36000.

Find the value of x if money is worth 6% compounded semi-annually.
6. If you need �20,000 for your daughter’s education, how much must you set aside each quarter for

10 years to accumulate this amount at the rate of 6% compounded quarterly?
7. To save for child’s education, a sinking fund is created to have �1,00,000 at the end of 25 years.

How much money should be retained out of the profit each year for the sinking fund, if the investment
can earn interest at the rate 4% per annum.

8. A machine costs �1,00,000 and its effective life is estimated to be 12 years. A sinking fund is created
for replacing the machine by a new model at the end of its lifetime when its scrap realises a sum
of �5,000 only. Find what amount should be set aside at the end of each year, out of the profits,
for the sinking fund if it accumulates at 5% effective.

9. Suppose a machine costing �50,000 is to be replaced at the end of 10 years, at that time it will have
a salvage value of �5,000. In order to provide money at that time for a machine costing the same
amount, a sinking fund is set up. The amount in the fund at that time is to be the difference between
the replacement cost and salvage value. If equal payments are placed in the fund at the end of each
quarter and the fund earns 8% compounded quarterly. What should each payment be?
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VALUATION OF BONDS

Bond: It is a written contract between a borrower and a lender (bond holder). Through this
contract, the borrower promises to pay a specified sum at a specific future date and to pay interest
payments at a specific rate at equal intervals of time until the bond is redeemed (repaid).

A bond is characterized by following terms:
Face Value: The face value (also known as par value) of a bond is the price at which the bond

is sold to buyers (investors) at the time of issue. It is also the price at which the bond is redeemed
at maturity. It is also known as the par value of the bond.

Redemption Price: It is the amount the bond issuer pays at maturity. It is usually equal to the
face value in case the bond is redeemed at par.

Discount: Where the market price of bond is less than its face value (par value), the bond is
selling at a discount.

Premium: if the market price of bond is greater than its face value, the bond is selling at a
premium.

Bond valuation: is the determination of the fair price of a bond. As with any security or capital
investment, the theoretical fair value of a bond is the present value of the stream of cash flows it
is expected to generate. Hence, the value of a bond is obtained by discounting the bond’s expected
cash flows to the present using an appropriate discount rate.

Nominal rate of interest: It is the rate at which a bond yields interest. It’s also known as coupon
rate.

Coupon Rate: A bond’s coupon rate denotes the annual interest rate paid by the bond issuer to
the bond holder. It is simply the coupon payment C as a percentage of the face value F. Coupon
yield is also called nominal yield.

Coupon rate = 

Current Yield: The current yield is simply the coupon payment C as a percentage of the (current)
bond price Po.

Current yield = 

Yield to Maturity (YTM): The yield to maturity (YTM) is the discount rate which returns the
market price of a bond without embedded optionality; it is identical to required return. YTM is thus
the internal rate of return of an investment in the bond made at the observed price. Since YTM can
be used to price a bond, bond prices are often quoted in terms of YTM.

To achieve a return equal to YTM, the bond owner must:

 Buy the bond at a price Po

 Hold the bond until maturity

 Redeem the bond at par

Relationship between Bond, YTM and Coupon yield
The concept of current yield is closely related to the other bond concepts, including yield to

maturity and coupon yield. The relationship between yield to maturity and the coupon rate is as
follows:
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 When a bond sells at a discount, YTM > current yield > coupon yield.

 When a bond sells at a premium, coupon yield > current yield > YTM

 When a bond sells at par, YTM = current yield = coupon yield

Present Value Approach (or bonds with a maturity period)
 When a bond or debenture has a maturity date, the value of a bond will be calculated by

considering the annual interest payments plus its terminal value using the present value
concept, the discounted value of these flows will be calculated.

 By comparing the present value of a bond with its current market value, it can be determined
whether the bond is overvalued or undervalued.

 In the present value approach, we first calculate the present value of each expected cash flow
and then we add all the individual present values to obtain the value or fair value of
purchase price of a bond.

Let there be a bond where

Value of bond or Market price of bond or, purchase price of bond = V

Face Value = F

Redemption price or Maturity value = C

Number of cash flows or number of periodic payments = n

id be the rate of interest per period

Let periodic dividend payment R (periodic – interest) is given by,

R = C x id

Let Yield rate or interest rate per period = i

Coupon payment or periodic interest (dividend) payment = R

Present value of annuity of periodic dividend payments of R for n periods is given by

P1= R 

The present value of redemption price of the bond is given by:

P2=C (1+i)-n

Let V be the purchase price of the bond, then

V = P1 + P2

V = R  + C (1+i)-n

In other words

Bond Value = Present value of first periodic payment + Present value of second periodic payment+
. . . + Present value of nth periodic payment + Present value of Redemption price/Maturity value

=  +  + . . . +  + 

=   + 
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 Bond Value (V) = R  + C (1+i)-n

Note: If a bond is redeemed at par, then C=F

V = R  + F (1+i)-n

Example 9
Find the purchase price of a �600, 8% bond, dividends payable semi-annually redeemable at par in
5 years, if the yield rate is to be 8% compounded semi-annually.

Solution: Face value of the bond C = �600

Nominal rate of interest i = 8% or 0.08

As dividends are paid semi-annually

Therefore, Rate of interest per period id = = 0.04

Therefore, periodic dividend payment R = C x id = 600 x 0.04 = 24

So, semi-annual dividend R is �24

Yield rate is 8% = 0.08, compounded semi annually

Therefore i = 0.08 = 0.04

            2

No. of years n = 5

Therefore, no. of dividend periods (n) = 5 x 2 = 10

Purchase price (V) of the bond is given by

V = R  + C (1+i)-n

=  24  + 600 (1+0.04)-10

= 24  + 600 (1.04)-10

= 24  + 600 (0.6755)

= 194.7 + 405.3 = 600

Therefore, purchase price of bond is �600.

Example 10
A �2,000, 8% bond is redeemable at the end of 10 years at �105. Find the purchase price to yield
10% effective rate.

Solution: Face value of the bond C = �2,000

As the bond is redeemable at �105, so redemption price of the bond is 105 % of its face value.

Therefore, redemption value C= 1.05 x 2,000 = �2,100
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Nominal rate id = 8 % or 0.08

So R = C x id = 2,000 x 0.08 = �160

No. of periods before redemption n = 10

Annual yield rate i = 10 % or 0.1

Therefore, purchase price V is given by,

V = R  + C (1+i)-n

= 160  + 2100 (1+0.1)-10

 = 160  + 2100 (1.01)-10

= 160  + 2100 (0.3855)

= 160 (6.14) + 2100 (0.3855)

= 982.4 + 809.6

= 1792

Therefore, the present value of the bond is �1,792.

Example 11
Consider a bond with a coupon rate of 10% charged annually. The par value is �2,000 and the bond
has 5 years to maturity. The yield to maturity is 11 %. What is the value of the bond�

Solution: Face value C = �2,000

Coupon rate id = 10 % annually or 0.1

Therefore R = C x id = 2,000 x 0.1 = �200

No. of periods before redemption (n) = 5

Yield rate i= 11 % or 0.11

Therefore

V = R  + C (1+i)-n

 = 200  + 2000 (1+0.11)-5

 = 200  + 2000(1.11)-5

= 200  + 2000 (0.593451)

= 200 (3.6959) + 1186.902

= 739.18 + 1186.902

= 1926.08
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Therefore, the value of the bond is �1,927.

Relative price approach: Under this approach, the bond will be priced relative to a benchmark
usually a government security. Here, the yield to maturity on the bond is determined based on the
bond’s credit rating relative to a  government security with similar maturity/duration. The better the
quality of the bond, the smaller the spread between its required return and the YTM of the benchmark.

Exercise 7.2
1. What should be the price of the bond to yield an effective interest rate of 8% if it has a face value

of �1,000 and maturity period of 15 years? The nominal interest rate is 10%.
2. Suppose a bond has a face value of �1,000, redeemable at the end of 12 years at 15% premium

and paying annual interest at 8%. If the yield rate is to be 10% p.a. effective then what will be the
purchase price of the bond?

3. An investor is considering purchasing a 5 year bond of �1,00,000 at par value and an annual fixed
coupon rate of 12% while coupon payments are made semi-annually. The minimum yield that the
investor would accept is 6.75%. Find the fair value of the bond.

4. Suppose that a bond has a face value of �1,000 and will mature in 10 years. The annual coupon
rate is 5%, the bond makes semi-annual coupon payments. With a price of �950, what is the bond’s
YTM?

5. A bond with a face value of �1,000 matures in 10 years. The nominal rate of interest on bond is
11% p.a. paid annually. What should be the price of the bond so as to yield effective rate of return
equal to 8%?

6. What is the value of the bond, considering a bond has a coupon rate of 10% charged annually, par
value being �1,000 and the bond has 5 years to maturity. The yield to maturity is 11%.

7.3  Calculation of EMI or Amortization of Loans
People spend the money that they earn on housing, gadgets etc and on some extra expenditures

to be met with. For example, one may want to buy a car or a house, one may want to set up his
or her business or may go for a foreign trip and so on. Some people plan and manage to put aside
some money for such expenditures but most people have to borrow money/take loan for such
contingencies. This loan is paid by the borrower to the lender within a defined length of time.
However, when we talk about loans and how to pay it back, the most important term we need to
understand is EMI. Before knowing EMI, we need to understand basic terms related to it.

Principal: It is the initial amount of money borrowed (or invested).

Interest: It is the price paid by a borrower for the use of lender’s money. It is the difference
between initial amount borrowed and end payment made to the lender.

 Rate of Interest: It is the percentage of the sum borrowed which is charged for a defined length
of time for using the principal generally on a yearly basis.

 Term of Loan: It is the defined length of time it will take for a loan to be completely paid off
when the borrower is making regular payments.

Meaning of EMI
EMI stands for equated monthly instalment. It is a monthly payment that we make towards a

loan we opted for at a fixed date of every month.

A loan is said to be amortized if it can be discharged by a sequence of equal payments (EMI)
made over equal periods of time.  Each payment can be considered as consisting of two parts:
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(i) Interest on the outstanding loan, and

(ii) Repayment of part of the loan

Thus, a loan is amortized when part of each periodic payment is used to pay interest and the
remaining part is used to reduce the principal.

7.3.1  Methods of calculation of EMI or Instalment
EMI or Instalment can be calculated by two methods:

1. Flat Rate Method

2. Reducing-balance method or Amortization of Loan

Flat Rate Method: - In the flat-rate method, each interest charge is calculated based on the
original loan amount, even though the loan balance outstanding is gradually being paid down. The
EMI amount is calculated by adding the total principal of the loan and the total interest on the
principal together, then dividing the sum by the number of EMI payments, which is the number of
months during the loan term.

Let P, I and n be the principal of the loan, the total interest on the principal and number of
months in loan period respectively.  EMI is given by the formula

EMI = ( )

Reducing-Balance Method or Amortization Formulas
When one is amortizing a loan, at the beginning of any period, the principal outstanding is the

present value of the remaining payments.  Using this fact, we obtain the formulas in table that
describe the amortization of an interest bearing loan of �P, at a rate i per period by n equal
payments of �R each and such that a payment is made at the end of each period.

Table-Amortization Formulas

1. Periodic payment or Instalment

R = P ( ) = 

2. Principal outstanding at the beginning of kth period = 

= R [ ]

3. Total interest paid = nR - P

Where P= amount of the loan

R= size of equal payment

i = rate per period

n = number of equal payments

Example 12
Mr. X takes a loan of �2,00,000 with 10% annual interest rate for 5 years.  Calculate EMI under Flat
Rate system.
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Solution:  We are given that

P = �2,00,000

I=  x 2,00,000 x 5 = �1,00,000

n = 5 years = 5 x 12 = 60

EMI is given by the formula

EMI = ( )

EMI= ( )

=  = �5000

Example 13
A couple wishes to purchase a house for �10,00,000 with a down payment of �2,00,000.  If they
can amortize the balance at 9% per annum compounded monthly for 25 years, what is their
monthly payment? What is the total interest paid?

Given

Solution: The monthly payment R needed to pay off the balance �8,00,000 at 9% per annum
compounded monthly for 25 years (300 months) is given by

R = 

The total interest paid = nR-P

= (6713.57)(300)-8,00,000

= �12,14,071

Example 14
Mr. M borrowed �10,00,000 from a bank to purchase a house and decided to repay by monthly
equal instalments in 10 years.  The bank charges interest at 9% compounded monthly. The bank
calculated his EMI as �12,668.  Find the principal and interest paid in first year?

Solution:  Principal left unpaid after one year (12 payments)

                      = present value of remaining 108 payments = R an  i
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Where R =12,668, n=108 and i =  = 0.0075

= 

= 12,668 x 73.83916= �9,35,395

Principal paid during first year = 10,00,000 – 9,35,395 = �64,605

Interest paid during first year

= {12,668 x 12) – 64,605

= �87,411

Exercise 7.3
1. Mohan takes a loan of �5,00,000 with 8% annual interest rate for 6 years.  Calculate EMI under Flat-

Rate system.
2. XYZ company borrows �3,00,000 with 7% annual interest rate for 4 years.  Calculate EMI under

Reducing Balance method.
3. Rajesh borrows �6,00,000 with 9% annual interest rate for 5 years.  Calculate EMI under Reducing

Balance method.
4. A person amortizes a loan of �1,50,000 for a new home by obtaining a 10 year mortgage at the rate

of 12% compounded monthly. Find
(i) The monthly payments (ii) Total interest paid

5. A couple wishes to purchase a house for �12,00,000 with a down payment of �2,50,000.  If they
can amortize the balance at 9% per annum compounded monthly for 20 years
(i) What is their monthly payment�(ii)  What is the total interest paid?

7.4 Nominal and Effective Rate of Interest:

Nominal Rate of Interest: The announced or stated rate of interest is called nominal rate of
interest.

Effective Rate of Interest: The actual rate by which the money grows during each year is called
the effective rate of interest.

Relation between effective rate of interest and nominal rate of interest:

let r be the nominal rate of interest converted m times in a year and reff be the effective rate of
interest.

Then   i =  .

Then the principal P amounts in one year to = P (1 + i)m

 Since an effective rate is the actual rate compounded annually, therefore at the effective rate reff,
the principal P amounts in one year to  P ( 1 + reff ). Thus,
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P (1 + reff) = P (1 + i)m

1 + reff = (1 + i)m

reff = (1 + i) m – 1 = (1 + ) m - 1

     If r is compounded continuously, then

reff =  – 1]

    =  – 1

    =   - 1

Let  = x, then as m    => x -> 0

Then reff =   - 1

     = er - 1

Hence,

Relation between the nominal rate and effective rate

reff = ( 1 + ) m  - 1

where  reff = effective rate of interest

r = nominal rate of interest

m = number of conversion periods per year

In case of continuous compounding of nominal rate r, the effective rate of interest is

reff = er - 1

where reff = effective rate of interest

r = nominal rate of interest

Example 15
Mr X took a loan of �2,000 for 6 months. Lender deducts �200 as interest while lending. Find the
effective rate of interest charged by lender.

Solution: Since the money Lender deducts �200 as interest while lending a loan of �2000 for 6
months, therefore �200 may be treated as interest on �1800 for 6 months. Consequently, interest
rate per six months is

i =   = 

Thus, the equivalent effective rate of interest, reff is given by

reff  = (1 + i)2 - 1

    = (1 +  )2 - 1 = 0.23456

    = 23.45 %
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Example 16
What effective rate is equivalent to a nominal rate of 8% converted quarterly?

Solution: When compounded quarterly we have r = 0.08 and m = 4

Using formula, the effective rate reff is equivalent to a nominal rate is given by

reff = (1 +  )m  - 1

    = (1 +  )4 - 1 = (1.02)4 - 1

    = 1.0824 - 1 = 0.0824 or 8.24 %

Thus, the effective rate is 8.24%. This means that the rate 8.24% compounded annually yields
the same interest as the nominal rate 8% compounded quarterly.

Example 17
Mr. Y has two investment options - either at 10% per annum compounded semi-annually or 9.5 %
per annum compounded continuously. Which option is preferable and why?

Solution: When compounded semi-annually we have   r = 0.10, m = 2

Now, reff = (1 +  )m  - 1

   = (1 +   )2 - 1

   = 0.1025 or 10.25 %

when compounded continuously

reff  = er – 1 = e0.095 -1

    = 0.0996 = 9.96 %

Thus, the first investment is preferable.

Example 18:
Find the effective rate of interest equivalent to a nominal rate of 6% compounded (i) Semi-annually
(ii) Quarterly (iii) Continuously

Solution:

(i) When compounded semi-annually

We have r = 0.06 and m = 2

reff = (1 +  )m – 1 = (1 +   )2 - 1

= 0.0609 or 6.09 %

(ii) When compounded quarterly

We have r = 0.06 and m = 4

reff   = (1 + )m - 1

= (1 +  )4 - 1

= 0.0613   or 6.13 %



7.17Financial Mathematics

(iii) When compounded continuously
reff   = er - 1 = e0.06   -1
     = 1.0618 - 1
     = 0.0618 or 6.18 %

EXERCISE 7.4
1. What is the effective annual rate of interest compounding equivalent to a nominal rate of interest 5%

per annum compounded quarterly?
2. Which is the better investment, 3% per year compounded monthly or 3.1% per year compounded

quarterly?
3. What effective rate of interest is equivalent to a nominal rate of 8% converted quarterly?
4. To what amount will �12000 accumulate in 12 years if invested at an effective rate of 5%?
5. Which yields more interest: 8% effective or 7.8% compounded semi-annually?

7.5 Compound Annual Growth Rate
Meaning of Compound Annual Growth Rate

Compound annual growth rate (CAGR) depicts the cumulative performance of a particular
variable over a period of time via compounding effect. It is often used to evaluate the performance
of different investments by an individual or enterprise through annual rate of return. The basic
concept of compound growth rate can be explained with the help of following example:

If you had invested ?1,000, and it grew at a compound rate of 10% annually,

Year 1: �1,000 + (1,000 x 10%) = �1,100

Year 2: �1,100 + (1,100 x 10%) = �1,210

Year 3: �1,210 + (1,210 x 10%) = �1,331

Year 4: �1,331 + (1,331 * 10%) = �1,464.10

So, the amount would be worth �1,464 after 4 years.

Formula for calculation of CAGR

CAGR = x 100

where: EV = Investment’s ending value

SV = Investment’s starting value

n = Number of investment periods (months, years, etc.)

Example 19
Assume an investment’s starting value is �10,000 and it grows to �60,000 in 4 years. Calculate
CAGR.

Solution:

CAGR =  × 100

CAGR = (1.56508-1) x 100

Hence, CAGR = 56.50%
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IMPORTANT POINTS
 CAGR is expressed in percentage

 CAGR can be used to compare historical returns in different investment portfolios

 CAGR eliminates the effects of volatility on periodic investments

Difference between Average Annual Growth rate and Compound Annual Growth Rate
Average Annual Growth Rate is calculated by dividing the cumulative return by the number of

years. It usually inflates the results. Compound Annual Growth Rate is determined by compounding
effect on the return or any variable taken into consideration. Many investors prefer CAGR because
it smoothens out the volatile nature of year-by-year growth rates and provides more accurate measure
of performance as compared to Average Annual Growth rate.

Use of Compound Annual Growth Rate
The CAGR can be used to calculate the average growth of a single investment. As we know, due

to market volatility, the year-to-year growth of an investment is likely to appear uneven. For example,
an investment may increase in value by 9% in one year, decrease in value by 3% the second year
and increase in value by 5% in the next. CAGR helps smooth returns when growth rates are
expected to be volatile and inconsistent.

CAGR is also used to track the performance of various business measures of one or multiple
companies alongside one another. For example, over a five-year period, a Retail Store’s market share
CAGR was 1.75%, but its customer satisfaction CAGR for the same period was -0.51%. Thus,
comparing the CAGRs of measures within a company reveals its strengths and weaknesses.

Example 20:

Calculate CAGR of unit sales on the basis of given information:

Year 2012 2013 2014 2015 2016

Sales 53,000 60,786 73,450 86,000 105,000

Solution:

EV= 105,000 units       SV= 53,000 units          n= 4

CAGR =  × 100

=  x 100

=  – 1] x 100

= [ 0.18639]x100 =18.63%

Example 21:
Suppose a person invested �15,000 in a mutual fund and the value of investment at the time of
redemption was �25000. If CAGR for this investment is 8.88%. Calculate the number of years for
which he has invested the amount?
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Solution:

EV= �25000    SV= �15000      CAGR= 8.88%   n=?

CAGR =  x 100

8.88 =  x 100

0.0888 +1 =  

1.0888 =  

log (1.0888) =   log (1.666)

n =  =  = 6.005   6 years

Exercise 7.5
1. An investment has a starting value of �5000 and it grows to �25,000 in 4 years. What will be its

CAGR?
2. An investment has a starting value of �2000 and it grows to �18,000 in 3 years. What will be its

CAGR?
3. Calculate CAGR from the following data

Year 2015 2016 2017 2018

Revenue(?) 3,00,000 3,50,000 4,00,000 4,50,000

4. Mr. Kumar has invested �20,000 in year 2014 for 5 years. If CAGR for that investment turned out
to be 11.84%. What will be the end balance?

5. Mr. Naresh has bought 200 shares of City Look Company at �100 each in 2015. After selling them
he has received �30,000 which accounts for 22.47% CAGR. Calculate the number of years for which
he was holding the shares.

7.6 Stock, shares and Debentures:
To start a big business or an industry a large amount of money is needed. It is beyond the

capacity of one or two persons to arrange such a huge amount. However, some persons associate
together to form a company. They, then, draft a proposal, issue a prospectus (in the name of the
company) explaining the plan of the project and invite the public, to invest money in this project.
They, thus pool up the funds from the public, by assigning them shares of the company.

Important facts and formulae
Stock capital:  The total amount of money needed to run the company is called the stock capital.

Shares or Stock:  The whole capital is divided into small units, called shares or stock.

For each investment, the company issues a share certificate, showing the value of each share and
the number of shares held by a person. The person who subscribes in stock or shares is called a
shareholder or stock holder.
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For example: Reliance Industries Ltd., incorporated in the year 1973, is operating in Diversified
sector. Company has reported net profit after tax of �14,819.00 Crore in latest quarter. Reliance
Industries Ltd. share price moved up by 0.37% from its previous close of �2,002.85. Reliance Industries
Ltd. stock last traded price is �2,007.10. As on 31-12-2020, the company has a total of 676.21 Crore
shares outstanding.

Explanation: Reliance Industries Ltd. is engaged in issue of Equity Shares. The cost of 1 equity
share of this company is �2007.10 as recorded on 31.12.2020. Till this date, the company carries
with itself 676.21 crore shares outstanding.

For example: The board of directors of the UCO Bank, on 7th April 2021, approved the proposal
for the issue of equity shares on preferential basis to the Government of India against capital infusion
of �2,600 crore.

Explanation: UCO Bank issued preference shares worth �2,600 crore to the Government on 7th

April 2021. This means that the Government would carry all the preferential rights in the company
i.e. payment of preference dividend, right to participate in meetings etc. Also, if the Bank incur
losses, then Government will be paid first before equity shares because they own preference shares.

Debentures: The word ‘debenture’ is a derivation of the Latin word ‘debere’ which means to
borrow or loan. Debentures are written instruments of debt that companies issue under their common
seal. They are similar to a loan certificate.

Debentures are issued to the public as a contract of repayment of money borrowed from them.
These debentures are for a fixed period and a fixed interest rate that can be paid yearly or half-
yearly.

For example: L&T Finance Limited came up with public issue of secured, redeemable non-
convertible debentures of face value of �1,000 each for an amount of �500 Crore on 16th
December2019.

Explanation: L&T Limited issued debentures to general public on 16th December 2019 worth
�500 crore. The face value of Debenture is �1000 per debenture. These debentures are backed by
some fixed assets in the form of security and shall be redeemable after said period. Also, these
debentures, being non-convertible means that they cannot be converted into preference shares or
equity shares.

 Dividend: The annual profit distributed among shareholders is called dividend. Dividend is
usually paid annually as per share or as a percentage.

Face Value: The original value of a share or stock printed on the share certificate is called its face
value or nominal value or par value. The dividend is calculated as a percentage of face value.

Market value: The stocks of different companies are sold and bought in the open market through
brokers at stock-exchanges.  A share or stock is said to be

(i) at premium or above par, if its market value is more than its face value.

(ii) At par, if its market value is the same as its face value.

(iii) At discount, if its market value is less than its face value.

 Brokerage: The broker’s charge is called brokerage.

(i) when stock is purchased, brokerage is added to the cost price.

(ii) when stock is sold, brokerage is subtracted from the selling price.

Remember:
(i) The face value of a share always remains the same.
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(ii) The market value of a share changes from time to time.

(iii) Dividend is always paid on the face value of a share.

(iv) Number of shares held by a person

=  =  = 

Features of Equity Shares:
 Equity Shares are permanent in nature.

 Equity shareholders are the owners of the company, and also bear the highest risk.

 They are transferable, i.e. ownership of equity shares can be transferred with or without
consideration to another person.

 Dividend payable to equity shareholders is an appropriation of profit.

 Equity shareholders may get a fixed or a fluctuating rate of dividend.

 Equity shareholders have the right to participate in and control the affairs of an organization.

 The liability of equity shareholders is limited to the extent of their investment in the company.

Features of Debentures
 Debentures are the instruments of debt, which means that debenture holders become creditors

of the company.

 Debentures are a certificate of debt, with the date of redemption and the amount of repayment
mentioned on it. This certificate is also known as a Debenture Deed.

 Debentures have a fixed rate of interest, and such interest amount is payable yearly or half-
yearly.

 Debenture holders are not entitled to any voting rights. This is because they are not instruments
of equity, so debenture holders are not owners of the company, only creditors.

The interest payable to these debenture holders is a charge against the profits of the company.
So these payments have to be made even in case of a loss.

Example 22
Find the cost of

(i) �7200, 8% stock at 90

(ii) �4500, 8.5% stock at 4 premium

(iii) �6400, 10% stock at 15 discount

Solution:

(i) Cost of �100 stock= �90

Cost of �7200 stock = �(  x 7200) = �6480

(ii) Cost of �100 stock = �(100 + 4) = �104

Cost of �4500 stock =�(  x 4500) = �4680

(iii) Cost of �100 stock = �(100 – 15) = �85

Cost of �6400 stock = �( x 6400) = �5440
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Example 23:

Which is better investment

7.5% stock at 105 or 6.5% stock at 94

Solution:  Let the investment in each case be �105 x 94

Case I: 7.5% stock at 105

On investing �105, income= �

On investing �(105 x 94) income

= �(  x  x 105 x 94)

= �705

Case II: 6.5% stock at 94

on investing �94, income = �

On investing �(105 x 94), income

= �(   x  x105 x 94)

=�682.50

Clearly, the income from 7.5% stock at 105 is more.

Hence, the investment in 7.5% stock at 105 is better.

Example 24

Find the cost of 96 shares of �10 each at   discount, brokerage being ¼ per share.

Solution: Cost of 1 share = �[(10- )+ ¼]

                          = �

Cost of 96 shares = �(   x 96)

                = �912

Example 25
A man sells �5000, 12% stock at 156 and invests the proceeds partly in 8% stock at 90 and 9% stock
at 108. He thereby increases his income by �70. How much of the proceeds were invested in each
stock�

Solution: S.P. of �5000 stock

= �(   x 5000)

= �7800
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Income from this stock

= �(  x 5000) = �600

Let investment in 8% stock be ‘s’ and that in 9% stock = 7800 - s

Therefore (s x  ) + (7800 - s) ×  = 600+70

=>  +  = 670

=> 16s + 117000 – 15s = 670 × 180

=> s = 3600

Therefore, money invested in 8% stock at 90 = �3600

Money invested in 9% at 108

= �(7800-3600)

= �4200

Exercise 7.6
1. Find the cash required to purchase �3200, 7 ½ % stock at 107 (brokerage ½ %)
2. Find the cash realised by selling �2440, 9.5 % stock at 4 discount(brokerage ¼%)
3. Which is better investment 11% stock at 143 or 9 ¾% stock at 117
4. Find the income derived from 88 shares of �25 each at 5 premium, brokerage being ¼ per share

and the rate of dividend being 7 ½ % per annum. Also find the rate of interest on the investment.
5.  A man buys �25 shares in a company which pays 9% dividend. The money invested is such that

it gives 10% on investment. At what price did he buy the shares?

7.7 Depreciation

The decrease in the value of the assets such as building machinery and equipment of all kinds
is called depreciation.

Scrap value, Residual value  or salvage value: The value of a depreciable asset at the end of
its useful life is called the scrap value.

Total depreciation or wearing value: The difference between the original cost and the scrap
value is called total depreciation.

Book value: The difference between the original cost of the asset and the accumulated depreciation
at any given date is called the book value of that asset on that date

Methods of computing the annual depreciation:
We will discuss the following three methods of computing the annual depreciation:

1. Straight line method

2. Sum of the years digit method

3. Written down value method or reducing balance method

Linear or Straight line method:
The linear method of depreciation is the simplest and the most widely used method to calculate

the depreciation for fixed assets. Buildings, machinery, computer, automobiles, electronic items are
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examples of assets that will last for more than one year, but will not last indefinitely. Value of such
assets decreases year by year because of passage of time, wear and tear, outdated, accidents etc. The
work efficiency of asset decreases and expenses on repairs increases. Under this method, a percentage
of original cost is written off every year. As the result of this, the amount of Depreciation is uniform
every year. In this chapter, we shall discuss various methods of computing depreciation for a
depreciable asset.

According to this method the annual depreciation is given by

D = 

Where D = the annual depreciation

C = the original cost of the asset

S = estimated scrap value or salvage value

n = the useful life in years

Remark: In the above formula, C-S is the total depreciation.

It should be noted that:

1. When rate of depreciation is given with the words per annum (e.g. 10% p.a.) and the date
of acquisition is given then Depreciation is charged only for the period for which the asset
is held.

2. When the date of acquisition is not given, then depreciation is charged for full year.

3. When rate of depreciation is given without the words per annum, then depreciation is
charged for the full year.

(i) It is a simple method of calculating the Depreciation.

(ii) In this method, asset can be depreciated up to the estimated scrap value.

(iii) In this method, it is easy to know the amount of Depreciation as it is uniform every year.

Sum of the years digit method: In this method, the fraction of the asset to be depreciated each
year is obtained by putting the digit of the year in reverse order over the sum of the digits of the
life periods. A greater fraction of the cost of the asset is depreciated in the earlier years of the life
of the asset.

Written down value method or reducing balance method: This method is called the constant
percentage method or diminishing balance method. In this method, the annual depreciation is a
constant percentage of the book value of the depreciated asset at the end of the preceding year.

This constant percentage must be determined so that the book value of the asset at the end of
its estimated life is reduced to scrap value. The book value at the end of the nth year is given by

S = C (1-r)n

Where, S = Book value at the end of nth year

C = original cost of the asset

r = rate of depreciation

Example 26
On 1st April, 2020, Ram purchased a machinery costing �40,000 and spent �5,000 on its erection.
The estimated effective life of the machinery is 10 years with a scrap value of �5,000. Calculate the
depreciation using the Linear/Straight line method with accounting year ending on 31st March,
2021.
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Solution: Annual depreciation = 

= 

=  = �4,000 p.a.

Example 27
A machine costing �30,000 is expected to have a useful life of 4 years and a final scrap value of
�4000. Find the annual depreciation charge using the straight-line method. Prepare the depreciation
schedule.

Solution: We are given that

C = 30,000; n=4; S = 4000

Annual depreciation = 

= 

= 6500

Depreciated schedule

Year Annual Accumulated Book Value
depreciation depreciation

(�) (�) (�)

0 0 0 30,000

1 6500 6500 23,500

2 6500 13000 17,000

3 6500 19,500 10,500

4 6500 26,000 4000

Example 28
An asset costing �10,000 is expected to have a useful life of 4 years and a scrap value of zero. Find
the annual depreciation charge using the sum-of- the-years digits method.

Solution: We are given that

C = 10,000 ; n = 4 ; S = 0

The annual depreciation charged each year is determined by putting the digits of the year in
reverse order over the sum of the digits of the life periods.
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Depreciation schedule

Year Digit of the Fraction of the Annual depreciation Accumulated
year in asset to be (�) depreciation

reverse order depreciated (�)

1 4
4

10
4

10000 4000
10

  4000

2 3
3

10
3

10000 3000
10

  7000

3 2
2

10
2

10000 3000
10

  9000

4 1
1

10
1

10000 1000
10

  10000

Example 29
A machine costing �50,000 depreciates at a constant rate of 8%. What is the depreciation charge
for the 8th year. If the estimated useful life of the machine is 10 years, determine its scrap value.

Solution:  It is given that C = �50,000 and r = 0.08

The depreciation charge for the 8th year is obtained by subtracting the book value at the end of
the 8th year from the book value at the end of the 7th year

The book value at the end of the 7th year

 = 50,000 (1-0.08)7

= 50,000 (0.92)7

= 50,000 (0.5578466)

= �27892.33

The book value at the end of the 8th year

=  = 50,000 (1-0.08)8

= 50000 (0.92)8

= 50,000 (0.5132188)

= �25660.94

Hence depreciation charge for the 8th year

= �27892.33 – �25660.94

= �2231.39

The scrap value of the machine is given by

     S =   = 50,000 (1-0.08)10

= 50,000 (0.92)10

= 50,000 (0.4343884)

= �21719.42
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Exercise 7.7
1. A machine costing �30000 is expected to have a useful life of 13 years and a final scrap value of

�4000. Find the annual depreciation charge using the straight line method.
2. An asset costing �15,000 is expected to have a useful life of 5 years and a scrap value of �3000.

Find the annual depreciation charge using the straight-line method.
3. A piece of machinery costing �10000 is expected to have a useful life of 4 years and a scrap value

of zero. Find the annual depreciation charge using the sum- of- the- years digits method.
4. A machine, the life of which is estimated to be 15 years, costs �40,000. Calculate the scrap value

at the end of its life if it is depreciated at a constant rate of 10% per annum.
5. A machine costing �5000 depreciates at a constant rate of 5%. What is the depreciation charge for

the 5th year?
6. A firm bought a machinery for �7,40,000 on 1st April, 2018 and �60,000, is spent on its installation.

Its useful life is estimated to be of 5 years. It’s estimated reliable or scrap value at the end of the
period was estimated at �40,000. Find out the amount of annual depreciation and rate of depreciation.

7. Shiv & Co. purchased a mobile phone for �21,000 on 1st April, 2019. The estimated life of the mobile
phone is 10 years, after which its residual value will be �1,000 only. Find out the amount of annual
depreciation according to linear method.

8. On 1st April, 2015, Dreams Ltd. purchased an AC for �3,00,000 and incurred �21,000 towards
freight, �3,000 towards carriage and �6,000 towards installation charges. It has been estimated that
the machinery will have a scrap value of �30,000 at the end of the useful life which is four years.
What will be the annual depreciation and the value of machinery after four years according to linear
method?

ANSWERS

EXERCISE 7.1
1. �4000

2. �144000

3. 5%

4. �13,780

5. �1080

6. �373.60

7. �2408.19

8. �5968.8

9. �745

Exercise 7.2
1. �1,171.19

2. �911.53

3. �94,671

4. 5.66%

5. �1,201.20   �963
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EXERCISE 7.3
1. �10,278
2. �7,179
3. �12,455
4. �2,152.42, �108290.4
5. �8547.20, �1101376.17

EXERCISE 7.4
1. Effective annual rate of interest = 5.09 %
2. Better investment is 3.1 % per year compounded quarterly
3. Effective annual rate of interest = 8.24 %
4. �21560 approximately
5. First option

EXERCISE 7.5
1. 49.53%
2. 108%
3. 14.47%
4. �35,000
5. 2 years

EXERCISE 7.6
1. �3440
2. �2298
3. 9¾ % stock at 117 is better.
4. �165, 6.2%
5. �22.50

EXERCISE 7.7
1. �2000
2. �2400
3. �4000, �3000, �2000, ?1000
4. �8224
5. �203.50
6. �1,52,000 p.a.; 19% p.a.
7. �2,000 p.a.
8. �75,000 p.a.; �3,30,000





8.1Linear Programming Problem

8.0 LEARNING OUTCOMES
   At the end of this unit, the student will be able to:

 Understand the concept of Linear Programming Problem.

 Know the Mathematical Formulation of Linear Programming Problem.

 Conceptualize the feasible region and infeasible region.

 Distinguish between the feasible solution and optimal solution.

 Find the optimal solution of LPP by Graphical Method.

 Know the meaning of Optimization.

Before you start you should know:

 Graphing a given linear equation or a linear inequality

 Knowledge of linear inequalities

 Solving the simultaneous linear equations.

 Finding the coordinates of intersection point of linear equations/ inequalities

CONTENT

 Introduction and related terminologies (constraints, objective function, optimization)

 Mathematical formulation of LPP

 Application of LPP on different types of real life situations

 Graphical method of solution for problems in two variables

� Corner- method

� Iso-profit/iso-cost method

 Feasible and Infeasible regions (Bounded and Unbounded)

 Feasible and Infeasible solution, optimal feasible solution (up to three non-trivial
constraints.

U
n i t

8



8.2 Linear Programming Problem

MIND MAP

Non-negative
conditionsLinear constraintsObjective functionDecision variables

8.0 INTRODUCTION

Most of the organizations, big or small are concerned with a problem of planning and optimizing
its available resources to yield the maximum production (or to maximize profit) or in some cases, to
minimize the cost of production. Dealing with such problems using mathematics are referred to as
the problems of constrained optimization.

Linear Programming is a one of the techniques for determining an optimal  solution of
interdependent constraints and factors in view of the available resources. It refers to a particular
plan of action from amongst several alternatives for maximizing profit or production or minimizing
cost of production or transport etc. The word linear stands for indicating that all inequations or
equation used in a particular problem are linear.
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Thus, a linear programming problem deals with the optimization (Minimization or Maximization)
of a linear function having number of variables; subject to a number of conditions on the variables
in the form of linear inequations or equations in the variables involved.

In this chapter, we shall discuss mathematical formulation of LPP and also learn graphical
method to solve it. We shall also try to understand and appreciate the wide applicability of LPP in
industry, commerce, management and sciences. The graphical method is used to optimize and find
possible solutions for an LPP in two-variables.

8.1 LINEAR PROGRAMMING PROBLEM:

A Linear programming problem (LPP) consists of three important components:

(i) Decision variables

(ii) The Objective function

(iii) The Linear Constraints

1. Decision Variable: - The decision variables refer to the limitations or the activities that are
competing with one another for sharing the available resources. These variables are usually inter-
related in terms of utilization of resources and need simultaneous solution. All the decision variables
are considered to be continuous, controllable and non-negative and represented as variables x, y etc.

2. The Objective function: - As every linear programming problem is aimed to have an objective
to be measured in quantitative terms such as profit (sales) maximization, cost (time) minimization
and so on. The relationship among the variables representing objective must be linear.

A linear objective is a real valued function, represented as Z = ax + by, where a, b are arbitrary
constants, where Z is to be maximized or minimized.

3. The Constraints: - There are always certain limitations (constraints) on the use of resources,
such as labor, space, availability of raw material or restrictions on transportation variables etc. that
limit the extent to which an objective can be achieved. Such constraints are expressed as linear
inequalities or equalities in terms of decision variables.

The conditions x  0, y  0 are called non-negative restrictions on the decision variables.

Basic Assumptions:
A Linear programming problem is based on the following four basic assumptions:

(i) Certainty: It is assumed that in LPP, all the parameters; such as availability of resources,
profit (or cost) contribution of a unit of decision variable and consumption of resources by
a unit decision variable must be known and fixed.

(ii) Divisibility (continuity): Another assumption of LPP is that the decision variables are continuous.
This means a combination of outputs can be used with the fractional values along with the
integer values.

(iii) Proportionality: This requires the contribution of each decision variable in both the objective
function and the constraints to be directly proportional to the value of the variable.

(iv) Additivity: The value of objective function and the total amount of each resources used must
be equal to the sum of the respective individual contributions (profit or cost) by decision
variables.
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8.2 MATHEMATICAL FORMULATION A LINEAR PROGRAMMING PROBLEM

Let us take an example to understand how LPP is used to
solve real-life problems.

Rajat wishes to purchase a number of table-fans and sewing
machines. He has Rs.57600 to invest and has available space for
at most 20 items. A table-fan costs Rs. 360 and a sewing machine
costs Rs.240. Rajat wishes to sell one table-fan at a profit of Rs.22
and a sewing machine at a profit of Rs. 18.

Now, Rajat is in confusion as to how many table-fans and
sewing machines should he purchase from the available money
to get the maximum profit, assuming that he can sell all the items
which he buys.

To maximize the profit, let us suppose that Rajat purchases
x number of table-fans and y number of sewing machines which
are the decision variables for the LPP

Clearly, we can assume that x  0  and y  0, which are
sometimes also referred to as trivial constraints

Since Rajat has space for at most 20 items.

Therefore,

Total number of table-fans + Total number of sewing machine should be less than or equal to 20.

 x + y  20…….(i)

Also, we are given that a table-fan costs Rs. 360 and a sewing machine costs Rs. 240.

                Total cost of x table-fans and y sewing machine is (360x+240y)

 Since he has only Rs. 57600 to invest.

  Total cost of x number of table-fan and y number of sewing machine should be less than or

equal to 5760.

  360x + 240y  57600 …..(ii)

Since Rajat can sell all the items that he can buy and the profit on a table-fan is Rs.22 and Rs.18.
on a sewing machine

 Total profit on x table-fans and y sewing machine is Rs. (22x +18y)

Let Z denote the total profit, which is to be maximized in this case

Therefore, the linear objective function Z = 22x +18y

The above situation gives the description of the type of a Linear programming Problem.

Hence the given LPP can be mathematically formulated as:

(Objective function) To maximize Z = 22x +18y

Subject to constraints:

x  0, y  0

x + y  20

360x + 240y  57600

Sewing machine

Rajat Table fan
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8.3 TYPES OF LINEAR PROGRAMMING PROBLEMS

The application of LPP can be found in various daily life situations.

Some of the important LP problems we shall study are:

1. Manufacturing Problem

2. Diet problem

3. Transportation Problem

4. Assignment Problem

Manufacturing Problem - These problems involve the production and sale of different products
by a company. The production of the products requires optimization of labour force, machine hours,
raw material, storage space, etc. Different products are produced to satisfy the aforementioned
constraints and the investment available.

Diet Problem - Very often the dieticians and nutritionists are required to prepare health and diet
charts. The objective of these diet charts is to include all the important kinds of nutrients that are
required by the human body to stay healthy at a reasonable cost. Thus, in the diet problems, a
minimum amount of available nutrients, thereby minimizing the cost of such a diet plan.

Transportation Problem - These problems are related to the study of the efficient transportation
routes i.e. how efficiently the product from different sources of production is transported to the
different markets, such as the total transportation cost is minimized. Analysis of such problem is very
crucial for big companies with several production plants and a widespread area to cater to. In this
type of problem, constraints mean the specific supply and demand patterns and objective function
means the transportation cost should be minimized.

Assignment problem:-
This type of problems are related with the completion of a particular task /assignment of a

company by choosing a certain number of employees to complete the assignment within the required
deadline, given that a single person works on only one job within the assignment.

In this type of problem, the number of employees, the work- hours of each employee etc. are
considered as constraints and the total assignment to be done is treated as objective function.

Example 1
A furniture manufacture makes two products: chairs and tables. Processing of these products is done
on two machines A and B. A Chair requires 2 hours on machine A and 6 hours on machine B. A
table requires 5 hours on machine A and no time on machine B. There are 16 hours per day available
on machine A and 30 hours on machine B. Profit gained by the manufacturer from a chair and a
table is Rs. 2 and Rs.10, respectively. Formulate this problem as a linear programming problem to
maximize the total profit of the manufacturer.

Solution:

The given problem can be tabulated as follows for convenience:

Machine Chair Table Available time

A 2 hours 5 hours 16 hours

B 6 hours 0 30 hours

Profit per unit Rs. 2 Rs. 10
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Let x and y number of chairs and tables be produced respectively.

Then total profit to be maximized, Z = 2x + 10 y

Since the number of chairs and tables cannot be negative.

x  0 and y  0

It is given that a chair requires 2 hours on machine A and a table requires 5 hours on machine A

Therefore, it must be less than or equal to the total time available on machine A.

2x + 5y  16

Similarly, for machine B,

  6x  30 Or x  5

Hence the mathematical form of the given LPP is as follows:

Maximize   Z = 2x + 10y

Subject to the constraints:

x  0, y  0

2x + 5y  16

x  5

Example 2:
A small manufacturing firm produces two types of gadgets A and B, which are first processed in
the foundry shop, and then sent to the machine shop for finishing. The number of man-hours of
labor required in each shop for the production of each unit of A and B, the number of man hours
the firm has available per week are as follows:

Gadget Foundry Machine-shop

A 10 5

B 6 4

Firm’s capacity per week 1000 600

The profit on the sale of gadget A is Rs. 30 per unit as compared with Rs. 20 per unit of gadget
B. Formulate this problem as LPP to maximize the total profit

Solution:

Let x and y number of weekly production of gadgets A and B.

Therefore, Z = 30x + 20y (Since total profit is Z)

Since the number of weekly productions of gadgets, A and B cannot be negative.

x  0, and y  0

It is given that 10 and 6 man-hours of labor required in foundry shop for the production of each
unit of gadgets A and B.

Therefore, Total man-hours of labor required in foundry shop for the production of each unit of
gadgets A and B is (10x + 6y).

But firm’s total capacity per week is 1,000 man-hours of labor.

So, Total man-hours of labor required in foundry shop for the production of each unit of gadgets
A and B is less than or equal to 1000.

10x + 6y  1000
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 5x + 3y  500

Similarly, for finishing,

5x + 4y  600

Hence the mathematical form of the given LPP is as follows:

Maximize   Z = 30x + 20y

Subject to the constraints:

x  0, y  0

5x + 3y  500

And  5x + 4y  600,

Example 3
A firm is engaged in breeding pigs. The pigs are fed on various products grown on the farm. In view
of the need to ensure certain nutrients constituents (call them X, Y and Z), It is necessary to buy two
additional products, say A and B. One unit of product A contains 36 units of nutrient X, 3 units of
nutrient Y and 20 units of nutrient Z. One unit of product B contains 6 units of nutrient X, 12 units
of nutrient Y and 10 units of nutrient Z. The minimum requirement of nutrients X, Y and Z is 108
units, 36 units and 100 units respectively. Product A costs �20 per unit and product B costs �40
per unit. Formulate the above as a linear programming problem to minimize total cost.

Solution: Let x and y number of units of product A and B.

                  Therefore, Total cost = 20x + 40y.

                  Now, according to the question,

Nutrient Minimum
constituents         Nutrient content in product of nutrient. amount

A B

X 36 6 108

Y 03 12 36

Z 20 10 100

Cost of product Rs. 20 Rs. 40

Making use of above information, the appropriate mathematical formulation of the linear
programming problem is:

Minimize Z = 20x + 40y.

Subject to the constraints: x  0, y  0

36x + 6y  108  6x + y  18

3x + 12y  36  x + 4y  12

20x + 10y  100  2x + y  10

Example 4
There is a factory located at each of the two places P and Q .From these locations, a certain commodity
is derived to each of the three depots situated at A, B and C. The weekly requirements of the depots
are respectively 5 ,5 and 4 units of the commodity while the production capacity of the factories at
P and Q are 8 and 6 units respectively. The cost of transportation per unit is given below:
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        From/to                         Costs (in Rs)

A B C

P 16 10 15

Q 10 12 10

How many units should be transported from each factory to each depot in order that the
transportation cost is minimum. Formulate above as a linear programming problem.

Solution: The above given problem can be represented in diagrammatically as follows:

Let the factory at P transports x units of commodity to depot at A and y units to depot at B.

Since the requirements are always non negative quantities. Therefore, x  0, and y  0

Also, the factory at P has the capacity of 8 units of the commodity.

Therefore, the left over (8-x-y) units will be transported to depot at C

Clearly, 8 – x – y  0

 x + y  8

Since the weekly requirement of the depot at A is 5 units of the commodity and x units are
transported from the factory at P.

Therefore, the remaining quantity of (5 – x) units are to be transported from the factory at Q.

Similarly, (5 – y) units of the commodity will be transported from the factory at Q to the depot
at B.

But the factory at Q has the capacity of 6 units only, therefore the remaining units

6-(5-x+5-y) =x+y-4 units will be transported to the depot at C.

As the requirements of the depots at A, B and C are always non negative.

x – 5  0,  5 – y  0,  and  x + y – 4  0
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 x  5,

y  5,

and x + y  4

The transportation cost from the factory at P to the factory at A, B and C are respectively Rs.16x,
10y and 15(8- x -y).

Similarly, the transportation cost from the factory at Q to the depots at A, B and C are respectively
Rs.10 (5-x), 12(5-y) and10(x + y - 4).

Therefore, the total transportation cost Z is given by:

Z = 16x+10y+15(8-x-y) +10(x-5) +12(5-y) +10(x+y-4)

   = x-7y+190

Hence, the above LPP can be stated mathematically as follows:

Minimize Z = x – 7y + 190

Subject to the constraints:

x  0, y  0

x + y  8

x + y  4

x, y  5

Example 5
A company has two groups of inspectors namely, group A and B, who are assigned to do a quality
inspection work. It is required that at least 1800 pieces are inspected for 8-hour day. It is known that
inspectors of group A can check pieces at the rate of 25 per hour with an accuracy of 98%, while
inspectors of group B can check at the rate of 15 pieces per hour with an accuracy of 95%. The
inspectors of group A and B are paid Rs 40 and Rs 30 per hour respectively to do the work. Each
time an error is caused by the any inspector, it costs a loss of Rs 20 to the company. The company
has 8 inspectors in group A and 10 in group B. The company wants to determine the optimal
assignment of Inspectors to minimise total inspection cost. Formulate an LPP

Solution:

Let an inspector of group A inspect for x number of hours and each inspector of group B inspect
for y number of hours

The data of the given problem can be summarized as follows:

Group A Inspector Group B Inspector

Number of Inspectors 8 10

Rate of checking per hour 25 pieces 15 pieces

Inaccuracy in checking 1-0.98=0.02 1-0.95=0.05

Cost of Inaccuracy in checking Rs.20 Rs.20

Wage rate per hour Rs.40 Rs. 30

Hourly costs of each Group A and Group B inspectors are given by:

Group A Inspector: Rs. (40+20 ×0.02×25) = Rs. 50

Group B Inspector: Rs. (30+20 ×0.05×15) = Rs. 45
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Using the above information, the appropriate LPP is

Minimize Z =  8 × 50x + 10 × 45y = 400x + 450y

Subject to the constraints:

x  0, y  0

4x + 3y  120

x  8, y  10

8.4 SOLVING A LINEAR PROGRAMMING PROBLEM

In this section we are going to learn how to solve an LPP. Let us understand a few terms used
while solving it.

Solution: The set of values of decision variables  (j = 1, 2,….,n) which satisfy the constraints

of an LP problem is said to constitute solution to that LP problem.

Feasible Solution: The set of values of decision variables  (j = 1, 2,….,n) which satisfy all the

constraints and non-negativity condition of an LP problem is said to constitute feasible solution to
that LP problem.

 In other way, a solution that also satisfies the non-negativity restrictions of a LPP, is called a
feasible solution.

Infeasible Solution: The set of values of decision variables  (j = 1, 2,….,n) which do not satisfy

all the constraints and non-negativity condition of an LP problem is said to constitute the infeasible
solution to that LP problem.

Feasible region: Feasible region is the common region determined by all the constraints including
non-negative constraints of a LPP and every point in this region is the feasible solution of the given
LPP.

Optimal Feasible Solution: A feasible solution of a LPP that optimizes (maximizes or minimizes)
the objective function is called the optimal solution of the LPP. At times, an LPP can have no solution
or more than one optimal solution.

Theorem 1: Let R be the feasible region for a linear programming problem and let

Z = ax + by be the objective function.

When Z has an optimal value (maximum or minimum), where the variables x and y are subject
to constraints described by linear inequalities, this optimal value must occur at a corner point

(A corner point of a feasible region is a point in the region which is the intersection of two
boundary lines)

Theorem 2 : Let R be the feasible region for a linear programming problem, and let Z = ax + by
be the objective function.

(i) If R is bounded, then the objective function Z has both a maximum and a minimum value
on R and each of these occurs at a corner point of R.

(ii) If R is unbounded, then maximum or minimum value of objective function may not exit.
However, if it exits then it must occur at the corner point of the feasible region.

An LPP can be solved using many methods. In the next section we shall learn to solve a given
LPP using graphical method
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8.5 GRAPHICAL METHOD OF SOLVING LINEAR PROGRAMMING PROBLEM:

In the previous sections we learnt how to formulate a linear programming problem in mathematical
form, the next step is to solve the problem to get the optimal solution for the given LPP.

In this unit we shall focus on solving a linear programming problem with only two variables
using a graphical method as the graphical method provides a pictorial representation of the solution
process and a great deal of insight into the basic concept. So, in this chapter we shall focus on the
graphical methods involving two variables only.

The following methods are used to solve LP problems graphically:

(i) Corner - Point Method

(ii) Iso -Profit or Iso - cost method

8.5.1 CORNER - POINT METHOD
In this method, the coordinates of all corner (extreme) points of the feasible region are determined

and the value of the objective function at these points are computed because the mathematical
theory of LP states that an optimal solution to any LP problem always lie at one of the corner points
of the feasible region.

This method consists of the following steps:

(i) Formulate the given LPP in mathematical form.

(ii) Draw X-axis and Y- axis on the graph paper, the non -negativity restrictions
i.e., x  0, y  0 imply that the values of the variables x and y can lie only
in first quadrant.

(iii) Plot the inequality constraints on the graph and decide the area of feasible
region according to the inequality sign of constraints.

(iv) Shade the common region of the graph that satisfies all the constraints. The common region
is called the feasible region of the given LPP. Any point on or inside the feasible region is the
feasible solution of the given LPP. The feasible region can be bounded (closed) or unbounded
(open) as shown below:

Feasible region
will always be

in the first
quadrant

To determine the region
represented by an inequations
replace x and y both by zero,
if the inequation reduces to a
valid statement, then the
region containing the origin is
the region represented by the
given inequation
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(v) Now determine the coordinates of corner points of the feasible region

(vi) Now evaluate the objective function Z at each corner point of the feasible region. The point
where the objective function attains its optimum (maximum or minimum) value is the optimal
solution of the given LP problem.

Now let us discuss the two possibilities of feasible region in detail:

Case(i) If the feasible region of a LPP is bounded:

In this case the objective function has both a maximum value and a minimum value at a corner
point of the given feasible region. For example:

Corner Points Z = x + 2y

A (2, 3) 8 Minimum

B (1, 7) 15

C (4, 9) 22 Maximum

Case (ii)- If the feasible region of a LPP is unbounded:

In this case the objective function has both a maximum value and a minimum value at a corner
point of the given feasible region.

Corner Points Z = x + 2y

A (1, 5) 11

B (3, 5) 13

C (5, 8) 21 Maximum

D (0, 2) 4 Minimum
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In order to check whether Z (objective function) has maximum or minimum values respectively,
we proceed as follows:

1) Draw the line ax+by = M and find the open half plane ax + by > M.

If the open half plane represented by ax + by > M,  has no point common with the unbounded
feasible region, then M is the maximum value of Z, otherwise Z has no maximum value.

2) Draw the line ax+by =m and find the open half plane ax + by < m.

If the open half plane represented by ax + by < m, has no point common with the unbounded
feasible region, then m is the minimum value of Z, otherwise Z has no minimum value.

We shall now illustrate these steps of Corner Point Method by considering some examples:

Example 6
Solve the following Linear Programming Problem Graphically.

Maximize Z = 5x + 3y

Subject to constraints:

3x + 5y  15

5x + 2y  10

x  0, and y  0
Solution:

By plotting the given linear inequalities, we
can see that the inequality 3x + 5y  15 meets the
co-ordinates axes at  points (5,0) and A(0,3)
respectively.

Also the inequality 5x + 2y  10 meets the
co-ordinates axes at points C(2,0) and (0,5)
respectively.

As shown in graph (i) the shaded bounded
region OABCO represents the common region of
the above inequations. This region is the feasible
region of the given LPP.

The coordinates of the vertices (corner point)
of the shaded bounded feasible region are O (0, 0), A (0, 3), B (20/19, 45/19) and C (2, 0).

These points have been obtained by solving the equations of the corresponding intersecting lines,
simultaneously. The value of the objective function as these points are given in the following table:

Corner Points Coordinates Objective Function
Z = 5x + 3y

O (0,0) 0

A (0,3) 9

B (20/19,45/19) 235/19

C (2,0) 10

Clearly, Z is the maximum at P (20/19, 45/19)
Hence, x = 20/19, y = 45/19 is the optimal solution of the given LPP.
The optimal maximum value of Z is 235 /19 when x = 20/19 and y = 45/19

Graph (i)
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Example 7

Solve the following Linear Programming Problem Graphically.

Maximize Z = 2x + 4y

Subject to constraints:

x + 2y  5

x + y  4

x  0 and y  0

Solution: By plotting the given linear inequalities, we can see that the inequality x + 2y  5 meets
the co-ordinates axes at the point (5,0) and A(0,2.5) respectively.

Similarly, The inequality x + y  4 meets the co-ordinates axes at the point C (4, 0) and (0, 4)
respectively.

Graph (ii)

As shown in the graph above, the shaded bounded region OABCO represents the common
region of the above inequation. This region is the feasible region of the given LPP.

The coordinates of the vertices (corner point) of the shaded feasible region are O (0, 0), A (0, 2.5),
B (3, 1) and C (4, 0).

The value of the objective function as these corner points are given in the following table:

Corner Points Coordinates Objective Function
Z = 2x + 4y

O (0,0) 0

A (0,2.5) 10 (Max.)

B (3,1) 10 (Max.)

C (4,0) 8

Clearly, Z has maximized at two corner points A (0, 2.5) and B (3, 1).

Hence, any point on the line segment joining points A and B will give the maximum value
Z = 10 of the objective function.

The optimal maximised value of Z is 10 when x = 0 and y = 2.5 or when x = 3 and y = 1
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Example 8:

Minimise Z = x + 2y

Subject to constraints:

x  0 and y  0

2x + y  3

x + 2y  6

Show that minimum Z has more than two optimal soutions

Graph (iii)

Solution: By plotting the given linear inequalities, we can see that the inequality x + 2y  6 meets
the co-ordinates axes at the points B (0, 3) and A(6,0) respectively

Also, the inequality 2 x + y  3 meets the co-ordinates axes at  points (0, 3) and (3/2, 0)
respectively

As shown in the graph above, the shaded feasible region is unbounded.

The coordinates of the vertices (corner point) of the shaded feasible region are A (6, 0), and B
(0, 3)

The value of Z at the corner points are as follows:

Corner Points Coordinates Objective function
Z = x + 2y

A (6, 0) 6 min

B (0, 3) 6 min

There are no distinct maximum or minimum values of Z as the value of Z at points A and B are
same

Therefore, all the points lying on the line joining the points A and B will minimise and maximise
the objective function at many more points than A and B

Hence the minimum value of Z occurs for more than two corner points, i.e., all the points lying
on the line segment AB will minimize the objective function
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Example 9

Solve the following Linear Programming Problem Graphically.

Maximize Z = 6x + y

Subject to constraints:

2x + y  3

y – x  

x  0, and y  0

Solution: By plotting the given linear inequalities, we can see that the inequality 2 x + y  3 meets
the co-ordinates axes at the point (1.5, 0) and (0, 3) respectively.

Similarly, the inequality y – x  0 meets the co-ordinate axis at the point O (0, 0) respectively.

Graph (iv)

As shown in the graph above, the shaded feasible region is unbounded.

The coordinates of the vertices (corner point) of the shaded feasible region are A (0, 3), and B (1, 1).

The value of the objective function as these points are given in the following table:

Corner Points Coordinates Objective Function

 Z=6x + y

A (0,3) 3

B (1,1) 7 (Max.)

From this table, we find that 7 is the maximum value of Z at the corner point B (1, 1)

As the feasible region is unbounded.

Therefore, 7 may or may not be the maximum value of Z.

To decide this issue, we graph the inequality 6x + y > 7.

Plot this inequation on the same graph and check whether the resulting open half plane has
points in common with the feasible region or not.

As shown in the figure the red line representing the inequality 6x + y > 7 is passing through
corner point B(1, 1) but lies in the feasible region

Hence the given LP problem has no solution and Z cannot be maximized for any values of x and y.
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Example 10:

Maximize Z = x + y

Subject to constraints: x, y  0

x – y  –1

x  y

Solution:

Graph (v)

Plotting the graph, we can see that there is no possible feasible region for the given constraints

Hence the given LPP has no solution and Z cannot be maximized

Example 11
Minimize Z = 3x + 5y

Subject to constraints: x, y  0
x + 3y – 3  0
x + y – 2  0

Solution :  The feasible region determined by the system of constraints, x + 3y  3, x + y  2, and
x, y  0 is given below:

Graph (vi)

x + 3y  3

x + y  2
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Here, the feasible region is unbounded.

The corner points of the feasible region are A (3, 0), B (3 / 2, 1 / 2) and C (0, 2)

The values of Z at these corner points are given below:

Corner Points Coordinates Objective Function
Z = 3x + 5y

A (03, 0) 9

B (3/2, 1/2) 7 (Min.)

C (0, 2) 10

As we wish to minimize Z, we are going to draw graph of Z = 3x + 5y < 7 and check whether
the resulting half plane has any common points with the feasibe region or not

As the inequality, Z – 3x + 5y < 7 passes through a corner point B ( 3/2, 1/2) without interfering
the feasible region

That means, the corner point B (3/2, 1/2) minimizes Z  and the minimum value of  Z is 7. When
x = 3/2, y = 1/2.

8.5.2 ISO-PROFIT/ ISO-COST METHOD:
In this section we are going to learn another method to solve a given LP problem. Iso-Profit

method is another way to find the optimal solution by using the slope of the objective function line
(or equation).

An iso-profit (or cost) line is a collection of points which designate solution with same value of
objective function. By assigning various values to Z, we get different Profit (cost) lines. Graphically,
many such lines can be plotted parallel to each other .

The steps of iso-profit (cost) function method are as follows.
1. Formulate the given LPP in mathematical form
2. Identify the feasible region and extreme (corner) points of the feasible region .(As discussed

in Corner-Point method)
3. Give some convenient values to Z and draw the line so obtained in xy- plane.
4. If the objective function is to be maximized, then draw lines parallel to the line in step 3.
5. Obtain a line which is farthest from the origin and has at least one point common to the

feasible region.
6. If the objective function is to be minimized, then draw lines parallel to the line in step 3 and obtain

a line which is nearest to the origin and has at least one point common to the feasible region.
7. Find the co-ordinate of the common point obtained in step 4. The point so obtained determine the

optimal solution and the value of the objective function at these points give the optimal solution.

Example 12
Solve the following Linear Programming Problem Graphically.

Maximize Z = 15x + 10y
Subject to 4x + 6y  360

3x  180
5y  200
x  0, and y  0
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Solution:

Graph (vii)

To begin with, equality constraints are considered equations, as shown
in the above figure.

The bounded feasible area is formed by considering the area to the
lower left side of each equation (towards origin). A family of lines that
represents various levels of objective function is drawn (black lines in
figure).

These lines are called iso- profit lines.

Let us select an arbitrary value of Z as 300

Hence, the iso-profit function equation becomes 15x + 10 y = 300.

This equation can be plotted in the same manner as the equality constraints were plotted. This
line is then moved upward until it first intersects a corner in the feasible region (corner B).

The coordinates of corner point B can be read from the graph or can be computed as the
intersection of the two linear equations.

The coordinates x = 60 and y = 20 of corner point B satisfy the given constraints and the total
profit obtained is Z = 1100.

Example 13

Solve the following Linear Programming Problem Graphically.

Minimize Z = 18x + 10y

Subject to 4x + y  20

2x + 3y  30

and x  0 and y  0

For choosing arbitrary
value for Z, we can use
the LCM (a, b) for the
objective function
Z = ax + by
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Solution: As shown in the graph below, the feasible region of the LPP is unbounded

 Graph (viii)

Give a value, say 180 equal to (2 times LCM of 18 and 10) to Z to obtain the line 18x + 10y =180.

This line meets the co-ordinate axes at (10, 0) and (0, 18).

Join these points by black line. Move this line parallel to itself in the decreasing direction towards
the origin so that it passes through only one point of the feasible region. clearly PQ is such a line
passing through the vertex B of the feasible region. The coordinates of B are obtained by solving the
lines 4x + y = 20 and 2x + 3y = 30.

Solving these equations, we get x = 3   and y = 8.

Putting x = 3 and y = 8   in the objective function Z = 18x + 10y, we get Z= 134

The minimum value of Z is 134 at x = 3 and y = 8 .

8.6 CHECK YOUR PROGRESS

1) To maintain his health, a person must fulfill certain minimum daily requirements for several
kinds of nutrients. Assuming that there are only three kinds of nutrients -calcium, protein
and Calories and the person’s diet consist of only two food items 1 and 2, whose price and
nutrient contents are shown in the table below:

Nutrients Food Food II Minimum
(per lb) (per lb) daily requirement

Calcium 10 4 20

Protein 5 5 20

Calories 2 6 13

Price (in Rs.) 0.60 1.00

What combination of two food items will satisfy the daily requirement and entail the least cost?
Formulate this problem as a LPP.
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2) Vitamins A and B are found in two different foods F1 and F2 One unit of food F1 contains
two units of Vitamin A and 3 units of Vitamin B, one unit of food F2 contains 4 units of Vitamin
A and 2 units of Vitamin B, one unit of food F1 and F2 cost �5 and �2.5 respectively. The minimum
daily requirements for a person of Vitamin A and B are 40 and 50 units respectively. Assuming that
anything in excess of daily minimum requirement of Vitamin A and B is not harmful, find out the
optimum mixture of food F1 and F2 at the minimum cost which meets the daily minimum requirement
of Vitamin A and B. Formulate this problem as an LPP.

3) A brick manufacturer has two depots, A and B with stocks of 30,000 and 20,000 bricks
respectively. He receives orders from three builders P, Q and R for 15,000, 20,000 and 15,000 bricks
respectively. The cost in Rs. of transporting 1,000 bricks to the builders from the depots are given
below:

From\ To P Q R

A 40 20 30

B 20 60 40

 How should the manufacturer fulfil the orders so as to keep the cost of transportation minimum?
Formulate the above problem as linear programming problem.

4) A Cooperative Society of farmers has 50 hectares of land to grow two crops X and Y. The
profit from crops X and Y per hectare are estimated as �10,500 and �9,000 respectively. To control
weeds, a liquor herbicide has to be used for crops X and Y at rate of 20 liters and 10 liters per
hectare. Further, no more than 800 liters of herbicide should be used in order to protect fish and wild
life using a pond which collects drainage from this land. How much land should be allocated to each
crop so as to maximize the total profit of the society? Formulate the above problem as linear
programming problem.

5) A company has two grades of inspectors, I and II to undertake quality control inspection. At
least 1,500 pieces must be inspected in an 8-hour day. Grade I inspector. can check 20 pieces in an
hour with an accuracy of 96%. Grade II inspector checks 14 pieces an hour with an accuracy of 92
%. Wages of grade I Inspector are Rs. 5 per hour while those of Grade II Inspector are Rs. 4 per hour.
Any error made by Inspector costs Rs. 3 to the company. If there are, in all, 10 grade I inspectors
and 15 Grade II inspectors in the company, find the optimal assignment of inspectors that minimizes
the daily inspection cost. Formulate the above problem as linear programming problem.

6) Solve the following Linear Programming Problem graphically:

i. Maximize Z = 3x + 2y

Subject to the constraints:           –2x + y  1

x  2,

x + y  3, and x  0, y  0

ii. Minimize Z = 5x – 2y

Subject to the constraints: 2x + 3y  1,

and x  0, y  0

iii. Minimize Z = –x + 2y

Subject to the constraints: –x + 3y  10,
x + y  6

                                                x – y  2
                                                and x  0, y  0
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iv. Maximize Z = –x + 2y

Subject to the constraints: – 0.5x + y  2,

x – y  –1

                                                and x  0, y  0

v. Maximize Z = 5x + 4y

Subject to the constraints: x – 2y  1,

x + 2y  6

                                                x – y  3

                                                and x  0, y  0

Solve the following Linear Programming Problem graphically by using Iso-cost method:

7. Minimize Z = 4x – 2y

Subject to the constraints: x + y  14,

2x + y  24,

3x + 2y  14,

and x  0, y  0

8. Maximize Z = 3x + 9y

Subject to the constraints: x + 4y  8,

x + 2y  4,

and x  0, y  0

9. Maximize, Z = 3x + 2y

Subject to the constraints: –2x + y  ,

x + y  3,

x  2,

and x  0, y  0

CHECK YOUR PROGRESS ANSWERS                                     
1) Minimize Z = 0.60x + 1.00y

Subject to the constraints: 10x + 4y  20

5x + 5y  20

2x + 6y  13

and x  0, y  0

2) Minimize Z = 5x + 2.5y

Subject to the constraints 2x + 4y  0

3x + 2y  50

and x  0, y  0

3) Minimize Z = 30x – 30y + 1800

Subject to the constraints: x + y  30

x  15, y  20,  x + y  15

and x  0, y  0
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4) Maximize Z = 10500x + 9000y

Subject to the constraints: x + y  50

2x + y  80

and x  0, y  0

5) Minimize Z = 59.20x + 58.88y

Subject to the constraints: x, y  0

x  10, y  15

160x + 112y  1500

6) i. x = 2, y = 1, max. z = 8

ii. x = 0, y = 
1
3

, min z = 
2
3

iii. x = 2 , y =0, min. z = –2

iv. multiple optimal solutions, max. Z = 4 at (0, 2) and (2, 3) and infinite points on the
line segment joining them.

v. No solution (unbounded solution)

7) x = 8, y = 6 and Min. Z = 20

8) x = 0, y = 2 Max. Z = 18

9) x = 2, Y = 1, Max. Z = 8

8.7 UNIT SUMMERY

1. Linear programming problem deals with the optimization (Minimization or Maximization) of
a linear function of a number of variables subject to a number of conditions on the variables
in the form of linear inequations or equations in variables involved.

2. A Linear programming problem (LPP) consists of three important components:

(i) Decision variables
(ii) The Objective function
(iii) The Linear Constraints

3. The decision variables refer to the limitations or the activities that are competing with one
another for sharing the available resources

4. A linear objective is a real valued function, represented as Z = ax + by, where a, b are
arbitrary constants, where Z is to be maximized or minimized

5. the conditions x  0, y  0 are called non-negative restrictions on the decision variables

6. Some of the important LP problem we shall study are:

a. Manufacturing Problem
b. Diet problem
c. Transportation Problem
d. Assignment Problem

7. The set of values of decision variables  (j=1,2,….,n) which satisfy the constraints of an LP

problem is said to constitute solution to that LP problem.
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The set of values of decision variables xj  (j = 1,2,….,n) which satisfy all the constraints and
non-negativity condition of an LP problem is said to constitute feasible solution to that LP
problem.

8. The set of values of decision variables xj (j=1,2,….,n) which do not satisfy all the constraints
and non-negativity condition of an LP problem is said to constitute the infeasible solution to
that LP problem.

9. Feasible region is the common region determined by all the constraints including non-negative
constraints of a LPP and every point in this region is the feasible solution of the given LPP.

10. A feasible solution of a LPP that optimizes (maximizes or minimizes) the objective function
is called the optimal solution of the LPP.

11. An LPP can have no solution or more than one optimal solution.

12. Theorem: Let R be the feasible region for a linear programming problem and let Z = ax + by
be the objective function.

When Z has an optimal value (maximum or minimum), where the variables x and y are
subject to constraints described by linear inequalities, this optimal value must occur at a
corner point

(A corner point of a feasible region is a point in the region which is the intersection of two
boundary lines)

13. Theorem: Let R be the feasible region for a linear programming problem, and let Z = ax + by
be the objective function.

If R is bounded, then the objective function Z has both a maximum and a minimum value
on R and each of these occurs at a corner point of R.

If R is unbounded, then maximum or minimum value of objective function may not exit.
However, if it exits then it must occur at the corner point of the feasible region

14. There are two methods to solve an LPP graphically:

i. Corner-Point Method

ii. Iso-Profit or Iso-cost method
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LEARNING OUTCOMES
   After completion of the unit the students will be able to:

 Plot the different graphs of functions on Excel.

 Learn different operations performed on the matrix.

 Learn how to perform simulation.

 Comprehend practical applications of demand and supply associated with economics.

 Understand the meaning of Data Analysis and Data Visualization.

 Apply Analytical Methods for business decision-making.

 Analyse different data and develop meaningful inferences for decision-making.

Practical and Project Work
Assessment Plan

1. Overall Assessment of the course is out of 100 marks.

2. The assessment plan consists of an External Exam and Internal Assessment.

3. External Exam will be of 03 hour duration Pen/Paper Test consisting of 80 marks.

4. The weightage of the Internal Assessment is 20 marks. Internal Assessment can be a
combination of activities spread throughout the semester/academic year. Internal
Assessment activities include projects and excel based practicals. Teachers can choose
activities from the suggested list of practicals or they can plan activities of a similar
nature. For data-based practical, teachers are encouraged to use data from local sources
to make it more relevant for students.

5. Weightage for each area of internal assessment may be as under:

Sl. No. Area and Assessment Area Marks allocated
Weightage

1. Project work Project work
(10 marks) and record 5

Year-end Presentation/
Viva of the Project 5

2. Practical work Performance of
(10 marks) practical and record 5

Year-end test of
anyone practical 5

Total 20

U
n i t

9
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Practical: Use of spreadsheet
Learning Outcomes
Students shall be able to:

 Draw graph of an exponential function

 Comprehend Demand and supply functions on Excel

 Study the nature of function at various points

 perform Matrix operations using Excel

Suggested practical using the spreadsheet

 Plot the graphs of functions on excel and study the graph to find out the point of
maxima/minima

 Probability and dice roll simulation

 Matrix multiplication and the inverse of a matrix

 Stock Market data sheet on excel

 Collect the data on weather, price, inflation or pollution. Analyse the data and make
meaningful inferences

 Collect relevant data from newspaper on traffic, sports, stock markets and use excel to
study future trends

About Project Work
Some suggested project works are given below (according to the syllabus). For more details, you

can refer to the syllabus. The project work would be conducted individually or in a group (3 to 4
students). Students select the topic related to the practical implementation of mathematics in different
domains. Project work includes Data analysis, predicting market trends for better decision making,
making inferences based on collected data, do simulations, and find out different best solutions to
real-time problems. You can collect the data sets of various domains from different platforms like
Kaggle, https://www.kaggle.com (world’s largest data science community), Google Public Datasets,
Amazon Web Services (AWS) datasets, and many more for data analysis and make better decision
making. Students may also work on various projects based on the prediction of future sales, stock
market, air pollution, COVID-19 outbreak etc.

Evaluation of each project should be based on the learning outcomes and practical implementation
of its results. The objective of the project should be clear to every student. Different approaches for
solving the problem and get the best and optimized solution to it. Teachers should guide the students
in making their projects successful.

List of Suggested Projects (Class XII)
1. COVID-19 Data Analysis, pre-process and merge datasets to calculate needed measures and

prepare them for an Analysis. In this, you can work with the COVID19 dataset, published
by John Hopkins University, which consists of the data related to the cumulative number of
confirmed cases, per day, in each Country.

2. Earthquake prediction using past data.

3. The Project Manager uses cost trend analysis to identify project budget under and overruns
and to solve many budget issues. One of the responsibilities of a project manager is to manage
the project budget. This covers, estimating the initial budget (in most cases or at least reviewing),
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creating a monthly budget plan, tracking progress (actual)spend , and then re-forecasting the
budget required (known as the estimate to complete – ETC).

The objective of conducting this analysis is to identify where a project will under or overrun
the budget. While a project manager should be completing budget reviews and re-forecasts
regularly. So the data needed for this is:

 List of projects

 Budget for each project

 Previous months Year to Date (YTD) Actuals for each project

 Current months YTD Actuals for each project

 Estimate to Complete (ETC) for each project

 This data should be produced by the project monthly so hopefully should not present an
issue.

4. Another popular one is to obtain product and pricing data from e-commerce sites for Data
Analysis and decision making. For instance, extract product information about Bluetooth
speakers on Amazon, or collect reviews and prices on various tablets and laptops. This means
you can start with a product that has a small number of reviews, and then start analysing
with previous feedbacks, reviews on that particular product, and upscale according to the
parameters you could choose for better sales.

5. Global Suicide Rates Analysis by taking the dataset from Kaggle (https://www.kaggle.com/
russellyates88/suicide-rates-overview-1985-to-2016), it covers suicide rates in various countries,
with additional data including year, gender, age, population, GDP, and more. When carrying
out your EDA (Exploratory Data Analysis), ask yourself: What patterns can you see? Are
suicide rates climbing or falling in various countries? What variables (such as gender or age)
can you find that might correlate to suicide rates?

6. Most Followed on Instagram: Whether you’re interested in social media, or celebrity and
brand culture, this dataset of most-followed people on Instagram

https://data.world/socialmediadata/most-followed-on-instagram has great potential for
visualization. You could create an interactive bar chart that tracks changes in the most
followed accounts over time. Or you could explore whether brand or celebrity accounts are
more effective at influencer marketing. Otherwise, why not find another social media dataset
to create a visualization? 

7. Superstore Sales Forecasting Data: Areas such as product placement, inventory management,
and customization of offers, are sought to improve constantly through the application of data
science. Collect the data of various stores and on basis of historical data predict the sales. The
goal is to predict the department-wise sales of each store using the historical data spanning
across 143 weeks.

8. Forecasting Uber/ Rapido Demands

Demand and Supply functions on Excel

A spreadsheet provides various types of charts to display demand and supply information.
Different types of charts are available to use but it depends on what kind of analysis you are going
to perform. If the data requires finding the equilibrium for supply and demand, a line graph provides
the best results as well as visualization but if you want to show the variations between supply and
demand, a column chart is more suitable.
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For creating different charts on supply and demand, the steps are as follows:

1. Open a new spreadsheet, add the data in the different columns as in the image shown below
i.e. price, quantity demanded and quantity supplied.

Fig 1: Supply and Demand Data

2. Select columns of price, quantity demanded, and quantity supplied and click on the Insert
Tab, choose line chart from chart group.

Fig 2: Line Chart

3. After choosing a line chart, it will appear with the mentioned data values on the x-axis and
y-axis with different colors. By default, the price would be at x–axis.
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Fig 3: Supply and Demand Line Chart

With the same data, you can also visualize the data by using a scatter plot. The scatter chart is
shown below. The supply and demand curve will intersect at a point which is your equilibrium point
and it is visible in both the charts.

Fig 4: Supply and Demand Scatter Chart
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Matrix multiplication
Before going to matrix multiplication we need to know about the basics of the matrix, what is

the matrix? A matrix is an arrangement of numbers in rows and columns.

For example, Matrix A has two rows and two columns

1. In Microsoft Excel, the MMULT function is used for multiplying any two matrices. So let’s
take two matrices 3x3 matrix A and matrix B as shown in the given figure below.

Fig: 5: Two 3x3 Matrices A and B

2. For multiplication of two matrices A and B, the number of columns in the first matrix must
be equal to the number of rows in the second matrix. After selecting the cells 3x3 and write
down the MMULT () function in the given cell . You can see in the below figure once you
write the MMULT function it asks for array 1 and array2.

Fig 6: MMULT () function
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So Array 1 is the first matrix and Array 2 is the second matrix. After opening the bracket of the
MMULT function select the cells of Matrix A (A2:C4), as well as Matrix B (G2:I4) separated with
comma as given the fig 7 and 8.

Fig 7: Array 1(Matrix A)

Fig 8: Array 2(Matrix B)

3. While calculating the result, key Combination Ctrl+Shift+Enter should be used and you will
get the desired output. As you can see in fig 9.

Note: Do Not Press Enter Alone, Pressing enter alone will only show one value instead of a matrix.



9.8 Practical and Project Work

Fig 9: Matrix Multiplication using MMULT ( ) Function

Finding the Inverse matrix using MS Excel

1. For calculating the inverse of a given matrix, the MINVERSE function is used. First, create
the matrix A (3x3) given below in fig 10. Enter the values in rows and columns.

Fig 10: 3×3 Matrix

2. Once you create the matrix, then write the MINVERSE in the highlighted cell in which where
you want to place the resulting matrix . For the array, select the Matrix A cells (B2:D4). As
you can see in the below-given image fig:11.
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Fig 11: MINVERSE Function

3. While calculating the result, key Combination Ctrl+Shift+Enter should be used and you will
get the desired output. As you can see in fig 12.

Note: Do Not Press Enter Alone, Pressing enter alone will only show one value instead of a matrix.

Fig 12: Inverse of Matrix



9.10 Practical and Project Work

How to Calculate Probability Using MS Excel?

Probability is the branch of mathematics and it is defined as the likelihood for which an event
is probable, or likely to happen. MS Excel has built-in function PROB for calculating the probability.
PROB function is classified under the MS Excel statistical functions. The function of probability
worked in different domains like in business, sports, in financial analysis for estimating the long term
business losses and gain.

Formula  :

=PROB (x_range, prob_range, [lower_limit],[upper_limit])

 range – the range of numeric values containing our data

 prob range – the range of probabilities for each corresponding value in our range

 lower_limit –the lower limit of the values for which we want to calculate the probability

 upper_limit –the upper limit of the values for which we want to calculate the probability

Let’s take an example to understand the usage of the built-in function PROB for calculating the
probability.

The Below table contains grades and their corresponding probabilities. Here we set the lower
limit to 50 and the upper limit to 80.

Fig 13: Table for Grades

1. After entering the data in the table we write the PROB function in the formula bar along with
the arguments. Select the cell (A2:A7) for grades and B2:B7 for corresponding probabilities
with lower limit 50 and upper limit 80.
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Fig 14: PROB function

2. After applying the formula you will get the resultant in desired cell i.e.C2 cell 0.95.

Fig 15: Result
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Dice roll simulation

The given example shows you how to simulate the dice roll in MS Excel. Following are the steps
to follow which is given below:

1. The first is to choose the dice, for this go to the INSERT tab and click on the Symbols and
select the Segoe UI symbol as shown in fig 16.

Fig 16: Dice Selection

2. After selecting the Segoe UI Symbol, select the dices from 1 to 6 in column B.

Fig 17: Dices
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3. Put each dice on the single-cell by selecting the one dice Ctrl+X and paste it in another cell
along with numbering 1 to 6 as shown in fig 18.

Fig 18: Copying of Dices in individual cell

4. The Next step is to generate the random number between 1 and 6 just similar to the roll of
dice by using built-in function RANDBETWEEN. By applying this function, you have to enter
the bottom and top values.

Fig 19: RANDBETWEEN Function
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5. Put the 1 as the bottom value and 6 top value and enter it. Any random number would be
generated as you can see in Fig 21.

Fig 20: Top and Bottom value of RANDBETWEEN Function

Fig 21: Random Number Generation
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6. Apply the VLOOKUP function to select the outcome for each die. Place the number for the
first die in column D and the number for the second die in column E as shown in fig 22 .

Fig 22: VLOOKUP Function

7. Add different parameters like lookup value, table array col index and range lookup. Write
down the formula in cell D4, open the bracket and choose D3 value and put a comma. For
table array, select the column A and B along with the associated values within the cell and
press F4. Add col index value is 2 and for range lookup to choose the argument FALSE. And
press enter.

Syntax:

=VLOOKUP (value, table, col_index, [range lookup])

Arguments:

Value: The value to look for in the first column.

Table: The table from which to retrieve a value.

Col_index: The column in the table from which to retrieve a value.

Range_lookup: - [optional] TRUE = approximate match (default),FALSE = exact match.
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Fig 23: VLOOKUP Arguments

Fig 24: VLOOKUP Function
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8. After press enter, you will get the dice roll in the desired cell which is mentioned below in
the given fig 25 and 26.

Fig 25: Dice Roll

Fig 26: Two Dice Roll



9.18 Practical and Project Work

9. For increasing the Dice size, click on the HOME tab and select the alignment and Increase
font size. Adjust the size of both the dice.

Fig 27: Resizing the Dice

10: Now select one dice, copy it and paste it on another sheet and check the formula bar.

Fig 28: Formula for Dice 1
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Fig 29: Two dices

11. Similarly check for dice 2 and add some changes for rolling the dice in the given cell on the
formula bar for rolling the dice simulation.

Fig 30: Dice rolling simulation
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Plot the Graphs of functions on Excel
Linear Function: In mathematics, linear functions have the form f(x) = ax + b, where a and b

are constants. The graph of any linear function is a straight line. The Linear function is quite popular
in economics. It is very useful in comparing the rates of pay.

Let’s take an example if one company offers to pay you $450 per week and the other offers $10
per hour, and both the companies asked you to work 40 hours per week, then which company is
going to offer the better rate of pay? For this kind of implementation, a linear equation can help you
out in a better way. More applications in the daily life of linear equations are: In Budgeting, making
predictions, variable costs etc.

In excel, plotting of linear function graph, here we take the different values of x and put the
values in the mentioned formula f(x) = 3x-3 and get the values. You can see in fig 31. Column A:
Different values of x i.e. from 0 to 5 and Column B: f(x) =3x-3. For calculating each value apply the
formula for value 0, write it down in Column B second cell: 3*A2-3, and then press enter you will
get the value i.e. -3 .

Fig 31: Different Values of x

After getting the 1st value, drag the A2 cell till A7, you will get all the values by formula. See
the values in the given below fig 32. Now select both column A and column B and then for plotting
the graph, go to the INSERT tab and click on charts and choose to scatter plot. Your linear function
would be plotted for the given values which are shown in Fig 33. The Graph shows the straight line.
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Fig 32: Scatter Plot Graph

Fig 33: Graph of Linear Function

 Quadratic Function: The quadratic function or polynomial of degree 2 is in the form of

where a, b, and c are real numbers and a‘“0. If a >0, the parabola opens
upward. If a<0, the parabola opens downward. The graph of a quadratic function is a curve called
a parabola. It may open upward or downward and can vary in their “width” but they all have the
same basic “U” shape.
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The quadratic functions are used in real-world situations or everyday life like optimizing profits
for business, calculating areas of certain land, speed of an object like throwing a ball, determining
a product’s profit, etc.

In excel, for plotting graph of quadratic function f(x) = , we follow these steps.

1. Take different values of a, b and c for the given function f(x) = ax2+bx+c, Let’s take a=1, b=4
and c=2. Put these values in the given function you will get f(x) =x2+4x+2. Put the values of
a, b, and c in different cells of column B  as shown in figure 34 below.

2. After assigning the values of a, b, and c, assign different values to x. Now substitute these
values in the function f(x) = ax2+bx+c based on each value of x assigned. Apply the formula
in the formula bar by selecting the cell and their associated values in the given fig 34.

Fig 34: Formula for implementing Quadratic Function

3. After applying the formula, press enter and you will get the desired value of f(x) for value
x = - 5 i.e 7 in Fig 35.

4. Now if you want to use the auto-completion, we simply lock the cells containing the values
of a, b, and c as shown in fig 36.
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Fig 35: Result

Fig 36: Auto-completion (lock the cells)
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5. After applying the auto-completion select the columns D and E with values and for plotting
the graph click on the INSERT tab and then click on charts and then select the scatter plot
and choose the scatter chart you can see the parabolic curve in the given below fig 37. In this
way, you can plot the graph.

Fig 37: Quadratic Function Graph

Exponential Function: An exponential function is a Mathematical function in the form
f (x) = , where “x” is a variable and “a” is a constant which is called the base of the

function and it should be greater than 0.

The real-world applications of exponential functions are bacterial growth/decay, population
growth/decline, and compound interest, pandemics (exponential growth of disease),
smartphone uptake and sale, the exponential growth of cancer cells, etc.

In Excel, there is a built-in exponential function called as EXP function that returns a numeric
value, which is equal to e raised to the power of a given number.

The Syntax for the EXP function

=EXP( ) Note: In between parenthesis you write the number.

EXP function in Excel takes only one input, which is required; it is the exponent value raised
to base e.

The number e is an irrational number, whose value is constant and is approximately equal
to 2.7182. This is number is also known as Euler’s Number.

Now let’s see that how to plot an exponential graph in excel. Let’s take different values of
x and apply the EXP function. In the given below fig 38. Apply the function EXP(1) for value
1 in Column B.
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Fig 38: EXP () Function

After applying function for value 1 and then press enter you will get the value i.e. 2.718282
approximately. You can see in fig 39. Similarly, apply for different values and calculate the exponential
values for different values of x.

Fig 39: EXP (1) Result
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After calculating the values plot the exponential function graph by clicking on the INSERT tab,
select the graph and choose the scatter chart. The graph would be automatically plotted. The graph
is shown in fig 40.

Fig 40: Exponential Function Graph

If you want to add Trend lines , right-click on the plotted graph line and select the Add Trend
Line option as shown in fig 41.

Fig 41: Add TRENDLINE
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After choosing the Trend Line, select the Exponential option in the list of Trend line options and
apply it . The final Exponential Function graph would be shown in given fig 42 and 43.

Fig 42: Exponential TRENDLINE

Fig 43: Exponential Function Graph with TRENDLINE
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Stock Market Data Sheet on Excel
In Microsoft 365 Excel, we get easily the stock and geographic data. We can convert the text into

Stock data type as well as Geography data type which is mentioned in different cells.

In fig A which is given below in column,  different cells with company names contain the Stocks
data type. This icon:   symbolize the Stock Data Type. The Stocks data type is connected to an
online source that contains more information. Columns B and C are used to extracting that information.
Specifically, the values for price and change price are getting extracted from the Stocks data type
in column A.

Fig A: Stock Data Type

Let’s take an example to get a better understanding of using Stock data type . How you convert
the text into Stock and Geography Data Type.

In fig 44 which is given below, first, you have to type any text in the cell-like I have written
google text in Column A cell A1.

If you want stock information, type a ticker symbol, company name, or fund name into each cell.
If you want geographic data, type a country, province, territory, or city name into each cell.

Fig 44: Stock Information

After selecting the Stock information, as you can see in fig 45 ,the table of stock information
would be placed on an Excel worksheet.
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Fig 45: Stock Information

Now the next step is that you have to convert into Stock Data type . For this you have to select
the cells to go to the Data Tab and select the Stocks Data Type or Geography Data Type as per your
data choice. So here I would choose the Stock data type according to my data .You can see in  fig
46, you’ll know they’re converted if they have this icon for stocks:   and this icon for geography: 

Fig 46: Stock and Geography Data Type

After selecting the stock data type you will see that the first Company Name Microsoft Corporation
converted into Stock Data Type and you can see the symbol on the left corner of the text. Similarly,
one by one you can convert all company names into a stock data type. You can see in both fig 47
and 48.
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Fig 47: Stock Data Type

Fig 48: Stock Data Type

Once all done with the stock data type, after that you have to add different metrics or information
related to different stocks in your data set. Select one or more cells with the data type and the Insert

Data button  will appear as you can see in the above-given fig 48.Click that button and you will

notice a lot of different information or fields associated with that particular stock. Choose one field
and it will be added to the right of your current data set.

In the given example as shown in  fig 49, I choose 52 weeks high, you can choose price also. For
Geography, you might pick Population.
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Fig 49: 52-week high field

Once you press enter you will get the value associated with the chosen field. Similarly, apply the
same formula with different data set and choose different fields also.

See the results in fig 50 and 51 which are given below.

Fig 50: Result of the selected field

Fig 51: 52 Week High field result
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Click the Insert Data button again to add more fields. If you’re using a table, here’s a tip: Type
a field name in the header row. For example, type Change in the header row for stocks, and the
change in the price column will appear.

Collect Data on weather, price, inflation and pollution: Analyse the Data and make meaningful
Inferences

Before going to the inferences we must know about Data Analysis. So Data Analysis is the
process of cleaning, transforming and modelling the data to discover useful information for business
decision-making. The main purpose of Data Analysis is to extract useful information from data and
suggesting conclusions, taking the better and right decision based upon the data analysis.

Data Analysis is defined by the statistician John Tukey in 1961 as “Procedures for analysing
data, techniques for interpreting the results of such procedures, ways of planning the gathering of
data to make its analysis easier, more precise or more accurate, and all the machinery and results
of (mathematical) statistics which apply to analysing data.”

Data Analysis through Excel

Excel provides different functions, commands, and tools for making data analysis easy. You can
also do data analysis of large data sets by using PivotTables and produce desired reports. 

Data Analysis consists of different phases:

Fig 52: Data Analysis Phases
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Generating Inference from Data
Pivot tables are an amazing tool for analysing large data sets. It also helps in summarizing data

and explore data insights.

For creating a Pivot table and analyse the data follow these steps. You can import the data set
externally by clicking on the DATA tab choose the option From Other sources and select the option
as per your requirement. You can import data from other options like From Access, From Web and
Text. You can see the options in the given fig 53.

Fig 53: Import Dataset in Excel

Let’s take an example like suppose you are working with company data, you have questions
like “How much revenue is contributed by branches of North region?” or “What was the average
number of customers for product A or B?” and many others. Then pivot table is the best tool for
analysing this kind of data.

A pivot table provides different operations like count, average, sum, and perform other calculations
according to the reference which you have selected i.e.  It converts a data table to an inference table
so that we can analyse the data and which helps us to make better decisions.

The table given in fig 54 has sales detail of each customer with the region and product mapping.
In the table which is given in fig 55, we have summarized the information at the regional level which
now helps us to generate an inference that the South region has the highest sales.
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Fig 54: Dataset

Fig 55: Inference Table
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How to create a Pivot table, follow the steps given below:
1. First click anywhere in the list of the dataset, here I have selected the cell D7 of Column

Premium and then click on the INSERT tab and choose Pivot Table in the left side corner of
Tab. Once you choose, Excel automatically selects the chosen area which consists of the data
values including the heading. If it doesn’t select automatically then you have to do it manually
to drag over the area to select a particular cell. See the given below fig 56 for selecting the
pivot table.

Fig 56: Create Pivot Table from INSERT Tab
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2. After selecting the option new worksheet, place the pivot table on a new sheet and click ok.
Now you can see the pivot table in the new worksheet shown in the fig 57.

Fig 57: Pivot Table creation in the new worksheet

3. Now you can see the pivot table panel at the right-hand corner which contains different
fields in the given list. Choose the field as per need for data analysis and making inferences
based on them. Once you select the fields, here I have selected Product id, Premium and
Region Field.
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4. After that your pivot table is created you can see in the fig 58.

Fig 58: Pivot Table

5. If you want to change the rows and columns of the fields which you have selected then right-
click the row or column label or the item in a label, point to Move, and then use one of the
commands on the Move menu to move the item to another location. Seein fig 59 .

Fig 59: Pivot Table (Generated Inference)



9.38 Practical and Project Work

6. In Fig 59. given above, we have arranged the Region in row and Product Id in column and
sum of premium taken as value. Now the pivot table is created and inferences generated. You
can also use different functions like sum, average, min, max and other summary fields. We
have summarized the information at the region level which now helps us to generate an
inference that the South region has the highest sales.

Creating Charts: For taking better business decisions and making inferences, data visualization
through charts or graphs would be very useful. In excel, for making different charts, click on the
INSERT tab select charts and choose any chart .

For the above given data set, visualization of pivot table would be shown like this.

Fig 60: Creating Charts

Similarly, we can analyse the weather also by collecting the weather dataset and make inferences
based on different parameters or metrics. Get the daily temperature and weather conditions .You
can take the metrics: Weather Type and for visualization choose different colours for every different
weather, whether its rain, cloud, snow or sun. Make a table with two columns one for weather
description and another for type.

Now for analysis, Choose a date, day, temp and weather for making better predictions and
making decisions.

Collect data from newspapers on traffic, sports activities and on market trends and use excel
to study future trends.

Before going to study future trends first we must know about some terminologies which have
worked and going to help you in predicting, analysing the trends.

Forecasting: It is the process of predicting the future by analysing the past and present data.
When we talk about Quantitative forecasting so it will work on time series data like we want to
know the number of passengers flying every year on planes by use of time series data.
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Some important components of time –series are Trend and Seasonality.

Trend: It is the long term tendency of the variable to increase or decrease over a period of time.
For example the number of passengers flying every year on planes by use of time series data.

Examining sales patterns to see if sales are declining because of specific customers or products
or sales regions

Seasonality: In this pattern is repeating at a regular interval of time. For example, retail sales
tend to peak for the Christmas season and then decline after the holidays. So time series of retail
sales will typically show increasing sales from September through December and declining sales in
January and February.

Forecasting is the most important technique for predicting future trends and opportunities.
Companies use to make good and better business decisions.

Let’s see more examples to get a better understanding of forecasting.

  Economists use forecasting techniques to predict future recessions, ups and downs in the
market values and accordingly they recommend good plans.

 Government bodies use forecasting for making a plan and build their policies.

 Companies Managers use forecasting to predict sales and accordingly they make their budgets,
plan things and hire employees.

 Profiling customer behaviour, preferences and buying habits.

 Finding uncommon developments over the period, which we need to address in our forecasts.

 Studying sales patterns to predict future performance.

In Excel, some important functions are available for forecasting like

 forecast.linear(): It predicts the values by using past values.

 forecast.ets(): It predicts values by existing values.

 forecasting.ets.seasonality(): It works on the number of seasonal patterns .

 forecasting.ets.confint(): It predicts the value at the specified target date.

Excel TREND function:
Let’s take an example to suppose that you are analysing some data for a sequential period of time

and you want to analyse some trend or pattern.

In this example, we have the month numbers (independent x-values) in cell A2:A13 and sales
numbers (dependent y-values) in cell B2:B13. Based on this data, we want to determine the overall
trend in the time series.For this select the cells C2:C13, type the formula which is given below and
press Ctrl + Shift + Enter to complete it:

=TREND (B2:B13, A2:A13)

If you want to draw the trend line, then select the sales and trend values cells (B1:C13) and select
the line chart (Insert tab > Charts group > Line or Area Chart).

You can see the result, it consists of both the numeric values for the line of best fit and a visual
representation of those values in a graph also.
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Fig 61: TREND Function

Fig 62: Visual Representation of Trend Analysis
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